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��1 a. For all b ∈ B the map

ϕb : M ×N −→M ⊗A N
(m,n) 7−→ bm⊗ n

is A-bilinear, so there is a unique A-linear map

ϕb : M ⊗A N −→M ⊗A N

sending m⊗ n to bm⊗ n for all b ∈ B, m ∈M, n ∈ N . It's easy

to check that ϕb is also B-linear, so the ring morphism

B −→ EndZ(M ⊗A N)

b 7−→ ϕb

de�nes the unique B-module structure with the desired property.

b. By the universal property, there is a unique A-linear map

ϕ : M ×N −→M ⊗B (B ⊗A N)

m⊗ n 7−→ m⊗ (1⊗ n).

For all b ∈ B, m ∈M, n ∈ N ,

ϕ(b(m⊗ n)) = ϕ(bm⊗ n)

= bm⊗ (1⊗ n)

= b(m⊗ (1⊗ n)) = bϕ(m⊗ n),

so ϕ is B-linear. The inverse is the B-linear map given by the

B-bilinearity of

M × (B ⊗A N) −→M ⊗A N
(m, b⊗ n) 7−→ bm⊗ n.
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~�
��2 Fix an A-isomorphism ϕ : M → N . Pick a maximal ideal m of A 6= 0.
Then k := A/m is an A-module, and the map

idk⊗ϕ : k ⊗AM −→ k ⊗A N
λ⊗m 7−→ λ⊗ ϕ(m)

is k-linear. If (ei)i=1,...,m is a basis of M over A, then ([ei])i is a basis

of M/mM ∼ k ⊗AM over k, thus dimkM/mM = m and analogously

dimkN/mN = n.

To conclude, note that the inverse of idk⊗ϕ is idk⊗ϕ−1, so idk⊗ϕ is

an isomorphism of k-vector spaces, which implies m = n.~�
��3 a. Denote by

ϕ1 : K −→ EndZ(E ⊗A F )

λ 7−→ (e⊗ f ϕλ7→ λe⊗ f)

and

ϕ2 : K −→ EndZ(E ⊗A F )

λ 7−→ (e⊗ f ϕλ7→ e⊗ λf)

the two K-vector space stuctures on E ⊗A F .
Pick basis (ei)i of E and (fj)j of F . Write and element e ⊗ f ∈
(E ⊗A F )ϕ1 as

e⊗ f =
∑ aij

bij
ei ⊗ fj ,

with aij , bij ∈ A, bij 6= 0. De�ne

α : E ⊗A F −→ E ⊗A F

by

α(e⊗ f) =
∑

ei ⊗
aij
bij
fj .

Then clearly α is an isomorphism of k-vector spaces, and for all

λ ∈ K, the following diagram commutes:

E ⊗A F E ⊗A F

E ⊗A F E ⊗A F

α

α

ϕλ ϕλ

i.e. ϕλ ◦ α = α ◦ ϕλ for all λ ∈ K, which means that ϕ1 and ϕ2

de�ne the same k-vector space structure.
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b. Consider the map

ϕ : E × F −→ E ⊗A F
(e, f) 7−→ e⊗ f

and the diagram

E × F (E ⊗A F )ϕ1

(E ⊗A F )ϕ2

ϕ

ϕ

α−1α

Observe that ϕ to (E⊗AF )ϕ1 is linear of the �rst component, but

α ◦ ϕ is linear on the second component, and vice versa. Since in

E⊗K F , λ(e⊗f) = λe⊗f = e⊗λf for all λ ∈ K, e ∈ E, f ∈ F ,
there is an induced K-linear map

E ⊗K F −→ E ⊗A F.

The inverse is the induced A-linear map by

E × F −→ E ⊗K F

(e, f) 7−→ e⊗ f,

which turns out to be K-linear, too.~�
��4 De�ne

Φ : HomA(M ⊗A N,L) −→ HomA(M,HomA(N,L))

φ 7−→ (m 7→ (n 7→ φ(m⊗ n)))

and

Ψ : HomA(M,HomA(N,L)) −→ HomA(M ⊗A N,L)

ψ 7−→ (m⊗ n 7→ ψ(m)(n)).

Then Φ and Ψ are morphisms of A-modules, mutually inverse:

Ψ ◦ Φ(φ) = (m⊗ n 7→ Φ(φ)(m)(n)) = (m⊗ n 7→ φ(m⊗ n)) = φ

Φ ◦Ψ(ψ) = (m 7→ (n 7→ Ψ(ψ)(m⊗ n))) = (m 7→ (n 7→ ψ(m)(n))) = ψ.~�
��5 a. Let (ei)i∈I be a basis of F , free A-module. Then by the universal

property of free modules, a choice of a set {mi : i ∈ I} of M
de�nes a unique A-linear morphism h ∈ HomA(F,M) by h(ei) =
mi for all i ∈ I. Hence choose mi ∈ M so that f(mi) = g(ei).
Then

f(h(ei)) = f(mi) = g(ei) ∀i ∈ I,
which implies that f ◦ h = g.
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b. Pick a system of generators (mi)i∈I of M (at worst take all the

elements ofM). LetX be the free A-module AI with basis (ei)i∈I ,
and

ε : X −→M

ei 7−→ mi.

c. Note that Q as Z-module is generated by { 1n : n ∈ N>0};

Q

⊕n>0Z Q

idQ

f

Using the universal property, let

f : M −→ Q

en 7−→
1

n
.

If there's a Z-linear map h : Q → M , then for all ab ∈ Q and for

all n > 0,

h
(a
b

)
= nh

( a
nb

)
.

But h
(
a
b

)
is a "vector" of integers, so the only possibility is h

(
a
b

)
=

0 for all ab ∈ Q, so there is not a map h so that the above diagram

commutes.


