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9.1. Differentiability The function f: R?> — R is defined by

_Jo fir (z,y) =0
fla,y) = = fiir (1,) #0

Prove that f is differentiable.

Solution: It is obvious that f is differentiable at any point (z,y) # (0,0). At the point (0,0),
we first show that the partial derivatives exist

f(h,O)—f(0,0): h2_0:hmh:0

021(0,0) = lim h = = i
Of (0.0) = Jimy T2 = fim 5 =0

Now we know the partial derivatives exist. If f is differentiable at the point (0,0), the
differential of f at the point (0,0) is given by the linear map
V£(0,0): R* - R
v = (Vf(0,0),v) = 0,f(0,0) - v1 + 9y f(0,0) - v =0-v1 +0- vy
This is V f(0,0) = 0.
Now we prove that indeed the map V f(0,0) = 0 is the the differential of f at the point (0,0).

lim f(Ul,UQ) — f(0,0) — Vf(o,())(’l)l,’l}z)

(v1,02)—(0,0) [[(v1,v2)]|

VP

11m 3 3 —
(’Ul,’l}Q)—)(0,0) Ul + UQ

9.2. Tangential plane Given the function
fi Q=R

(z,y) = /1 — 22 — 32,

with Q = {(z,y) € R? | 22 + 32 < 1}, compute the tangential plane of the graph of f at the
point (2o, Yo, f (0, Yo))-

Solution: We compute

of _ -~
or /1—x2—y2
of -y

oy T— 22— 42

and then the tangential plane is given by

= f(xo,yo)+gf ($—$0)+g§(y )

B A e

:E—I‘o

Yo
——(y — %0)-
ik
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9.3. Hessian matrix Given a function f :R? — R defined by
f(z,y) = e™(sin(x) + 3 cos(zy))

Compute the Hessian matrix of f at the point (z,y) = (0,1).

Solution: With the product rule, we have

gi (x,y) = ye™(sin(x) + 3 cos(zy)) + €Y (cos(z) — 3y sin(zy))
gf (x,y) = ze™(sin(z) 4+ 3cos(zy)) — 3e™x sin(zy).
Y
Differentiating them once again gives
82f 2 Y (o Ty 1
BaD (z,y) =y“e™(sin(x) + 3 cos(zy)) + ye®(cos(x) — 3y sin(zy))
+ ye™(cos(z) — 3y sin(zy)) + e™¥(— sin(x) — 3y* cos(xy))
0% f 0% f

g0 (z,y) =520y (z,y) = (e*Y 4+ zye™)(sin(x) + 3 cos(zy)) — 3yxe™ sin(zy)

+ ze™ (cos(z) — 3y sin(xy)) — 3e™ (sin(zy) + xy cos(xy))
0 f

0ydy
At the point (z,y) = (0, 1), we have
0’ f
Oxdx (0.1) =2
2 2
7L 0=t
oyox 0xdy
0% f
Iydy

(z,y) =x2e™ (sin(z) + 3cos(zy)) — 3x2e™ sin(zy) — 3e™Yz? (sin(zy) + cos(xy))

(0,1) =3

(0,1) =0.

Then we can compute Hessian matrix
?*f  9*f
oxdx  Oxdy _ 2 3
o°r  0°f “\3 0)°

oyoxr  Jydy
9.4. Line integrals Compute the following line integrals.

($7y):(071)

x? — 2xy 9
1. v(z,y) = 2 — 2y | from (—1,1) to (1,1) along the curve y = z*°.

z? + y?
2. v(z,y) = 22—y ) from (0,0) to (2,0) along the curve y =1 — |1 — z|.

T t2
3. v(z,y,2) = y |, along the curve v(t) = | 2t |, t €[0,1].
Tz — Y 4¢3

4. v(z,y) = <2ax— y), along the curve (t) = <3((f - ilons((?)))) t € [0, 2], with a constant
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Solution:

1. A parametrization of the curve is given by 7 : [-1,1] — R?

ww=@ﬁévu QQ

then we have

2 — 2t / 2 3 5 4
v(v(t)) = <t4 B 2t3> sou(y(®) () =17 =20 + 207 — 4t

Now we can compute

! B 6 4yh
d :/ o3y b= |— - 4 —
/vv =)L * 5 273 ;5

4 (-1 1 4
5(325)
4 2
5 3

2. A parametrization of the curve is given by v(t) = (¢,72(t)), t € [0, 2], with

]t t €0,
72(t) _{ 2-t, tell,
then we have for ¢ € [0, 1]

22

v(v(t) = ( 0 ) L o(y(t) A () =207

and for t € [1, 2]

vmmzﬁfgjﬁ,vmmwwzm—w

Now we can compute

/vdv /2t2dt+/ 2(2 —t)? l2§3]t20+2[_(2;w)’r

t=1
242 (1> 1
BE 3 3
3. We have
t2 2t
v(y(t)) = 2t oYW= 2 |, v(y(@®) A (t) = 263+t 12t (4t° - 2t),
45 — 2t 122

and this leads to

1 1
/v dy = / 23 4 4t 4 12t%(4t5 — 2t) dt = / At + 487 — 22t dt
v 0 0

2% + 6t° — T =246— —=—— " "=

929¢4]" 11 4412-11 5
2 2 2

t=0
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4. We have

a(l — cos(t))

v(y(t) = ( a(t — sin(t)) > A= ( asin(t) )

and we have

v(y(t)) -9 (t) =2a® — 2a® cos(t) — a® + a® cos(t) + a® cos(t)

— a? cos?(t) + a®sin(t)t — a®sin®(t).

Now we can compute

2
/ vdy= 2a* — 2a® cos(t) — a® + a* cos(t) + a® cos(t)
o7 0
— a®cos?(t) + a*sin(t)t — a®sin®(t) dt

2T
= / a® — a? cos®(t) + a®sin(t)t — a® sin®(t) dt = —2ma®.
0
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