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Exercise 7.1 Let (H, (-,)g)) be a Hilbert space. Let Y C H be any subspace and
let f: Y — R be a continuous linear functional. By the Hahn-Banach Theorem there
exists an extension F': H — R with F|y = f and ||F|| = || f||. Prove that F' is unique.

Solution. We first consider the case where Y is also closed subspace, so that (Y, (-, ) x)
is itself a Hilbert space. Then by the Riesz Representation Theorem there exists a
unique h € Y so that

f(y) = (y,h)u for every y €Y.
Then f has an obvious linear and extension to H given by

F(z) = (z,h)y forevery x € H,
which satisfies ||F'|| = ||h||lz = || f]]-

Claim 1: F is the unique extension of f to H with norm || f]|.

Proof. If F: H — R is another extension of f, by the Riesz Representation Theorem
it must be of the form F'(r) = (z,h)y for some h € H, and since ||F|| = || f| there
must hold ||h||g = ||h||g. Since F|y = f = Fly, we have

0=F(y)— F(y) = (y,h—h)g, foreveryycy,
and so h — h € Y+, But then since h € Y there holds
IRl = 12ll% = 1A =+ klF = A = RllE + 1Al
and so ||h — h||%, = 0 and this implies & = h. This proves Claim 1. O

Let us now consider the case where Y is not necessarily closed.

As a continuous linear operator, f is closable. Let f be its closure.

Claim 2: there holds D(f) =Y and ||f| = |||

Proof. The inclusion D(f) C Y is obvious; for the converse, consider y € Y and a
sequence (yx)ren in Y such that yp — y as k — oco. From

1f(n) = f ()l < W Ilyn = vl

we conclude that (f(yx))ren is a Cauchy sequence in R. Thus, there exists z € R such
that f(yx) — z as k — oo. This means that (y, z) is in the closure of the graph of f

and we conclude y € D(f).
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As for the equality of the norms, || f|| > || f|| is obvious; on the other hand if y and
(yr)ren are as above,

Tl = Jim 7] < tim | Fllwelle = 1171l

which implies || f|] < ||f]|. This proves Claim 2. O

Claim 2 implies that, in order to extend f: Y — R to H, we can first uniquely extend
to f: Y — R without changing the norm and then extend to F': H — R. We may
then reduce ourselves to the case where Y is a closed subspace, and so the conclusion
is reached thanks to Claim 1. m

Remark. It may be possible to reduce immediately to the case where Y is closed by
observing that since f is linear and continuous then it is also uniformly continuous;
consequently by a well-known extension theorem it can be extended to Y, with the
same norm. Such extension is unique and so coincides with f.

Exercise 7.2 Let (H,(+,-)g) be a Hilbert space and () C H a nonempty convex
subset. Let x € H with distance d := dist(x, Q) from Q. Prove that:

(i) Every sequence (,)nen in @ with nh_{gonn — z|lg = d is a Cauchy sequence
in H.

(ii) If @ is closed in H, then there exists a unique y € Q with ||z — y||g = d.

Solution. Without loss of generality, we can assume x = 0. Otherwise we apply the
translation y — y — x which is an isometry to the entire space H.

(i) Let (z,)nen be a sequence in the convex set @ C H with ||z,|| — d = dist(0, Q)
as n — 00. By convexity of (), we have that

Tp,Tm €Q = €EQ =

Tn + Tm W”‘ > dist(0,Q) = d

2 2

for every n,m € N. The parallelogram identity (true in every Hilbert space):

’

=+ yll* + llz = ylI* = 2|2 ]* + lly[I*)
then yields

lzn = 2l = 2llzallly + 2 2mllr = l2n + zally

2

Ty + Ty
———fH§2WM%+ﬂmN%—M?

