Complex Analysis Exercise 4 (Solution)

Prof. Dr. Paul Biran
Due: 11.10.2019

1. Prove or give a counterexample of the following statements:
(a) Log(zw) = Log(z) + Log(w)
(b) Log(2~') = —Log(z), 2 # 0
(c) z%Fl =z 2w,
Solution.
(a) False. Take z = w = 7%,
(b) False. For z = re? ¢ R, Log(z) = Inr + 6 but Log(z~') = —Inr — if.

(C) True. zw+1 = e(u1+1)Logz+(w+1)27rik — ewtlLogztw2mik _ w

ZZ7.

2. Solve the equation cos(z) =0, z € C.

Solution. This question is similar to Problem 7 in the last exercise sheet. By

P . _ @Cnt+)w
the similar argument, we can easily get z = ~——=—.

3. Calculate the integral f7 Rez + Imzdz where «(t) is given by:
(a) t+it? t € [-1,1]
(b) 1+¢t+i(2+1),te]|0,1]
(c) e, t € 0,2n].
Solution.
(a) [, Rez+ Imzdz = f_ll(t + t2)(1 + 2it)dt = 2 + 3i.
(b) [ Rez+ Imzdz = [(1+t+2+t)(1 +i)dt = 4+ 4i.

(c) [, Rez + Imzdz = fo%(cost + sint)(—sint + icost)dt = fo%(icoszt -
sin?t)dt = im — 7.



4. Compute the following path integrals:

(a) f,y cos(Rez)dz where ~ is a circle around 4 with radius 1 with counter-
clockwise orientation.

®) [, Lo92 gz ~(t) = et t € [0, 7).

(¢) fy(?)"dz for any n € Z and « where v is the unit circle with counter-
clockwise orientation.

Solution.

(a) [, cos(Rez)dz = fo% cos(cosh)i(cost + isinf)dd = [ _cos(cosh)sinfdf +
zf_%z cos(cosf)cosfdl + i f;% cos(cost)cosfdf = 0.

(b) Log(e®) =it when 0 < t < T, so

L Tt T 2
/ ngdz:/ Z—,tie”dt:/ —tdt =~
v Z o € 0 2

(c) On the unit circle, Z = 271, Thus, the integral is 0 if n # 1 and 2mi if
n=1.

5. For any integer n > 1, prove

27
2
/ cos®™tdt = 21_2"< n)ﬂ'
O n

Solution. Let 7 be a curve which parametrizes the unit circle with counter-
clockwise orientation. We have

2 2
/zfl(z + 27124y = / ( n) 2tz + /(other powers ofz)dz = 2( n) mi.
gl v\ 8! n

On the other hand, we have
27 ) ) ) ) 2m
/ e e + e "Pietdt = / 22" (cost)*™idt.
0 0

The desired equality follows immediately.

6. Give an example of a (continuous) path v : [0,1] — C of infinite length.
Solution. Let

v(t)

t+it-sin(t™!) ift >0,
0 if t = 0.



Consider the sequence (a;,)neny Where a,, = m Then,
@ns1) = Han)] > e o >
Mbn+1) = Tn Cn+3)r  2n+1)7x " 2n+3)1
So,
= 41
Length(y) > T;) v(ant1) = y(an) > — nz:% ik

8. Let D C C be a domain. Let v : [a,b] — D be a piecewise regular path such
that f o~ is continuous. Prove that

b
/&@wz/fmmet 1)

Solution. Step 1. We prove the following lemma:

Lemma 1. Let g,h : [a,b] — R be continuous functions. Let A = {a =
tg <t < -+ <t, =0b} be a partition of [a,b] and T = {79, ,Tn—1}, & =

{00, ,0n_1} be two choice of intermediate points: 1;,t; € [t;,t;41]. Define
n—1
S(f.g: AT %) =Y f(1)9(05)(tja1 — t5).
j=0
Then,

b
I ~ =
Jim (A7) = [Cowhar

where [(A) = mazo<j<n—1ltj+1 —t;].

Proof. The proof is a standard argument involving the intermediate value the-
orem and the definition of the Riemann integral. O

Step 2. We prove another lemma

Lemma 2. Let f,~ be as above in (1). Assume that v is reqular on [a,b]. Then
(1) holds.

Proof. Let A = {a =ty < t; < --- < t, = b} be a partition of [a,b] and
T = {19, -+ ,Tn—1} be a choice of intermediate points. By Lagrange theorem,
there exists S5,T5 € [tj,tj+1] such that .13(75j+1) — .I‘(tj) = df(Sj)(tj+1 — tj) and



y(tj+1) —y(t;) = 9(rj)(tj+1 — t;). Then,

n—1

S(HAT) =) fOr(m)(V(T1) —(75))

= > u(@,y)i(s;)(tj+1 —t;) — v(@,9)9(r;) (41 — t5)

n—1

+i > (@, y)g(ry) (ten — t) + v, y)i(s;) (t1 — 1),
=0

Using Step 1, it is easy to see that
b
li (AT = t)A(t)dt.
Jim S(GiAT) = [ a3

In case the curve is only piecewise regular, then there exists a partition where
the curve is regular on each interval. We can use the additivity of the integral
to get the result. O



1 For a rectande ABCD ac bdewo, dedffie Tpmny = 202 3 iy
% L 5 clf B> S:Q ﬁxg Q Q\,g

‘51— D
W

Note Mok S; Zq(lo\i =0 & A 7. Theere, Tyge 7O
o o leosk one of tre stdey ok KRCD T of Treppr \ergth .

C lodm ‘IP\BQD TS an  oddste Suncin. Mml&”é‘- > Q?\I\EX\
recdangle  ABCP T diidel Tnto  Swallen  Yeclerges MBI Py, ey

Toeep = 2 LABSD;
ppy Fish, obsaie ok o T eragl o Sww Ko Cgtin o oyl Ll

decom‘)os"ﬁ\ms :

T

]

T | | |
“Then, \og) Ao WXecowty o *\Q‘m\e@ﬂ‘ R Caun eo&'gg Chede re @ﬁ“ﬁ% q

U§M3 '\’m cx\NL Claiim |

KHN\‘JQ i 13%&9&» pee =19 .
| LN |
5 0y assumption

Tharedove MNPE \Wes o Qﬂﬂr WL jq\z oC W\kga«r \emgrﬂ,\‘



