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Solutions 3

Commutative Algebra

@ a. Let x = 21221 z'e; and y = Z?Zl y'e;. Then 2@y = Do zhyle; ®
ej. By applying ¢ one has

e @y) = zydle; ®e))
g
=zlyl fi + 'y’ fo + 2%yt f3 + 2%y L

Hence ¢(r ® y) = afi + bfs + cfs + dfy if and only if

22yt = 22y? = d,

which implies ad = bc. On the other hand, if ad = be, a,b # 0,
pick 2! =1, 22 = ¢/a = d/b, y* = a and y? = b. Similarly for the
other possibilities for a, b, ¢, d.

b. Let u = u; @ us : R2 @ R? — R2 @ R2. Then the matrix of u is
given by the components of u(f;) with respect to the basis (f;):

u(er ®e1) = ui(er) @uz(er) = (1,0) ® (—-1,2) = —f1 +2f2
u(e; ® e2) = 4f) + 3f2

u(62 X 61) =-2f1 +4fs —3f3+6f4

u(ea @ eg) = 8f1 + 6fy + 12f3 + 9f4.

Therefore
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@ a. Let ¢ : /' — E be linear of rank 1, i.e. dim(im¢) = 1. Then
im ¢ =< ¢(f) >k with f any element not in the kernel of ¢. For
every f € F, one has

o(f) = nro(f)



for an ny € K. Define A € F' by A(f) = ny for all f € F. The
map A is linear since

d(nf + pg) =no(f) + ne(g)

= (s + pg)o(f)
for f,ge F,n,u € K; so

A + ng) = mig + pig = nA(f) + pA(g).
One then has
¢ = Ung(f)-
. Consider the commutative diagram, given by the bilinearity of
¢ (N T) = upg,

><E4>H0mKFE)

N,

F'eFE

If \(f)z =0for all f € F then either x =0 or A(f) = 0 for all f,
ie. A =0. Hence A\® 2 = 0, which means that ¢ is injective, and
80 it’s an isomorphism since the two vector spaces have the same
dimension.

. Let (e1,...,e,) and (f1,..., fn) be basis of E and F', respectively
(n,m > 2). The element

fi®e + fa®es

is not a pure tensor. If fi ® e1 + fo ® ea = f ® e for some
f € F, ec E, then write f =Y \'f; and e = >_7n'e;. It must be

Apl=1
N2 =1
An2=0
ANpl=0

which has no solutions in K.

. The map <,>: ' ® E — K is simply given as solutin of the
universal problem, since the pairing £’ x E — K is bilinear. By
composing:

Endg(E) —— E'®@ E —5 K

~_



Let (e1,...,e,) be a basis of E. If f € Endg(E), then im(f) is
generated by f(e1),..., f(e,). Write, for i =1,...,n

dlei) = Y aijej,
J
with a;; € K. Then for e € F, there are ag € K so that
fley=> ale(e))
J
- Yol
g
= Zu&,ei
i
with (A; : e — Zj aéaﬁ) € E'. Therefore

2 STh@e 3D Nile) =Y ai,
S0
<, > o¢ = trace(+).

e. Let L?(E, F;K) be the space of K-bilinear maps F x F — K.
Consider the composition of isomorphisms

E @k F' — Homg (E, F') = Homg (E, Homg (F, K))
— L*(E,F;K) — Homg(E @k F,K) = (E® F)

given by
A®p > ux = (e, ) = unu(e)(f)) = (e®f = uxu(e)(f))-

@ For any A-module P and for any bilinear map M x N i) P there is a
linear f so that the following diagram commutes

MxN-——— P

N

M®AN

Let P be the A-submodule of M® 4N generated by (8(m,n))(m.n)eme,N
and f(m,n) = B(m,n). Then there is a unique g so that go 5 = 3. In
particular g is surjective on P, and so also injective (the inverse is the
natural inclusion P < M ®4 N). Hence M ®4 N ~ P.



@ The map b is bilinear, so again b L(Xy) ®c L(X2) — L(X1 x X9)
is the solution of the universal problem. It’s easy to check that b is
injective. Note also that dim L(X;) = |X;| (show for example that if

) 1 ifx=ux;
Xi={z1,.. ., 20}, (fj)j=1,..|x,) With f;(z) = !

of L(X;)). Thus

is a basis
0 otherwise
dlm(c(L(Xl) X L(Xg)) = dim(c(Xl X XQ),

80 b is an isomorphism.

@ b. The map

MxNxP-—M®®(N®P)
(m,n,p) — m& (n®p)

is 3-linear, so fixing p € P we have a bilinear

¢p: M x N — M&(N®P)
(m,n) — m® (n® p)

which induces a linear

¢p: MON — M & (N @ P)
men+——m®e (nQp).
Now consider the bilinear
(M@N)xP— M®(N®P)
(m®mn,p) r—>qu(m®n);
it iduces a linear map
[ (MON)@ P — M®(N®P)
(m®n)@pr— gp(m@n) =me (nop).
Similarily ther is a linear map
g M@N®P)— (M®N)®P
m®(nep)— (men)Qp.

One has fog(m® (n®p)) =m® (n®@p) and go f((m®@n)@p) =
(m ®n) ® p. Since the pure tensors span the two modules, these
identities extend by linearity to show that f and g are inverse
functions.



a. Use the universal property for M @ N and N ® M and show that
the two linear maps are inverse.

@ In Z ®z Z/2Z one has
2@[1]=1®2[1]=1®[0] =0.

In general, for an A-module M we have a canonical isomorphism of
A-modules

¢: M@ A/l —s M/IM
m ® [a] — [am].

So in our case
27 Rz 7.)27 ~ 27./(2)27 ~ 27./AZ,

and via ¢, 2 ® [1] is sent to [2] € 2Z/4Z, which is not 0, so 2 ® [1] is
not 0 in 2Z ®z Z/27.