=2l + 2l zmllE — 4

From 2|z, ||3 — 2d* as n — oo, we conclude that (x,),ey is a Cauchy-sequence
in H.
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(ii) Let (z,)nen be a sequence in @ with ||z,||lg — d = dist(0,Q) as n — oc.
According to (i), it must be a Cauchy-sequence. Since H is complete and @)
closed, (z,)nen converges to some y € Q.

Suppose there is another point § € @ with ||g|| = d. Then, again by convexity
and the parallelogram identity,

and we conclude that all the inequalities are in fact identities which implies

e

Thus, y = 9. [

d? < HM

1 2 1 ~112 2
- - —
: = Sl + 1l

Hy+y

H

Exercise 7.3 Let (X, ||-||x) be a normed space.

(i) Let A be a subset of X and let conv(A) denote its convex hull. Prove the
following characterization:

conv(A) = {zn: Akg

nEN, Z1,. €A Arer Ay >0, ZAk:1}.
k=1

k=1

(ii) Let A, B C X be compact, convex subsets. Prove that conv(A U B) is compact.

Solution. (i) We denote by C the set on the right-side.

“(€)”: Since A C C, it is enough to show that C is convex. In fact, given
0 <t <1 we have

n+m

EY N+ (L —1) ) Ny, = Z kY
k=1 k=1
with

0 < . t\ ifke{l,...,n},
=M (1—-t)N,_, ifke{n+1,....,n+m}

{xk if ke {1,...,n},

z,_, ifke{n+1,...,n+m}
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and gy + .ot g =t N F (A= OV AN =t (L—t) = 1.

“(2)”: Let xq,...,x, € Aand let Ay,..., N\, >0 with \y + ...+ X, = 1. We
can assume A1 # 0. Since conv(A) is convex and contains x1, 2 € A, and since
+ =1,

A1 +>\2 A1 +>\2

)\1 )\2 . /\1{L’1 + )\21‘2 .

A =
conv(A) S T A IR T

For the same reason,

)\1 + )\2 )\3 )\15(72 + >\2:U2 + )\31‘3
conv(A) > 9 + = y3.
)\14’)\24‘)\3 )\1+>\2+)\3 )\1"‘)\24‘)\3
[terating this procedure, we obtain
D I e VA A Mz 4 ...+ M
conv(A4) 3 2 M 1+ i Ty = LiSL

A+ A A+ A A4+ A
for every k € {3,...,n}. Since A\; +...+ X\, = 1, we have y, = \jz1 +...+ A,z
(ii) First we prove the following characterization.

Claim: there holds

conv(A U B) = |J (sA+1tB),
(s,t)eA

where A := {(s,t) e R* | s+t =1, s,t > 0}.
Proof. “(C)”: By choosing (s, 1)

hence AUB C D. If x € (conv(AU
the form

(1,0) we see A C D. Analogously, B C D,
)

B)) \ (AU B), then (i) implies that x is of

xTr = Zskak + Z tkbk,

k=j+1

where j,n € N, where a;, € A and b, € B as well as s, t; > 0 for every k and
where s; + ...+ s; +tj41 + ...+, = 1. Since x ¢ AU B by assumption, we
have

J
si=> s>0, Ztk>0
=1

k=j+1
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with s+t = 1. Since A and B are both convex by assumption,

1 J
a:==-) spa € A, b=
S k=1

~+ | =

Z tiby € B,
k=j+1

and we have shown x = sa +tb € D.

“D” Let a € Aand b € B. Then a,b € conv(AU B). Since conv(A U B) is
convex, we must have sa + tb € conv(A U B) for every (s,t) € A. This proves
conv(AU B) O D. O

Let (x,)nen be a sequence in conv(AU B). Then by the claim there exist a,, € A
and b, € B as well as (s,,t,) € A such that z,, = s,a, + t,b, for every n € N.
Since A\ is compact in R?, a subsequence ((s,,t,))nea,cn converges in A; since
A and B are compact there are subsequences (a,)nepa, convergent in A and
(bn)nens convergent in B. Therefore, setting

A4:A1ﬂA2ﬂA3,

we obtain that (x,)nea, converges in D, and so conv(A U B) is compact. [

Exercise 7.4 (Lions-Stampacchia). Let (H, (+,-) ) be a Hilbert space Let a: Hx H —
R be a bilinear map so that:

(a) a(z,y) = a(y, z) for every z,y € H,
(b) there exists A > 0 so that |a(z,y)| < Al||z||g||ly||g for every x,y € H,
(c) there exists A > 0 so that a(z,z) > A||z||% for every z € H.

