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Exercise Sheet 7

Exercise 7.1. Show that X = Z + Z+/2 is a dense subset of R.

Exercise 7.2. Let A be a complete lattice in R™ and denote by |A| the volume of its
fundamental region.

(a) Find a convex centrally-symmetric set K C R™ such that vol(K) = 2"|A|, but
KNnA={0};

(b) Show that if K is a compact convex centrally-symmetric set and vol(K) > 2"|A|,
then there exists 0 # v € K N'A. (Recall that Minkowski’s theorem requires that
vol(K) > 2"|A|, but does not require compactness.)

Exercise 7.3. Let K C R" x C™ be given by
K = {(I17-"7xn7z1a"'7zm) | Z’-’L‘A +Z|ZJ| < ]_}
i=1 j=1

Show that vol(K) = ?:f;n)%; (Hint: use induction.)

Exercise 7.4. Let l;(zq,...,x,) = Z;;l a;jxj, 1 = 1,...,n, be real linear forms such
that D = |det(a;;)| # 0.
(a) Let ¢1,...,¢, > 0 be such that ¢;...c, > D. Show that there exists a vector

(ma,...,my) € Z" . {0} such that

|li(m1,...,mn)|<cz~, 221,,7’L

(b) Show that there exists a vector (mq,...,m,) € Z™ ~. {0} such that

> fli(ma, .. my)| < (D)™
=1

Exercise 7.5. Let p(r) = 2" + a, 12" + -+ + ao be an irreducible polynomial with
integral coefficients. Let a, ..., a, be the roots of p and let A = [,_,(a; — a;)? be its
discriminant. Show that if all a; are real numbers, then

Al > (”—)2

n!

(Hint: use 7.4 (b) with li(zy, ..., x,) = S0 ;00 ")

Jj=1



