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Commutative Algebra

@ a. For all b € B the map

op: MxN— Mo N
(m,n) — bmn

is A-bilinear, so there is a unique A-linear map
<pb:M®AN—>M®AN

sending m®mn tobm@n forallbe B, me M, n € N. It’s easy
to check that ¢y is also B-linear, so the ring morphism

B — Endyz(M ®4 N)
br—

defines the unique B-module structure with the desired property.

b. By the universal property, there is a unique A-linear map

@:MXN—)M@B(B(@AN)
menr— m® (1®n).

Forallbe B, me M, n€ N,

¢(b(m @ n)) = p(bm @ n)
=bm®(1®n)
=b(m® (1®n))=bp(memn),

so ¢ is B-linear. The inverse is the B-linear map given by the
B-bilinearity of

Mx (BoaN) — M &4 N
(m,b®@mn) — bm & n.



@ Fix an A-isomorphism ¢ : M — N. Pick a maximal ideal m of A # 0.
Then k := A/m is an A-module, and the map

dpg®p:k@a M — ka4 N
A@m— A® @(m)

is k-linear. If (e;)i=1,..m is a basis of M over A, then ([e;]); is a basis
of M/mM ~ k ®4 M over k, thus dimy, M/mM = m and analogously
dimy N/mN = n.

To conclude, note that the inverse of idx ®¢ is id; ®p ™", so idg ®¢p is
an isomorphism of k-vector spaces, which implies m = n.

@ a. Denote by

1

@1'K—>Endz(E®AF)
A— (e@ f B Xe® f)

and
@2:K—>Endz(E®AF)
A
A— (e® f 5 e® \f)

the two K-vector space stuctures on ' ®4 F.
Pick basis (e;); of E and (f;); of F. Write and element e ® f €

(E®y F)*! as
a;
€®f Z 4 1®fj7
with Qij, bij S A, bij 7& 0. Define
a: EQaF — EQaF

by w
ae®@f) =) &® ”fj

Then clearly « is an isomorphism of k—vector spaces, and for all
A € K, the following diagram commutes:

EQAF 25 FE®4F

EQsF 5 FE®4F

ie. ol oa = oy for all A € K, which means that ¢; and ¢y
define the same k-vector space structure.



b. Consider the map
p: EXF — FE®sF
(e, f)r—e®f

and the diagram

ExF—5 (E®,F)*

w((jw

(E®y F)¥?

Observe that ¢ to (E®4 F)¥" is linear of the first component, but
a o @ is linear on the second component, and vice versa. Since in
E@gF, ANexf)=Xe@f=exAfforall\€e K, ec E, f€F,
there is an induced K-linear map

EQgF — E®jF.
The inverse is the induced A-linear map by

ExF — E@gF
(e,f) —e®f,

which turns out to be K-linear, too.

@ Define

® : Homa(M ®4 N, L) — Homa(M,Homa (N, L))
¢ +— (m = (n— ¢(m @ n)))
and
U : Homy(M,Homg (N, L)) — Homy(M ®4 N, L)
b (men o pm)(n)).
Then ® and ¥ are morphisms of A-modules, mutually inverse:
Vod(g) =(man— &(@)(m)(n)) =(men—d(men))=¢
o W(y) = (m = (n = ¥(Y)(m@n))) = (m = (n—y(m)(n)) = .
@ a. Let (e;);cr be a basis of F, free A-module. Then by the universal
property of free modules, a choice of a set {m; : i € I} of M
defines a unique A-linear morphism h € Homy (F, M) by h(e;) =

m; for all ¢ € I. Hence choose m; € M so that f(m;) = g(e;).
Then

f(h(e:)) = f(mi) = g(e;) Vi € 1,
which implies that foh =g.



b. Pick a system of generators (m;);c; of M (at worst take all the
elements of M). Let X be the free A-module A’ with basis (e;)ier,
and

e: X —M

e; —— m,;.

c. Note that Q as Z-module is generated by {% :n € Nyo};

Q
lid@
Q

f
@n>OZ —

Using the universal property, let
f:M—Q

1
en — —.
n

If there’s a Z-linear map h : Q — M, then for all 3 € Q and for

alln >0, . .
n(5) =nh(y)

But h(%) is a "vector" of integers, so the only possibility is h(%) =
0 for all 7 € Q, so there is not a map h so that the above diagram
commutes.