Let moreover f: H — R be a continuous linear functional. Consider the map
J: H — R given by

J(z) = a(z,z) — 2f(x).

Prove that, for any K C H be a nonempty closed, convex subset, there exists a unique
Yo € K such that both the following inequalities hold:

(i) J(yo) < J(y) for every y € K,

(i) a(yo,y — yo) > f(y — yo) for every y € K.
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Solution. Note that since a is symmetric with
Mzl < alz,z) < Al

a(-,-) induces on H a scalar product equivalent to (-, -)m, whose associated norm we
denote by |||, = y/a(+,-). Thus as a consequence of Riesz Representation Theorem (or

by the Lax-Milgram Theorem) there exists a unique x¢ € H satisfying f(x) = a(xo, )
for all x € H. In particular there holds

J(z) = a(z,z) = 2f(2) = a(z, x) — 2a(xo, 7) (1)
= a(r — xg, ) — a(xg, x)
= a(r — xg,x — o) + a(x — xo, x9) — a(x, o)
= a(r — xg,x — x9) — a(xg, To).
Since the topology induced by || - ||, is equivalent to the given one on H, K is also

closed in (H, ||-||,) and we can apply Exercise 7.2 (b) in the Hilbert space (H,a(:,-))
and thus there exists a unique yo € K satisfying

170 = yolle = 1nf [l = Ylla- (2)
Now we turn to prove the required statements:

(i) By (1)-(2) we have that

T(yo) = llyo — zollz — lzollz < lly — wolla — llwollZ = T (»)

for every y € K.

(ii) We need to show that

a(yo,y — yo) — f(y — yo) = a(yo, ¥y — ¥o) — a(zo, y — yo)

= a(yo — %o,y — Yo)

is non-negative for every y € K. Since yy € K we have ty + (1 — t)yo € K for

every fixed y € K and every t € [0, 1] by convexity of K. We consider the map
f:10,1] — R given by

2 2

£ = Jleo = (ty+ @ =m0 |, = [}e0 =30 + 20 — 9]

By (2), and since ty + (1 — t)yo € K by convexity, f has a minimum at t = 0
which implies f'(0) > 0. We compute

') = 2a<x0 —yo+t(yo — V), yo — y)
and so

£1(0) = 2a(zo — yo, 50 — y) = 2a(yo — o,y — o) > 0,
as desired. O
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Exercise 7.5 Consider the spaces
co = {(xk)keN € (> ]}Lrgo T = 0}, c:= {(wk)keN € (> klgg(} T exists}.

with norm || - ||ge.

(i) Is ¢ a Banach space?

(i) Show that the dual space of (cg, ||||¢=) is isometrically isomorphic to (¢1,[|-||q).
(iii) To which space is the dual space of (¢, ||+||¢=) isomorphic?
Solution. (i) Since ¢*° is Banach, to show that ¢ is complete it suffices to prove

that it is closed in €. Let s = (5¢,)neny € €. Then there exists a sequence of
sequences (Tx)ken, Tk = (Tkn)nen € ¢ such that

k
SUD[kp — Tn| = [J2x — 5¢]lie — 0.
neN

Let € > 0. Let k. € N such that ||z, — |, < €. By definition, z;_ € c is a

Cauchy-sequence. Let N. € N such that |zy_, — zx_m| < € for every m,n > N..
Then

|xn - xm| S |xn - xka,n| + |xk5,n - xkg,ml + ‘xkg,m - xm| < 357

for every m,n > N, which proves that z is a Cauchy-sequence. Therefore, s € c.

