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1. Laplace Transform (8 Points)
Solve, using the Laplace transform, the following initial value problem:

y”"+5y'+6y=et, t=0
y(0) =1, (1)
y'(0) = 3.

Solution:
Let us denote by Y = Y(s) the Laplace transform of y(t). Then we use the formulas:

L(y") =s2Y—sy(0)—y'(0) =s’Y —s+3
L(y')=sY—y(0) =sY—1

1
L(e™YH =
(™) s+1

and the initial value problem becomes the algebraic equation:

1
Y —s+3+55Y —5+6Y=——
s+1

The left-hand side can be rewritten as
$2Y —s+3+55Y —5+6Y = (s2+55s+6)Y —s—2 = (s +2)(s +3)Y — (s +2)

Therefore the algebraic equation becomes

1 1 1
2 Y=s+2+—— Y=
(s+2)(s+3)Y =s+2+ — s+3  (s+1)(s+2)(s+3)

The first term is the Laplace transform of e 3.

For the second term we can either use partial fraction decomposition:

1 1 1 1 :L<1 C ety

(s+1)(s+2)(s+3)

N| =

1 1 _
_E's+l_s+2+§'s+3 2°¢
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or get the same result using the convolution product formula for exponentials

a#b = e%xelt="—

given in Solutions Serie 4 (Exercise 2.a)) and:

1 1 T S U o B T S
“ ((s+1)(s+2)(s+3)>_’c (s—i—l) “ <s+1> “ <s+1>_

—t —3t

_ _ _ _ _ _ e " —e _ _
=e txe Mtxe Tt = (e t—e 2t)>|<e 3t = — — (e —e) =
1 1
t 2t 3t
=-e —e "+ -e
2 2

In any way we transform the second term, the solution will be

1 1 3
—t_ 2t .38t _ |1, —t_ -2t 2 -3t
e e + 2e 2e e + 2e

second term

N —

_ —3t
yt)= e +
first term

2. Fourier Series (10 Points)
Consider the function f(x) = |sin (¥)].

a) (2 Points) Show that it is periodic of period 27t
Solution:

For each x € R:

in (52) < fon 3 )| = s 3)| = o ()| =

=  fis periodic of period 27

f(x +2m) =

b) (6 Points) Compute its Fourier series.
Solution:

f(x) is a even function, therefore the coefficients b,, = 0.
For what follows it is important to remark that for x € [0, 7] (actually for all
x € [0,27]) we have |sin(})| = sin(3).

1 (™ 1(™ 1(™ 1 2
agp J f(x) dx (e‘fn)J f(x) dx-J sin (i) dx =—-2=—
T T Jo 7T Jo T Tt

1 (™ Y 2 (™ 2 (™

an = J f(x) cos(nx) dx (even) J f(x) cos(nx) dx = J sin (ﬁ) cos(nx) dx
T 7 7t Jo 7T Jo 2

2 2(2nsin (¥) sin(nx) + cos () cos(nx)) )7’( 4 1

T 4n? —1 0w 4n2—1
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The Fourier series is then

“+o00 2 4 +o00 1
ap + T; an cos(nx) = P TLZ_I 21 cos(nx)

¢) (2 Points) Use the previous result to find the following numerical series:

+o00

1
> i !

n=1

Solution:

First of all, the function f(x) is continuous everywhere, therefore it coincides
with its Fourier series:

2 4T 1
vx € R: ‘Sln<2>‘:ﬂ—ﬁ;41’l21cos(nx)

To calculate the above sum we want to get rid of cos(nx), which is easily done
in the point x = 0, in which cos(nx) = 1. The above equality then becomes:

2 4
tx=0: 0o=--=yY
arx T néélnz—l

Which means that

n2—-1 2
n=1

3. Short Questionary (10 Points)

a) (3 Points) Consider the following 2"! order PDEs and determine of which type
(hyperbolic, parabolic, elliptic) they are:

(i) Upx + 06Uy +9Uuyy =u+e ~

Solution:
AC-B2=1.9-32=9-9—0 —

(i) 2uxx +10uxy + 15uyy = ux +uy
Solution:

AC—-B2=2.15-52=30-25=5>0 —>
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(iil) Uxx + 2XUxy — Uyy = cosh(xy)
Solution:

AC—B2=1-(-1)—x*=—(1+x3) <0 = hyperbolic

b) (4 Points) Let u = u(x, t) be the solution of the following wave equation:

Utt = ClUyy, xeR,t>0
u(x,0) =0, x€R
u(x,0) = e xeR

Find the following limit:

. a
Iim u (a, 7> =7?
a——+0o0 C

Solution:

D’Alembert’s formula for the wave equation tells us that

1 x+ct 1 x+ct )
) = — ds = — —5" ds.
ulxt) 2c cht g(s) ) 2c Lct ¢ )
In particular
a 1 2a —g2
u(a,c>_2cj0 e ds
and therefore
. a 1 (T _o 1 = N
akﬁ‘mu(a'c)—ch ¢ ds=0 Ty Tl

¢) (3 Points) Let f(x) be a function with Fourier transform equal to:

flw) \/E 1
w)=4/= —.
w14 w?

“+00

J f(x)dx = ?

