Complex Analysis Exercise 5

Prof. Dr. Paul Biran
Due: 18.10.2019

1. Compute the following integrals:
(@) Jizi=s Z=DE=9 %%
(b) f\z\:2 zQeile’

(c) fv 2z — 3z + 1dz where 7 is the ellipse % + y; =1,

(d) [, 9= (vz = e31e9%), where v = {¢"(0 <t < 7},

2. (a) Show that for any rational function R(x) which is defined on [—1, 1], the
following holds:
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2 1 dz
R(cos0)df = R(=(z+2"1)=
/0 (cost) /Izl—l (3 +27)

(b) Compute fozﬂ 4 for a > 1.

a+cosf

3. Compute fot xsin(2z)dx using the complex integral f[ ze2#dz.

0.1]

4. (a) Liouville’s theorem says that every bounded entire function is constant.
Prove the theorem in the following way: Let f be an entire and bounded func-
tion. Pick a # b € C. Let R be a real number greater than |a| and |b|. Calculate
lelZR % and check what happens when R — oo.

(b) Let f be an entire function with two periods. Show that f is constant.

(c) Prove the fundamental theorem of algebra: Let p be a nonconstant polyno-
mial with complex coefficients. Then there exists o € C such that p(«) = 0.
(d) Find all entire function f such that |f/(z)| < e=(Be2)” for all z € C.



5. Let D C C be a unit disk at the origin. Find all functions f(z) which are
holomorphic on D and which satisfy



