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~�
��1 Let P = Tn + an−1T
n−1 + · · ·+ a0.

a. [T ], the class of T in B is integral over A, since

[T ]n + an−1[T ]
n−1 + · · ·+ a0 = 0

in B. Integral elements form a ring, so B is integral over A. Also,
P ([T ]) = 0 in B.

b. The set {1, [T ], . . . , [T ]n−1} is an A-basis of B: Let a′i ∈ A so that

a′0+· · ·+a′n−1[T ]n−1 = 0 in B. Then P |a′0+· · ·+a′n−1Tn−1, which
is not possible since degP = n. They are generators, since by the
above equation [T ]m ∈< 1, [T ], . . . , [T ]n−1 >A for all m ≥ n.

c. P −
∏n

i=1(T −Xi) = (an−1 − en−1)Tn−1 + (an−2 + en−2)T
n−2 +

· · ·+ a0 + (−1)ne0, where ei are the symmetric polynomials

e0 = X1 . . . Xn

...

en−1 = X1 + · · ·+Xn.

Then I = (en−1−an−1, en−2+an−2, . . . , e0+(−1)na0). Note that
we have the sequence of A-free extensions

A[en−1, . . . , e0] = A[X1, . . . , Xn]

...

A[en−1, . . . , e0][X1][X2]

|
A[en−1, . . . , e0][X1]

|
A[en−1, . . . , e0]

of rank overA 1, 2, . . . , n. SoA[X1, . . . , Xn] is a freeA[en−1, . . . , e0]-
module of rank n!. In particular, we have a A-linear morphism

A[X1, . . . , Xn] ' A[en−1, . . . , e0]n!.
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Therefore

C/I ' (⊕n!
I=1A[en−1, . . . , e0])/(en−1 − an−1, en−2 + an−2, . . . , e0 + (−1)na0)

' ⊕n!
I=1(A[en−1, . . . , e0]/(en−1 − an−1, en−2 + an−2, . . . , e0 + (−1)na0))

' An!.

d. If Q := P −
∏n

i=1(T −Xi), for all i = 1, . . . , n one has Q(Xi) =
P (Xi) in C/m. So [Xi] are the roots of P in C/m.~�
��2 a. Let x = c/b, with c, b ∈ A, b 6= 0 and

(c/b)m + am−1(c/b)
m−1 + · · ·+ a0 = 0,

with ai ∈ A. For all n ≥ 0, since A[x] is A-�nitely generated by

{1, . . . , xm−1},

xn ∈ A+Ax+ · · ·+Axm−1.

Hence bm−1xn ∈ A for all n.

b. Consider the following ascendent chain of ideals of A:

(a) ⊆ (a, ax) ⊆ (a, ax, ax2) ⊆ . . .

By noetherianity, there exists an m ≥ 1 such that

(a, ax, . . . , axm+1) = (a, ax, . . . , axm).

In particular there exist a0, . . . , am ∈ A so that

axm+1 = a0a+ · · ·+ amax
m

which implies

a(xm+1 − amxm − · · · − a0) = 0

in K. Since a 6= 0 and A is an integral domain

xm+1 = amx
m + · · ·+ a0,

thus A[x] is generated over A by 1, . . . , xm, so x is integral over

A.~�
��3 a. Let a/b ∈ K integral over A with n ≥ 1 and ai ∈ A such that

(a/b)n + an−1(a/b)
n−1 + · · ·+ a0 = 0.

Multiplying by 1/tn one has

(a/tb)n + an−1/t(a/tb)
n−1 + · · ·+ a0/t

n = 0.
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By assumption a/tb ∈ At, so we can write a/tb = c1/t
m for some

c1 ∈ A, m ≥ 0. Then a/b = c1/t
m−1 and

(c1/t
m−1)n + an−1(c1/t

m−1)n−1 + · · ·+ a0 = 0.

By multiplying by (tm−1)n one gets that cn1 ∈ (t), which implies

that c1 ∈ (t), since A/tA has no non-trivial nilpotents. We can

then write a/b = c2/t
m−2 for some c2 ∈ A. By an inductive

argument, we obtain a/b = cm/t
m−m = cm ∈ A.

b. Let A = C[X,Y, Z]/(XZ − Y (Y + 1)) and t = X. Then

A/tA ' (C[X,Y, Z]/(XZ − Y (Y + 1)))

(X,XZ − Y (Y + 1))/(XZ − Y (Y + 1))

' C[X,Y, Z]/(X,XZ − Y (Y + 1))

' C[X,Y, Z]/(X,Y (Y + 1))

' C[Y,Z]/(Y (Y + 1)).

Since in C[Y,Z]/(Y (Y + 1)), Y = −Y 2, it is generated over C[Z]
by 1, Y , so every element has a representative of the form

f0(Z) + Y f1(Z),

with f0, f1 ∈ C[Z]. If for some n ≥ 0 (f0(Z) + Y f1(Z))
n =

Y (Y + 1)g(Y, Z), with g(Y,Z) ∈ C[Y, Z], then by evaluating at

Y = 0 one has that f0(Z)
n = 0, f0(Z) = 0. Also f1(Z) = 0 by

evaluating at Y = −1. Hence A/tA has no non-trivial nilpotents.

