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Commutative Algebra

(1) Tet P=T" + an 1 T" '+ +ap.
a. [T, the class of T'in B is integral over A, since
[T + an [T+ +ap=0
in B. Integral elements form a ring, so B is integral over A. Also,
P([T]) =0in B.
b. The set {1,[T],...,[T]" 1} is an A-basis of B: Let a} € A so that
ap+---+al,_1[T)* 1 =0in B. Then Plaj+---+al,_; 771, which

is not possible since deg P = n. They are generators, since by the
above equation [T]™ €< 1,[T],...,[T]" ! >4 for all m > n.

c. P— H:Lzl(T — XZ) = (an,1 — enfl)Tn_l + (an,g + €n,2)Tn_2 =+
-+ ag+ (—1)"ep, where e; are the symmetric polynomials

60:X1...Xn

en—1 = X1+ + X.

Then I = (ep—1—an—1,€n—2+an—2,...,e0+(—1)"ap). Note that
we have the sequence of A-free extensions

A[en_h .. .,60] = A[Xl, e ,Xn]

A{enfl, ey 60] [Xl][XQ]

|
Alep—1,...,e][X1]

A[en_l, ey 60]

ofrank over A1,2,...,n. So A[Xy,...,X,]isafree Ale,—1,..., €]
module of rank n!. In particular, we have a A-linear morphism

A[Xl, .. ,Xn] ~ A[enfl, e ,60]"!.



Therefore

C/I~ (&7 Alen_1,...,€0))/(en-1— n_1,en—2+ an_a,...,e0+ (—1)"ag)

~ @M (Alen_1,---,€0)/(en1— an_1,en_2+ an_2,...,e0 + (=1)"ap))

~ An!

Q=P (T —X;), foralli =1,...,n one has Q(X;) =

P(X;) in C/m. So [X;] are the roots of P in C'/m.

. Let © = ¢/b, with ¢,b € A, b # 0 and

(e/b)™ + am_l(c/b)m_1 4 dap =0,

with a; € A. For all n > 0, since A[z] is A-finitely generated by
{1,...,2m 1},

e A+ Ax+ -+ Az™ L

Hence b 12" € A for all n.

. Consider the following ascendent chain of ideals of A:

(a) C (a,az) C (a,az,az®) C ...

By noetherianity, there exists an m > 1 such that

(a,az,...,az™ ™) = (a,az,...,az™).
In particular there exist ag,...,a, € A so that
ar™ = qpa + -+ + apmaz™

which implies
a(z™ —aa™ — - —ag) =0

in K. Since a # 0 and A is an integral domain

m—+1

x = amz™ + -+ + ag,

m

thus A[x] is generated over A by 1,...,x
A.

, SO z is integral over

. Let a/b € K integral over A with n > 1 and a; € A such that

(a/b)" + an_1(a/b)" ' 4 +ag = 0.
Multiplying by 1/t" one has

(a/th)™ + an_1/t(a/th)" ™t 4+ -+ ag/t" = 0.



By assumption a/thb € Ay, so we can write a/tb = ¢; /t™ for some
c1 € A, m>0. Then a/b=c1/t™ ! and

(cr/t"™ N £ ap_1(cr /™ H 4 g =0,

By multiplying by (#™~1)" one gets that ¢ € (¢), which implies
that ¢; € (t), since A/tA has no non-trivial nilpotents. We can
then write a/b = co/t™ 2 for some c2 € A. By an inductive
argument, we obtain a/b = ¢, /"™ = ¢, € A.

. Let A=C[X,Y,Z]/(XZ —Y (Y 4+ 1)) and t = X. Then

(CIX,Y, Z]/(XZ — Y (Y +1)))
(X, XZ-Y(Y +1)/(XZ-Y({Y +1))
~ C[X,Y, Z]/(X,XZ - Y (Y +1))
~ C[X,Y, Z]/(X,Y(Y + 1))
~ C[Y, Z)/(Y (Y +1)).

AJtA ~

Since in C[Y, Z]/(Y(Y + 1)), Y = =Y 2, it is generated over C[Z]
by 1,Y, so every element has a representative of the form

fo(Z2) +Y f1(2),

with fo, fi € C[Z]. If for some n > 0 (fo(Z2) + Y f1(Z))" =
Y(Y +1)g9(Y, Z), with g(Y,Z) € C[Y, Z], then by evaluating at
Y = 0 one has that fo(Z2)" =0, fo(Z) = 0. Also f1(Z) = 0 by
evaluating at Y = —1. Hence A/tA has no non-trivial nilpotents.
The localization A; is isomorphic to

CIX, Y, Z)x /(XZ = Y (¥ +1))x
(since the localization is an exact functor). Also,

Y(Y +1)

CIX, Y, Z)x /(XZ =Y (Y + 1)x = CIX, Y, 2] /(Z - -0 )CIX, Y, 2]
~ C[X, %,Y, Zx)(Z - Y(YX“))
~ C[X, %J/].