(ii) The linear map W: ¢! — ¢} given by

\I,(y)(x) - Z TnYn,

neN

where £ = (2,)neny and y = (Yn)nen i linear and well-defined, since we can
estimate

(W) (@) < D _lwaynl < lzlle=llyller,

neN

and consequently also || ¥(y)[c: < [|yl|s. Let us show that in fact [[¥(y)|e: = [|yl|e
for every y € (': given y € ¢! we can apply ¥(y) to the sequence xj = (Tg ., )nen €
co given by

A if n < k and y, # 0,
Thm = |yn‘
’ 0 else,
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which satisfies ||2)||~ = 1 and

k
Jim [9) ()] = Jim Ylonl = Iyl = 19l = sup 9G] > Iyl

l|lllgoo=1
Therefore, ¥ is an isometry and in particular is injective.

To prove that W is surjective, we show first that every f € ¢ is determined by
its values on the elements ey = (egn)nen € ¢o, Where e, = (0,...,0,1,0,...) has
the 1 at k-th position: in fact Given x = (2, )nen € o, We have

= sup|z,| 2= 0.
£ n>N

N
r — Z TkCL
k=1

and so continuity and linearity of f implies

N—o0

N N
f(z) = lim f(Z $k€k> = Jim > wfler).
k=1 k=1

Given f € ¢} we claim that y := (f(ex))ren € ¢! and ¥(y) = f. Indeed, for any
N eN

*
CO’

I;‘f(ek)‘ = g:xN,kf(@k) = f(zn) < |If

where oy = (T x)ken € ¢o With ||zl < 1 is defined by

ol if k< N and f(ex) #0,
TNE = k
0 else.

Since N is arbitrary, we conclude y € ¢*. Moreover, given any = = (Z)ren € Co
and y as above, we have

U(y)(z) = apyr = Y xpfler) = f(z)

kEN kEN
which shows that W is surjective.

(iii) The dual space of (c, ||-||¢=) is also isomorphic to ¢ = ¢! but not isometrically.
To construct an isomorphism ®: ¢* — ¢, we first consider the linear map
T: c— ¢y given by

Tz = (nh_)nc}O T, (T1 — Jim Tp), (xg — Jim Tp),y .- )
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By definition of ¢ and ¢y, the map T is well-defined. T' is continuous since
T @] < lollee = [Tl < 2l
Moreover, T is invertible with inverse S: ¢y — ¢ given by

S(y) = ((yQ + yl), (y3 + y1), (y4 + yl), .. )

Indeed, STz = x is immediate and T'Sy = y follows from lim,, . (Yn + y1) = ¥1.
Since ||Sy|le < 2[|y]|ee, the map S is also continuous. So we define ¢: ¢* — ¢
by

O(f) = foS.
As composition of linear maps, ® is linear. It is also continuous since

(@)W = [f(Sy)l < IIf

By the construction above, ® bijective with continuous inverse ®1(g) = go T.

[]

Syllee < 2| f

c* c* y”goc
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Hints to Exercises.

7.1

7.2
7.3

7.4

7.5

Start by considering the case where Y is a closed subspace, and use Riesz
representation theorem. Then reduce the general case to this one by considering
the closure of f.

Use the parallelogram identity.
For (ii), show that

conv(AUB) = ] (sA+1tB),

5,20
s+t=1

and then prove that the right-hand side is compact.

Note first that a(-,-) is a scalar product topologically equivalent to (-, ), then
use Riesz Representation Theorem for f with this scalar product and Exercise
7.2.

For (ii), compare with Satz 4.4.1 (dual of LP). For (iii): how can one transform a
sequence in ¢ into a sequence in c¢q?
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