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Commutative Algebra

@ a. The map fod : B — M’ is an A-derivation, since, using the
B-linearity of f,
f(d(bb)) = f(bdb' + V'db) = bf(db') + b f(db)
f(d(s(a))) = f(0) =0
for all b,V € B, a € A.
b. Consider the free B-module

0:=B"=( B
dbedB

generated by the set
dB :={db: b€ B}.
Define
QB/A = Q/Q/
where 2 is the B-submodule generated by the elements
d(bt') — bdv — b'db
db+b) —db— db’
d(s(a))
for b,/ € B, a € A. Define
dy: B— QB/A
b — [db]
and
f : QB/A — M
[db] — db.

Then f is well-defined and has the desired properties. For the
uniqueness, note that the universal derivation d, is surjective, so
f is determined by fod, = d.



To conclude, Qg4 is unique up to B-isomorphism: consider M =
Qp/a, [ = dy and let QB/A, d,: B — Oy B4 another solution of
the universal problem.

B —>QB/A
B/A

Let f’ be the B-linear map such that f’od], = d,. By the above
property of {2p/4, there is also a B-linear f so that fod, = d.,.
Therefore

fl o f ody = dy,

which implies f’ o f = 1 by the surjectivity of d,,.

@ The map f: B®a N — B®4 M is the uniquely defined B-linear map
so that the following square commutes:

N —" v M

1®ile Jl@idM

BoAN —— Bos M

Let A= M =7, B=17/2Z, N = 27, then f is given by
Z)27 ®727 — 7]27 Q@7 7
N®2—[1]®2.

By exercise number 7 of the sheet 3, [1] ® 2 is not 0 in Z/2Z ®y 2Z,
but it’s 0 in Z/27Z ®z Z, so f is not injective.

@ For every B-module L, a A-linear map f : M — L induces a B-linear
map:

f i BosM—L
b®m+— bf(m).

We have a natural A-linear map

Hom (M, M") — Homp(B ®4 M,B @4 M')
a — idp ®a.

Since on the right-hand side we have a B-module, we get an induced
B-morphism

U:B®y HomA(M,M’) — HomB(B XA M,B® M/)



given by
U(b® a)=b(idp ®«a)
for b € B, « € Homy (M, M').
Let A=M' =7 B =M =17/27Z, then
7./27 @7 Homy(Z/27, ) — Homy, oz (Z,/27 @7 7,22, 7./ 27. 7, 7).
it’s easy to check that Homy(Z/27Z,Z) = 0, so the first module is 0.

The second one is isomorphic to Z/2Z, so ¥ is not an isomorphism.

The map @ : (B M)®p (BRs M') - BRy (M ®4 M') is induced
by the B-bilinear map

(B@AM) X (B@AM/) — B®gy (M@AM/)
(b®m, b @m') — bb' @ (mem').

The inverse of ® is given by
b@(meam)r— bem)e(1lem)=(12m)® (bem)
forallbe B,me M, m' € M.

@ a. As in the previuos case, F' is induced by the corresponding A-
bilinear map, and it’s given by

F(f1© f2) = (m1 @mg = fi(m1) @ fa(mz))

for every fi € Homy(Mq, Ny), fo € Homy(Ms, No), my € M
and mo € Mo.

b. Since the vector spaces Homg (M7, N1) @ x Homg (Ms, No) and
Homp (M1 ® K Mo, N1®k Na) have the same dimension, it’s enough
to check the injectivity of F. Let fi € Homg(Mi, N1), fo €
Hompg (Ms, N2) such that fi(m1) ® fa(mg) = 0 for all my € M,
and mg € M. Observe that if f;(m;) # 0 (i = 1,2), then fi(m;)
is part of a basis of N;, so fi(m1) ® fa(ms) is part of a basis of
Nj®k Na, and it cannot be zero. On the other hand if f1(m;) =0
or fa(mg) = 0, then the tensor product is 0. Since this holds for
all my1, ma, we conclude that fi =0or fo =0,s0 f1 ® fo =0.

c. To abbreviate, we’ll denote an element of Z/47Z without the sym-
bol of class and by [-] an element in the quotient (Z/47Z) /(27 /AZ).
In general, for an A-module M and an ideal I C A, we have

Homu(A/I, M) ~0:p 1,
and by the A-freeness of A,

Hom (A, M) ~ M.