Claim: C[X, +,Y] is integrally closed.
Let h/l = h(X,Y)/I(X,Y) € C(X,Y) be integral over C[X, +, Y],
with (h,1) = 1 (C[X,Y]isan UFD). Let n > land f; € C[X, %, Y]

such that

(W)™ + fa1(RJD)" 4+ fo = 0.



Let m := min{s : X°f; € C[X,Y] Vi}. Multiply the above equa-
tion by X™" and let [; = X™f;I"* € C[X,Y] for all i. We
obtain

XA 4 Ly b g =0,

so X™h"™ € (1). If m = 0, then l|h, so h/l € C[X,Y]. Otherwise,
evaluate at X = 0 and get | = X1;, with [; € C[X,Y]. Therefore

(W) X02)" + facr (/X1 44 fo =0,

As above, we have that I; = Xl for some Iy € C[X,Y], or [1]h

so h/Xl € C[X, +,Y]if m =1, and so on until h/l = h/X™,,

with I, |h, hence h/l € Ay.

. Let C = B[X1,..., X, Y1,...,Y,]/I where I is generated by the

coefficients of P — [[[*,(T — X;) and Q — [[{(T — Y;). Then
a; = X; mod I and b; = Y; mod I. By exercise 1, C' is integral
over B and PQ splits in C as

m

PQ=1[(T-a) [J(T - bs).

i=1 i=1

Let A’ be the integral closure of C' in A, so a;,b; € A’. Also,
A’ is a subring of C, hence the coefficients of P and of Q) are in
A’ N B = A, since A is integrally closed in B.

. Let P € B[T] integral over A[T], with s > 1 and a; € A[T] so

that
P*tas 1(T)P' + - +ao(T) =0.

Let Q@ = T™ + P with m > max(n,deg(as_1),...,deg(ap)). Let
p(z) == 2° +as_1(T)x* + -+ +ao(T), so p(P) = 0; then Q is a
root of p(x — T™), and

plx —T™) =25 + by (T)z* L+ - + bo(T),

where by(T) = p(—T™) € A[T] is monic up to a sign, by the
choice of m. Therefore

QQ ! + bsa(T)Q % + -+ + by (T)) = —bo(T) € A[T.

Then Q*~1 + bs_o(T)Q* 2+ -+ + by (T) is monic and by part a.
Q=P+T" e A[T], then P € A[T).

@ Let s = rank M < m and we can assume v1,...,vs are linearly inde-
pendent:

<V, Vs >=< UL, ., 0 >C QT



Claim: Y2 ... Y are algebraically independent over K.
Let f=3 ,ens " X" € K[X1,...,X], then

fye YY) = g I e S
In the last sum, if two monomials are equal, since vq,...,vs are lin-

early independent, one has that the u; are equal. This impﬂzs that if
fym .. )Y%) =0 then f =0.

Now, K C K(Y2,...,Y"2)is a purely algebraic extension (i.e. K(Y2, ...

is the smallest field which contains K and the algebraically indepen-
dent elements Y ... YUs).

Claim: The extension A C frac(A), A = K[Y, ..., Y] is algebraic.
Let j > s and write v; =Y 7| A\jv; with A; € Q. Write \; = a;/b; and
let b = Hle b;. Then bvj = Z?:l c;v; with ¢; € Z and

S

(v = TJoree.

i=1

This proves that the trascendence degree of frac(B)/K is s.

@ The minimal primes g of A have height 0, so dim(A/p) < dim A and

dim A > max{dim(A/g) : p minimal prime of A}.
On the other hand, for a prime p; of A
dim(A/p1) = max{t : 3p C A 3 chain of lenght ¢t p; C --- C p}.

Let g be a minimal prime of A such that dim(A/gp) is the maximum,
say t:

g0 C - Cpr = .
Further, let ' € SpecA and g C --- C ' a chain of maximal lenght;
in particulat @{, is a minimal prime. We’ve shown that

ht(g') < dim(A/gpp) < dim(A/go)

for all ' € SpecA.

)



