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Exercise Sheet 6

Commutative Algebra

Let A # 0 be a commutative ring.

@ A short exact sequence is split if it is isomorphic to
0O— M —Me&N-—N—70

for some A-modules M, N. Find an example of non-split exact se-
quence.

@ An A-module F is called injective if for every M, N A-modules, for

every injective A-linear map N i> M and every A-linear map N % E ,
there exists an A-linear map M M E such that the following diagram

commutes:
.
g

M <L> N
An A-module X is called divisible in for all z € X and for all non-zero
divisor a € A, there exists 2’ € X such that
x =ax.

a. Prove that if F is injective, then E is divisible.
b. If moreover A is a PID, then

E injective <= FE divisible.
¢. Find examples of injective and a non-injective modules.
@ Let A be a PID and let M be a finitely generated A-module.
a. Show that there exist integers m,n > 0 and a free resolution
00— A" — A" — M — 0.
b. There exists a resolution of the form
0—A"— M —0

if and only if M is A-free.



c. Compute a sequence in a. for A=7Z, M =Z/2Z & L/AZ & L.
d. Compute a sequence in a. for A = Q[X], M = Q[X]/(X% +1).

@ Prove the "Five lemma'": let M;, N;, ¢ =1,...,5 be A-modules. Con-
sider the following diagram with exact rows

M1 f1 MQ f2 M3 f3 M4 fa M5

g1 g2 g3 94

N 2 N Ny N, Ns

Then:

a. hg, hy surjective, hs injective = hj surjective;
b. ho, hy injective, hy surjective = hg injective;
c. hi,...,hs isomorphisms = hg3 isomorphism.
@ Let K be a field, n > 0, Fy,..., E, finitely dimensional K-vector
spaces. If
0O —F, —FE, 1 — - —FE —0
is an exact sequence of K-vector spaces, then

n

D (1)’ dim E; = 0.

i=1
@ Let

be an exact sequence of A-modules. Show that if M’, M" are finitely
generated, then so is M.

0— M —M-—M"—0

@ Let m < n be positive integers and let A = Q[X]/(X™), M = A/(X™).
Show that M has an infinite free resolution, as A-module.