The localization At is isomorphic to

C[X,Y, Z]X/(XZ − Y (Y + 1))X

(since the localization is an exact functor). Also,

C[X,Y, Z]X/(XZ − Y (Y + 1))X ' C[X,Y, Z]X/(Z −
Y (Y + 1)

X
)C[X,Y, Z]X

' C[X,
1

X
,Y, Z]X/(Z −

Y (Y + 1)

X
)

' C[X,
1

X
,Y ].

Claim: C[X, 1
X , Y ] is integrally closed.

Let h/l = h(X,Y )/l(X,Y ) ∈ C(X,Y ) be integral over C[X, 1
X , Y ],

with (h, l) = 1 (C[X,Y ] is an UFD). Let n ≥ 1 and fi ∈ C[X, 1
X , Y ]

such that

(h/l)n + fn−1(h/l)
n−1 + · · ·+ f0 = 0.
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Let m := min{s : Xsfi ∈ C[X,Y ] ∀i}. Multiply the above equa-

tion by Xmln and let li = Xmfil
n−i ∈ C[X,Y ] for all i. We

obtain

Xmhn + ln−1h
n−1 + · · ·+ l0 = 0,

so Xmhn ∈ (l). If m = 0, then l|h, so h/l ∈ C[X,Y ]. Otherwise,
evaluate at X = 0 and get l = Xl1, with l1 ∈ C[X,Y ]. Therefore

(h/Xl1)
n + fn−1(h/Xl1)

n−1 + · · ·+ f0 = 0.

As above, we have that l1 = Xl2 for some l2 ∈ C[X,Y ], or l1|h
so h/Xl1 ∈ C[X, 1

X , Y ] if m = 1, and so on until h/l = h/Xmlm
with lm|h, hence h/l ∈ At.~�
��4 a. Let C = B[X1, . . . , Xm, Y1, . . . , Yn]/I where I is generated by the

coe�cients of P −
∏m

i=1(T − Xi) and Q −
∏n

i=1(T − Yi). Then

ai = Xi mod I and bi = Yi mod I. By exercise 1, C is integral

over B and PQ splits in C as

PQ =
m∏
i=1

(T − ai)
n∏

i=1

(T − bi).

Let A′ be the integral closure of C in A, so ai, bj ∈ A′. Also,

A′ is a subring of C, hence the coe�cients of P and of Q are in

A′ ∩B = A, since A is integrally closed in B.

b. Let P ∈ B[T ] integral over A[T ], with s ≥ 1 and ai ∈ A[T ] so
that

P s + as−1(T )P
s−1 + · · ·+ a0(T ) = 0.

Let Q = Tm + P with m > max(n, deg(as−1), . . . ,deg(a0)). Let

p(x) := xs + as−1(T )x
s−1 + · · ·+ a0(T ), so p(P ) = 0; then Q is a

root of p(x− Tm), and

p(x− Tm) = xs + bs−1(T )x
s−1 + · · ·+ b0(T ),

where b0(T ) = p(−Tm) ∈ A[T ] is monic up to a sign, by the

choice of m. Therefore

Q(Qs−1 + bs−2(T )Q
s−2 + · · ·+ b1(T )) = −b0(T ) ∈ A[T ].

Then Qs−1 + bs−2(T )Q
s−2 + · · · + b1(T ) is monic and by part a.

Q = P + Tm ∈ A[T ], then P ∈ A[T ].~�
��5 Let s = rankM ≤ m and we can assume v1, . . . , vs are linearly inde-

pendent:

< v1, . . . , vs >=< v1, . . . , vm >⊆ Qr.
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Claim: Y v1 , . . . , Y vs are algebraically independent over K.

Let f =
∑

u∈Ns auXu ∈ K[X1, . . . , Xs], then

f(Y v1 , . . . , Y vs) =
∑

auY u1v1 , . . . , Y usvs .

In the last sum, if two monomials are equal, since v1, . . . , vs are lin-

early independent, one has that the ui are equal. This implies that if

f(Y v1 , . . . , Y vs) = 0 then f = 0.
Now,K ⊆ K(Y v1 , . . . , Y vs) is a purely algebraic extension (i.e. K(Y v1 , . . . , Y vs)
is the smallest �eld which contains K and the algebraically indepen-

dent elements Y v1 , . . . , Y vs).

Claim: The extension A ⊆ frac(A), A = K[Y v1 , . . . , Y vs ] is algebraic.
Let j > s and write vj =

∑s
i=1 λivi with λi ∈ Q. Write λi = ai/bi and

let b =
∏s

i=1 bi. Then bvj =
∑s

i=1 civi with ci ∈ Z and

(Y vj )b =
s∏

i=1

(Y vi)ci .

This proves that the trascendence degree of frac(B)/K is s.~�
��6 The minimal primes ℘ of A have height 0, so dim(A/℘) ≤ dimA and

dimA ≥ max{dim(A/℘) : ℘ minimal prime of A}.

On the other hand, for a prime ℘1 of A

dim(A/℘1) = max{t : ∃℘ ⊆ A ∃ chain of lenght t ℘1 ⊂ · · · ⊂ ℘}.

Let ℘0 be a minimal prime of A such that dim(A/℘0) is the maximum,

say t:
℘0 ⊂ · · · ⊂ ℘t = ℘.

Further, let ℘′ ∈ SpecA and ℘′0 ⊂ · · · ⊂ ℘′ a chain of maximal lenght;

in particulat ℘′0 is a minimal prime. We've shown that

ht(℘′) ≤ dim(A/℘′0) ≤ dim(A/℘0)

for all ℘′ ∈ SpecA.


