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13.1. Change of variables. Let D = R?N {(z,y) : 22 + y?> — 22 < 0}. Compute
/ \/ 22 + y2dxdy
D

Hint: Notice that D is a disk.

Solution: First, we have

x2+y2—2x:(:p—1)2+y2—1,

so D is the disk as centre (1,0) and radius 1. By using polar coordinates, x = rcos(6),
y = rsin(f), we find

(x—1)2+y?> =712 —2rcos(f) <0< 0 <7 < 2cos(h),

which implies in particular that 8 € [—;T, ;T
we have

}. Therefore, by the change of variables formula,

z 2 cos(6) z
/ \/x2+y2dxdy=/2 / r2drdf = 8/2
D —-zJo 3

cos®(6)db.

(ME]

Now, we have as cos(26) = 2cos?(0) — 1

cos®(0) = %COS(@) (cos(20) +1) = i (cos(30) + cos(f)) + L

1 3
3 cos(f) = 1 cos(36) + 1 cos(0).
Furthermore, as

™

/_2 cos(0)df = [Sin(&)]? — 9, /72r cos(30)d0 — [sin(SG)} 3

™
2
we obtain

8 1 2 3 32
[ 2 4 a2 e i T
/D x+ydwdy—3(4x3+4x2>

With formulas, this means that

Q=R*N{(z,y):2>0, y>0, 0<zy <1, az <y < bz}
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Show that

1
/ zy dxdy = - log (b> .
Q 4 a

Solution: The extremities are

1
xyzlundy:bx%x:—b
1
zy=1lundy=ar —> = —.
a
. . 1 1 1
We split that domain in two parts 0 < z < 7 and —b <z < — and we get
a

I E 11
/xy dxdy = /ﬁ/ xy dyd:v+/ﬁ xy dydx
Q 0 azr L ax

By Fubini’s theorem, one obtains

e 11
/a:yda:dy:/ﬁ/ a;ydyda:—i—/ﬁ/'xydyd:c
Q 0 axr % ax

1 2 bx 1 2

:/\/gw v d:z:—l—/ﬁa: L

0 2 =l 2

ax Vb

- ;/0\}5 (:):(bx)Q _ a:(a:v)2) dx + ;/; (x (;)2 — x(ax)2> dz

1 1 2 1

S

8|~

dzx
ar

b [ 1 (71 Ve
:5/\/5333d;v—|—§ ) —dx—%/fm?’dx
0 G T 0
b2 lxz; % 1[ ||}¢ a2 [ﬁ]la

= — |— + = |Inlz|| V" — = | =
2 |4 0 2 % 2 |4 0

13.3. Centre of mass. Compute the centre of mass of a half ball of radius R > 0
B3(0,R) =R N {(x,y,2) : a* +y* + 2> < R* 2 > 0},
defined by
<; / x drdydz
Vol(BL(0, R)) Jprom) " 0%
1
- drdydz,
Vol(BY (0, R)) /Bgf(o,R) v
1
- zdxdydz ),
Vol(B% (0, R)) /B;(o,R) ! )
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where vol(Bj (0, R)) is the volume of the half-ball (of radius R > 0) in 3-space (one can refer
to Serie 11 for its value).

Solution: First, by obvious symmetry, we have

1 1
Vol(B3.(0, ) /B;x T T Nol(BE (0, R) /Biy e

4 2
and as the ball of radius has volume §R3, the volume of the half-ball is %Rij’, S0 we just

need to compute the following integral

/ zdxdydz.
B (0,R)

Using spherical coordinates

x = rcos(f) sin(p)
y = rsin(6) sin(p)

z = rcos(p)

where 0 <r < R, -mn<f<mand 0 < p < T (notice that the angle ¢ must be positive).

2
Now, we have (using 2 cos(0) sin(f) = 2sin(260))

T 5 (R
/ zdxdydz :/ / / 73 cos(¢) sin(p)drdpdd
B3 (0,R) —xJo Jo
R 21
=27 / r3dr / —sin(2¢)de
0 0o 2

=27 l#]: [—1 cos(2g0)] :

r 0
4
1
=2T X — X —
TR
_7TR4
4

2
As the volume as the upper half-ball of radius R > 0 in R? is gR?’, we find

1 3 _7wR' 3R
- drdydz = X —=-—<R
vol(B3 (0, R)) /B;(o,R)Z TR = o Re 4 8

as it should be. Therefore, the centre of gravity (or mass) of the upper-half ball of radius
R>0inR3is

3R
0,0, — ).
(0.0.57)

13.4. The Astroid Let a > 0. The Astroid A(a) C R? is the geometric figure in the plane
defined by

win

A(a) := {(a:,y) cR? | xl +y% =a
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Abbildung 1: The red Astroid A(a) is the boundary of B(a).

The construction of an Astroid is very geometric (see link). Let B(a) denote the set
B(a) = {(rz,ry) CR* | r € [0,1], (z,y) € A(a)}.

Compute the area of B(a) using the theorem of Green. Note that the theorem of Green is
indeed applicable in this case.

Solution: A parametrisation of A(a) is such that ~ : [0,27] — R?,

() = (1(1),72(t) = (acos’(t), asin®(t)).

Thanks of Green’s theorem, we have

Area(B(a)) = / / | dady = / (0,) - d3
B(a) A(a)
2
= [ st ar
2
= 3a2/ cos*(t) sin?(t) dt
0
Now, compute that

cos?(6) sin(0) = 3% (2 + cos(260) — 2 cos(46) — cos(60))

and as for all integer k£ > 1, we have
2
/ cos(kf)dd = 0,
0
we deduce that
2m T
/ cos? () sin?(t) dt = =,
0 8

so that

3ra?

Area(B(a)) = S
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https://upload.wikimedia.org/wikipedia/commons/7/78/HypotrochoidOn4.gif