—0o0

Compute the integral:

Solution:

The Fourier transform is defined by
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therefore in particular:

- 1 +o00
at w =0: fl0) = — f(x)d
0= =] fax
or equivalently we can +00 .
compute the integral of J f(x) dx = V27 - £(0)

the function as:

In our case

“+00 \/7 2 1
f(x)dx =V2m-y/ — 7‘ :..2
J (x) dx T[ Vrrl+ w?lw=o

(o ¢]

4. Heat Equation (14 Points)

Solve the following heat equation, using separation of variables and showing all the
steps.

Ut = C2Uyy, xe€[0,1],t>=0
u(0,t) =u(1,t) =0, t>0 3)
u(x,0) = g(x). x € [0,1]

where g(x) = sin(27x) + 3 sin(57tx) + sin(207tx ).

Solution:

With separation of variables u(x, t) = F(x)G(t) the differential equation becomes:
F(x)G(t) = ¢®F”(x)G(t),

which is convenient to rewrite as

F'(x)  G(t)
F(x)  c2G(t)

because it becomes clear that we are comparing a function of x with a function of t,
and the only way that this equality can be true is that both these functions are equal

and constant: .
F'(x) _ G(t)

F(x)  c2G(1)

The boundary conditions are

=k, ke R.

u(0,t) =F0)G(t) =0 and u(l,t)=F1)G(t)=0 Vt=>0

which in order to be true, excluding the trivial solution G(t) = 0, become:
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In other words the initial PDE with boundary conditions becomes the system of
coupled equations

and G(t) = c2kG(t).

F’(x) = kF(x),
F(0) =F(1) =0,

We first solve the system for F(x), distinguishing the cases of k positive, zero, or
negative. For k > 0 the general solution of the ODE is

F(x) = Cre¥* 4 Coe ™ V¥¥,

which is, however, not compatible with the boundary conditions, in the sense that the
only solution of this form satisfying the boundary conditions is the trivial solution:
C1 =Cy =0. In fact

0=F0)=Ci+C & C=-C = Fx)=0C(e/—e V&)
but then imposing the other condition:

_ _ Vk . —Vk either C;1 =0
o_F(1)_C1(e _e ) & S

which implies C; = 0 (and consequently C; = —C; = 0) because 2vk # 0 and
therefore its exponential is not 1.

For k = 0 the general solution is F(x) = C;x 4+ C, which is also not compatible with
boundary conditions unless C; = C; = 0. In fact

0=F0)=C, = F(x)=Cix

and then

0=F1)=C
It remains the case k < 0, in which its convenient to write it in the form k = —p2 for
positive real number p, and general solutions of F”/ = —pF are:

F(x) = A cos(px) + B sin(px).

F(0) = 0 if and only if A = 0. F(1) = 0 if and only if Bsin(p) = 0, so if we want
nontrivial solutions B # 0, we need to have

p=nn
for some integer n > 1.
Conclusion: we have a nontrivial solution for eachn > 1, k = k, = —n“m*:

Fn(x) = By sin (nmx)
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The corresponding equation for G(t) is
G = —c*n*?G

which has general solution
Gn(t) = Cpe Mt
The conclusion is that for every n > 1 we have a solution
Un (%,t) = Fn(x)Gn(t) = By sin(nmx)e et

and by the superposition principle:

+00
. 2.2 2
u(x, t) = Z By sin(nmx)e ¢Vt
n=1

where the coefficients By, are determined by the initial condition

+o0
g(x) =u(x,0) = Z By, sin(nmx).
n=1

This case is particularly easy because
g(x) = sin(27x) + 3 sin(57x) + sin(207tx)

is already expressed as a linear combination of these functions. There is no need to
compute any Fourier series to obtain:

B, =1
Bs=3
By =1
others B,, =0

Finally, the solution will be

u(x, t) = sin(27rx)e_4°27‘2t +3 si1n(57[x)e_25°27‘2t + sin(207'rx)6_400‘:27‘2t

. Laplace Equation (8 Points)
Consider the following Laplace equation on a centered disk of radius R:

VZUZO, Dr
u(x,y) = R(R++ﬂz)(x2+2xy +y?). 0Dg
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a) (3 Points) Find the value in the center of the disk:

u(0,0) =7

Solution:
By Poisson’s integral formula the value in the center is the average of the func-
tion on the boundary:

27T
1(0,0) = % JO £(9) do

The function on the boundary is

7
f(9) = mwz cos?(9) +2R? cos(d) sin(9) 4+ RZ sin?(9)) = R(RE—;—TWZ)“ +sin(29))
therefore
1 R7t 2 , 1 Rt Rt

b) (3 Points) Find the maximum on the whole disk:

max u(x,y) =72
(X/H)GDR y

Solution:

By the maximum principle the maximum is reached on the boundary, so we
need to

find the maximum, in R

] us
the interval 9 € [0,2n] f(9) = 12
of the function

- (1 +sin(29))

This can be done in several ways, and the easiest is to observe that sin(29)
assumes all possible values of the sine function, in particular its maximum is
equal to 1. Therefore

Rmt Rmt 2R7t
(14 sin(29) )= = (141) =|
sg[l(??n} R2 + 12 1+ Eli(,_l) RZ + 72 (1+1) R2 + 72
maximum =1

¢) (2 Points) Find the unique R > 0 for which this maximum is equal to 1.
Solution:
We need to impose:

2Rm

o=l © RZ—2Rm+m =0 < (R—m?=0 <«