Hence we have an ismorphism
Homyg,iz(Z/42) | (22/A2), Z/AZ) @y 4z Moy 4 (242, (2/42) | (22,/47)
~ 27,/A7 ®g,47 (Z/AZ) [ (22./4T,)
given by ¢@¢ — ¢([1])@(1) for all ¢ € Homgy, 47 ((Z/AZ)/(2Z/AZ), Z]AT),
Y € Homgy,,7(Z/AZ, (Z/AZ)/(2Z/4AZ)). By a similar argument,
Homy,47((Z/AZ)/(2Z/AZ)
®z/azHomz, 47 (Z/AZ) | (2L/AL)R 7,47 L/ AL, L/ ALR7,47(L/AL) | (2L AZ))
~ L/AZ @z 47, (Z/AL) [ (2Z/AL)
a—a([l]®1).
Moreover,
27/A7. @747, (ZJAZ) | (2Z/AT) =~ 27./AZ.
2@ [1] — 2.
The corresponding map F induced by F sends 2 to 2® (1], which
is 0 in Z/AZ ®z,)47, (Z/AZ)[(2Z/AZ). Clearly 1@ [1] ¢ im F'.
d. As an R-vector space, C ~ R @ R; since the tensor product com-

mutes with finite direct sums we have isomorphisms of R-vector
spaces

cr QR C™ ~ R@Zn QR cm
~ (R @g C™)®>"
~ (Cm)Zn
~ R4mn'
Let V be of dimension n over K and W of dimension m over K.
Choose basis & = {v1,...,v,} and F = {wy,...,wy} of V and W,
respectively. Denote by
A= A%(9) = (ay),
B = B7(¢) = (byj),
C=C"*(¢@ ) = (cy)
the matrices associated to ¢, ¥, ¢ ® ¢ with respect to the basis indi-

cated, where & ® .# = {v; ® w;}; ; (choose an order for the element of
this basis of V@i W). For alli=1,...,n, j =1,...,m one has

¢ @ Y(v; @ wj) = d(v;) @ P(w;)

= Z iV @ Z bpjwp
k h

= agibi(ve @ wy),
Toh



which means that C is the matrix given by the Kronecker product

annB -+ a1,B
C=A®B= : :
amB - apnB.

TrC=a1TrB+---+ay, TrB=TrATrB.

b. Theimage of p®1) is generated by {¢(v;) @y (w;)}i ;. Héd(viy), ..., o(viy)
(1 < << < n) and @/J(wjl),...,w(wjh) (1 << <
Jjn < m) are basis of im¢, imv, respectively, then {¢(v; ) ®
Y(wjy, ) b1 18 a basis of im(¢ ® ¢) = im ¢ ® im .

c. To prove the formula for the determinant of the Kronecker prod-
uct of matrices, consider the map ¢®idy and choose the following
order for the basis

B = ERF = {v10w1,01QW3, . . ., V] @Wy,, V2oQW, . . . , Uy @Wn, }

Then
¢ R idw (v; @ wy) = d(v;) @ we = Z ai0apVj & W.
3,b
This implies that the matrix D associated to the basis £ is the
block-matrix

A
D=
A
The determinant is the product of the determinants of the blocks,
ie.
) det D = (det A)™.
Analogously,

det(idy ®1) = (det B)".
The desired formula is obtained by observing that
¢ @Y = (¢ @ idw)(idv ®).

d. In general, using the definition, for any ¢, ¢’ € Homg(V,V) and
1,y € Homg (W, W), one has

(@) (¢ @Y') = ¢’ @Yy

Assume 9 and v diagonalizable; then there are invertible matrices
U, L and diagonal matrices A4, Ap so that

A= U_IAAU,



B=L"'AgL.
It follows that
A®B=(U"'AU)® (L7 'AgL)

= (U e L7Y(AAU ® ApL)

= (U oL ) (As@AR)(U®L).
Conclude observing that Ay ® Ap is diagonal and (U ® L)~ =
Ule L L

e. Let s > 0 so that ¢* = 0. Then by the above it follows that

(A® B)’ = A°® B* = 0.



