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Exercise 1.1 Consider the set of all real-valued sequences
S ={(sn)nen | Vn € N: s, € R}.

Prove that the function d : S x S — [0, 00) defined by

_ |xn - yn‘
d((zn)nens Yn)nen) = » 27" ——F———
€ € % L+ |z — ynl

is a metric over S, and that (.5, d) is a complete metric space.

Hint: the function ¢ — 1Tt’ t > 0, is concave.

Solution. Note first of all that for every (z,)nen, (Yn)nen € S there holds:

Cmn =l
d((fﬁn)nel\b yn neN 27" <~ 27" < 0.
RN Ea T P

So d takes values in [0,00). Clearly, d is symmetric, non-negative and vanishes
only when (z,)nen = (Yn)nen. We prove that the triangle inequality holds. Let
(1) neNs (Yn)nens (2n)nen € S. Since for every n € N there holds:

Tn — 2n] 1
1+ |z — 20| 1+ |z, — 2|
1
<1-
1+ |mn_yn| + |yn_2n|
_ ’xn _yn’ + ’yn - Zn’
1+ ’xn_yn| + ’yn_zn|

_ [Zn — Yn |Yn — 20
|Zn, — Ynl Yn — 2n|

_1+|xn_yn| 1+|yn_zn|7

this implies:

d((@n)nen, (2n)nen) < d((Tn)nen; (Yn)nen) + A((Yn)nen, (2n)nen),

and thus d is a metric on S.
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We prove that the space (.5, d) is complete. Note first that a Cauchy sequence in S is
a sequence of sequences ay = (an)nen so that, for every € > 0, there exists K € N so
that

_ |ak‘n_aln|
d(ag,a;) = E 27" : : < e forevery k,l > K.
( ) neN 1+ |ak7n - bl,n|

Claim: (ay)gen s a Cauchy sequence in S if and only if, for every fired n € N,
(agn)ken s a Cauchy sequence in R.

Proof. Sufficiency: let n € N and ¢ > 0 be fixed and let K € N be so that

_ ’akn - aln‘
dlay, a;) = 27" : : < e forevery k,l > K.
( Y ) 7%\] 1 + |a,k7n _ al’n’ Y

Consequently, it follows that for every n € N

|ak,n - al,n’

< 2"
1 + |ak7n - al,n| ’

so assuming without loss of generality that ¢ < 27", we deduce
2n

1 —one"

|akz,n - al,n| <

which implies that (ay)ken is Cauchy in R.

Necessity: note that, for every k,l, N € N we may always estimate

N

Z 9-n |ak,n - al,nl - Z 9-n |0Jk,n - al,n‘ + Z 9—n ’ak,n - al,n‘

neN 1 + ‘ak,n - al,n’ B 1 + ’ak,n - al,n‘ n>N+1 1 + ’ak,n — Qrn

n=0

il | — arnl
< 9—n k.n l,n + 2_]\[.
- Z 1 + ’a'k,n - a'l,n|

n=0

By assumption, for every ¢ > 0 and every n € N, there exists N(e,n) € N so
that |a,x — any| < € for every k,l > N(e,n). Consequently, we fix fist M € N
so that 27 < ¢ and then we choose N(g) to be the greatest element in the set
{M,N(e,1),...N(e, M)} to deduce that d(ay, a;) < 3¢, which implies that (ag)xen is
Cauchy in S. ]

Let now (ax)ren be a Cauchy sequence in S. By Claim 1, for every n, (ag,)nen is
Cauchy in R and thus is convergent to some element a; € R. Defining a = (a)ren as
an element of S and arguing as in the proof of the Claim above (“necessity” part),
it is possible to find, for every € > 0, some N(g) € N so that d(ax,a) < € for every
k > N(g). Consequently (ay)ren converges to a in S and so is the space complete. [
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Exercise 1.2 Let Q2 C R™ be an open subset and let (£2,,),en be an Exhaustion of
Q2 by open sets with compact closure, that is, each €2, C R™ is open, €2,, is compact
and contained in €2, 2, C €, 41 and ©Q = U,en (2. Define

17— dlloom,
d(f,g)= > 27" .
22 T glow

for every continuous, real-valued functions f,g € C°(Q, R).

(a) Prove that d defines a metric in C°(Q, R).
(b) Prove that (C°(Q2,R),d) is a complete metric space.

(c) Let C°(, R) be the set of continuous functions with compact support in . Prove
that C?(2,R) is dense in (C°(Q, R), d).

Remark. The topology defined by d is called topology of the convergence on compact
subsets of €. It is possible to prove that it does not depend on the chosen exhaustion.

Solution. Parts (a) and (b) of this exercise are solved similarly as in Exercises 1, so
we point out the main differences.

(a) This is analogous to the solution in Exercise 1.

(b) Claim: (fi)ren € C°(Q,R) is a Cauchy sequence in (C°(,R),d) if and only if,
for every fized k, (fila, )nen is a Cauchy sequence in C°(Q,, R).

The proof of this claim is similar to that of the claim in Exercise 1.

Note next that, since C°(Q,,R) is a Banach space, and, for every fixed n,
(fxlg, Jren is a Cauchy sequence in this space, it converges to some ,, € C'(Q,, R).
Since for every k and n there holds fig = fk|§n+1 in €2,,, by the uniqueness of
the limit and the fact that the €2,’s are nested, it follows that ¢, = @,.1 in Q,,
thus the definition

f(x) = pn(z) ifzely,

is well-posed and f is a continuous function on 2. Similarly as in Exercise 1,
(fn)nen converges to f in (C°(2,R),d). So the space is complete.

