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Prof. Dr. Alessandro Sisto
Assistant: Davide Spriano

The final goal of this exercise sheet is to compute Hy(T'), where T' = S x S*
is the torus. You don’t need to solve the exercises in the proposed order, you can
skip one and use it in the following ones.

In what follows, H, is a homology theory. Note: Unless specified you cannot
use results about singular homology, but only results that follows from the axioms
of homology theory.

Question 1:

Let X be a topological space, ¥ C X a subspace and suppose that there is a
retraction r: X — Y, i.e. a continuous map such that r|y = Idy. Let i: Y — X
be the inclusion. Show that i.: H,(Y) — H,(X) is injective.

Solution:
Since r is a retraction, we have roi: Y — Y = Idy. Thus, for each n we have
that the composition

H,(Y) & Hy(X) 2 H,(Y)

is the identity on H,(Y). Suppose that i, is not injective. Then there is
0 # a € H,(Y) such that i,(a) = 0. Thus r, oi.(a) = 0, contradicting that
74 O 1, is the identity.

Question 2:

Let T = S x S be the torus. Write S = [-1,1]/(—1 ~ 1) and consider the
subspace B = S' x [0,1] CT. Let j: B — T be the inclusion.

1. Let H, be any homology theory. Use the previous exercise to show that
J«: Ho(B) — H.(T) is injective.

2. (Bonus) Let H, be the singular homology. Use the Hurewicz map to show
that j,.: Hi(B) — Hy(T) is injective.



Solution:
Part 1: Consider the function r: 7" — B defined as r(z,y) = (z, |y|). Since
r|p = Idp, we have that r is a retraction. The results then follows from
Question 1.

Part 2: Recall that the following diagram commutes:

m(B) —Z s m(T)

[

H\(B) —X— H\(T)

The space B deformation retracts on S' x {0}, thus 7(B) = m(S') = Z.
Moreover, 71 (T) = 7 (S* x S1) 2 1, (S* x {0}) & 71({0} x S*) X Z & Z. Since
both groups are abelian, the Hurewicz maps are isomorphisms. We only need
to show that jy is injective. Let ay,ay: S — T be defined as oy (z) = (x,0),
and ay(z) = (0,x). Then oy and «y are generators of m(T). Let v: S* — B
be defined as y(x) = (x,0). Then [y] generates 71(B) and j oy = «a;. Thus,
for all m # 0 we have ju([y]™) = ([e1]™) # 0, which shows that j is injective.

Question 3:

Let S? = {(z,y,2) e R® | /22 + 42+ 22 =1} and let U = S? N {(x,y,2) € R? |
|z] > %} Intuitively, U consists of two discs, one around the north pole and the
other around the south pole. Compute Ho(S? U).

Solution:
Observe that U = D?UD?, and recall that we know that Ho(D?) = H,(D?) = 0,
and Hy(S?) = Z. The long exact sequence of the pair yields

o= Hy(U) = Ho(S?) — Hy(S?,U) — H(U) — - -

and so
i 0= Z— Hy(S2U) =0 — - -

Thus HQ(SZ, U) = HQ(S2) = 7.




Question 4:

Use excision twice to show H, (T, B) = H,(S? U), and then compute Hy(T).

Solution:
Let C'= S' x [0, 1] be the cylinder, and let C = S x {0,1} be its boundary.
Let A = S! x (%, %) C B C T. We have that the closure of A is contained
in the interior of B. Using excision, we have H.(T' — A,B — A) = H.(T, B).
Observe that (T'— A, B — A) is homotopic equivalent to (C,0C).

Now, consider A’ = 52N {(z,y,2) € R* | |z| > 2} C U C 5%, where U and
S? are defined as in Question 3. As above, we have that the closure of A’ is
contained in the interior of U. Thus H,(S* — A", U — A") = H,(5% U). Again,
observe that (S? — A’,U — A’) is homotopic equivalent to (C,dC). Chaining
all the above together we obtain:

H.T,B) = H.(T—A,B-A)~ H,(C,0C) = H,(S*- A, U-A") = H,(S*U)

(T8)
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We will now compute Hs(T). The long exact sequence of the pair (T, B)
yields:




By Question 2 the map H;i(B) — H;(T) is injective and hence we have
Hy(T) = Ho(T,B). By Question 3 we have Hy(S? U) = Z, and hence
Ho(T) = Hy(T, B) = Hy(S2,U) = Z.




	
	
	
	