(c) Let f € C°Q), and let (2,)nen be an exhaustion of  as given by the exercise.
We consider a sequence (1,)nen of smooth functions with compact support so
that:

0<m, <1, Ny =1in Q,, supp(nn) € Qg
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and we set

folz) = f(2)n,(x), for xz € Q.

Note that each f, is continuous, has compact support and coincides with f in
Q,. To see that such sequence converges to f in (C°(Q,R), d), as in part (b) it is
enough to prove that, for every fixed n, (frlg, Jren is Cauchy in C°(Q,,R). Since
for K > n filg, is identically equal to flg , this is trivially true. So f, converges
to fin (C°(Q,R),d). O

Exercise 1.3 Let (X, d) be a metric space. Prove that the following are equivalent:

The complement of every meager set is dense in X.

(a
(

b) The interior of every meager set is empty.

(c) The empty set is the only open and meager set.

)
)
)
(d) Countable intersections of open dense sets are dense.

Hint: recall that A is dense in X if and only if its complement has empty interior.

Remark. Thanks to Baire’s Category Theorem, each of the above conditions are
satisfied in a complete metric space.

Solution. We have:

e (a) = (b): Assume that A is a meager set with nonempty interior. Then there

exists * € X and € > 0 so that B.(z) C A and thus A¢ C B.(z)¢ # X. Thus
A¢ cannot be dense in X.

e (b) = (¢): If U is an open, meager set, then U = int(U) = 0.

e (¢) = (d): Let A = ,en An be a countable intersection of open and dense
sets. Consider its complement A¢ = J,en A%: each A¢ is closed and has empty
interior, so it is nowhere dense and A€ is meager. Consequently, (A°)° is empty
and thus A is dense.

e (d) = (a): Let A = U,enAn be a meager set. Obviously A C Upen A,, and
each A, has emtpy interior. Thus ), cn(A4,)¢ € A¢, and since every (A,)¢ is
open and dense, so is their intersection, and so is A°€. O
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Exercise 1.4 Let (x,),en € R be a sequence. Define, for every p € [1, 0o,

1/p
<Z ]a:n|p> if p < o0,
[(zn)nenller = \nen

sup 2| if p = oo,
neN
and let 7 = {(z,)nen | ||(Zn)nen|ler < 00}. For every p € [1,00], (¢, - |le) is a

Banach space.

Let now 1 < p < ¢ < 00. Prove that:

(a) 7 C 09 and [[(zn)nenlles < ||(2n)nen||er for every (z,)nen € €P.
(b) 7 is meager in (9.

(€) Uicpeg P S 02

Hint for (b): The set A, = {(xn)nen € 7| ||(zn)nenller < n} C €9 is closed in 9 and
has empty interior in (9.

Remark. Notice that ¢/ = LP(N, A, u), where A is the o-algebra of all subsets of N
and p is the counting measure, i.e. p(M) is the cardinality of M (possibly c0).

Solution. (a) It suffices to prove the inequality ||x]|e < ||z||e for all x € ¢P. Since
(77 )nen € 4\ 17,

the inclusion is strict. Moreover |[z|[n < ||z||e if and only if [[Az|[m < ||Az]e
for every A > 0, so it suffices to prove ||z|p < 1 for all x = (2,)neny € P with
Hl’”gp = 1.

Case ¢ = co. For all n € N we have

|—=

o0

< (X loeb)” = lallo = 1.

k=1

=

[l = (lzal?)

Therefore, ||z||pe = sup,ey |2n] < 1.

Case ¢ < co. The assumption ||z||» = 1 implies |z,| < 1 for all n € N. Since
1 <p < g, we have |z,|? < |z,|P for all n € N. This implies the inequality
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(b)

In order to show that A, = {x € 09| ||z||» < n} is closed in (€9, ||-||s), we will
prove that the limit of every f?-convergent sequence with elements in A,, is also
in A,,.

Let (a®)ren be a sequence of elements a®) = (a(»k)

i )jen € A,. Suppose b =
(bj)jen € 19 satisfies Jim |a®) — bz = 0. Then, for every j € N,
00

1

o~ bl < (Slal? ~bi7)" = Ja® ~blln 20
1eN

Let N € N be arbitrary. By continuity of |-[P: R — R, we have

N N
1P — i B)1p < 1 B|P < P
>_1bsl l}ggO;Iag [P < lim suplla®®|lz, < n

=1
since the number of summands is finite. In the limit N — oo, we see ||b]|}, < n?,
which implies b € A,,. Therefore, A,, is closed in (€7, ||-||s).

Assume by contradiction that A, has non-empty interior in the ¢¢- topology.
Then there exist a = (@ )men € A, and € > 0 such that

B:={zel?]||a—x|wm<e} C A,
Consider b = (b, )men € (7 given by b, = mF. Indeed, ¥%°_, m™# < oo since
p < q. We define z = (z,,)men by
ebn,
2([b| s

Then [ja — 2| = § and z € B. However, b ¢ (* and a € (7 imply z ¢ (¥ D A,
which contradicts B C A,,. Therefore, A, has empty interior in (£7,|-|s).

Zm = O +

Being closed with empty interior, A, is nowhere dense in (€%, ||[s«). Since
P = J,en Ay, we may conclude that ¢7 is meager in (9.

Since ¢P* C (P2 for p; < py by (a) we have
Ue= U
pell gl pe(l,4[NQ
By (b), the right hand side is a countable union of meager subsets of (¢2, ||-||s«) and
therefore meager itself. Being complete, ¢¢ is not meager in (£2,||-||s«). Therefore,
we may conclude strict inclusion
U e&ce

pE[l,q[NQ



