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Solution 9.1 Utility Indifference Price

(a) Suppose that there exist two utility indifference prices m1 = 71 (u, S, ¢g) and m = ma(u, .S, co)
with 71 # mo. By definition of a utility indifference price, we have

Elu(co + m — S)] = ulep) = Elu(co + m2 — 9)]. (1)
Without loss of generality, we assume that m; < mo. Then, we have
co+m—S <cp+my—3S8 a.s.,

which implies
u(cg +m —8) < ulco+m2 —5) a.s.,

since u is a utility function and, thus, strictly increasing by definition. Finally, by taking the
expectation, we get
Elu(co + m — 5)] < Elu(cg + 2 — 9)],

which is a contradiction to (1). We conclude that if the utility indifference price 7 exists, then
it is unique. Moreover, being a risk-averse utility function, u is strictly concave by definition.
Hence, we can apply Jensen’s inequality to get

u(cg) = Elu(eg +7—9)] < w(E[eg + 7 — S]) = u(co + 7 — E[S]).

Note that we used that S is non-deterministic and, thus, Jensen’s inequality is strict. Since u
is strictly increasing, this implies 7 — E[S] > 0, i.e.

7w > E[S].

(b) Note that

20
E[v] =1 = = =2
1 ¢ 0.01 000
and that 1 ]
E[Y@’} T — )
1 k  0.005 00

Since S7 and S5 both have a compound Poisson distribution, Proposition 2.11 of the lecture
notes (version of March 20, 2019) gives

1
E[Si] = A\viE [Yf”] = 5+ 20002000 = 2'000°000

and
1
E[So] = Apvo [YF)} — 1 10000200 = 200000,

We conclude that

E[S] = E[S; + S2] = E[S1] + E[S2] = 27200°000.
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(¢) The utility indifference price 7 = 7(u, S, ¢g) is defined through the equation
u(eg) = Elu(ep + 7 — 5)].
In this exercise we use the exponential utility function u given by
u(z) =1-— éexp {—az},

for all z € R, with o = 1.5-1075. Thus, we get

u(eg) = Elu(eg + 7 — 9)] 1- iexp{—aco} =E|1- éexp{—a(co +7—9)}

exp{—acp} = Elexp{—a(co+ 7 —95)}]
exp {ar} = E [exp {aS}]

1117

1
7 = —logE[exp {aS}].
«
Note that we can write S = S7 4+ S5 and use the independence of S; and S5 to get

T = llog]E[eXp {a(S1+ 52)}] = élog (E [exp {S1}] E [exp {aS2}])

QI~—2

(logE [exp {aS1}] + log E [exp {aS2}]) = é [log Mg, (o) + log Mg, (a)],

where Mg, and Mg, denote the moment generating functions of S; and S, respectively.
Moreover, since S7 and Sy both have a compound Poisson distribution, Proposition 2.11 of
the lecture notes (version of March 20, 2019) gives

™ = é (/\1711 [Myu)(a) - 1} + Aav2 |:My1(2)(a) - 1]) ’

1

where M, ) and M, (2 denote the moment generating functions of Yl(l) and Y1(2)7 respectively,
1 1

N 0.01 %
Mo = (£5) = (Go1s50)

K 0.005
My @ (@) = k—a  0005—15-10-6

In particular, since @ < ¢ and a < &, both My, 1) (a) and M, (2 (@) and, thus, also Mg, (@)
1 1

and are given by

and

and Mg, (o) exist. Inserting all the numerical values, we find the utility indifference price

2 1 0.01 20 1 0.005
=Z2.10(=.2 S —-1 — .10 -1
=310 (2 000 l<0.01 — 1.5-106) g 10000 {0.005— 1.5-10-6 D

= 2'203213.
Note that we have
—E 2203213 — 2°200°0 321
T [S] _ 03’213 00’000 _ 3 ~ 0.146%.
E[S] 2200°000 2200°000

Thus, the loading m — E[S] is given by approximately 0.146% of the pure risk premium.
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(d) The moment generating function My of X ~ N(u,0?) with u € R and 2 > 0 is given by

T202
Mx(r) = exp{m+ 5 }

for all » € R, see Exercise 1.3. Thus, if we assume Gaussian distributions for S7 and Ss, and
according to the calculations in part (c), we get

é llog M, (@) + log M, (a)] = é (aIE[Sl} + %2Var(5'1) + aE[Ss] + O;ZVar(Sg))
= E[$1] +E[S2] + 5 [Var($1) + Var(82)] = E[S] + 5 Var(S),

where in the last equation we used that S; and Sy are independent. We see that in this case
the utility indifference price is given according to a variance loading principle. Since here we
assume Gaussian distributions for S; and Sy with the same corresponding first two moments
as in the compound Poisson case in part (c), in order to calculate Var(S1) and Var(S3), we
again assume that S7 and Sy have compound Poisson distributions. Note that

2 1 20-21

c? 0.012

and that
2 2

@\’ _ 2 _ P,
E {(Yl ) ] =2 = Doom - S0000

Then, Proposition 2.11 of the lecture notes (version of March 20, 2019) gives
m\?| _ 1
Var(S1) = AviE (Yl ) =5 2’000 - 4’200°000 = 4’200°000°000

and
Var(Ss) = AavsE {(Yf”ﬂ - % -10°000 - 80°000 = 80°000°000,
which leads to
Var(S) = Var(Sy + S2) = Var(S1) + Var(S2) = 4280°000°000.
We conclude that the utility indifference price is given by

1.5-107¢

m = E[S] + %Var(S) = 2200°000 + — -4’280°000°000 = 2’203’210.
Note that we have
7w — E[S] 2’203’210 — 2’200°000 3’210
= = ~ 0.146%.
E[S] 2’200°000 2’200°000 0

Thus, as in part (c), the loading m — E[S] is given by approximately 0.146% of the pure risk
premium. The reason why we get the same results in (c) and in (d) is the Central Limit
Theorem. In particular, neither the gamma distribution nor the exponential distribution
are heavy-tailed distributions. Moreover, the skewness ¢g, of S; and also the skewness
s, of Sy are rather small (¢, = 0.034 and ¢g, ~ 0.067). Thus, the expected numbers of
claims A\jv; = Ayvy = 1’000 are large enough for the normal approximations to be valid
approximations for the compound Poisson distributions.
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(e) On the one hand, in part (c) we have shown that the utility indifference price 7 = w(u, .S, co)
is given by

T = é)\v [My, (o) — 1].
On the other hand, according to the calculations in part (c), we also have
T=T (u,g, co) = élog]E [exp{ag}] .
From this we can calculate

foon)

=1

Av
1 1 1
T = alog;IE = a;logE[exp{aYi}] = a)\vlogMYl(a)~

We then have
T>T <= My, (a)—1 > log My, (a).

We define
g(x) = x—1 and h(xz) = logz.

For x =1 we have g(1) =0 = h(1). Since g is linear and h is strictly concave, we get

g9(x) > h(z)

for all x # 1 in the domain of g and h. Since for the claim sizes we assume Y; > 0, P-a.s.,
and since a > 0, we have My, (a)) > 1. If follows that

MY1 (Oé) -1> 10g MY1 (OZ)

and, thus, w > 7. This does not come as a surprise: in the compound Poisson model we have
randomness in the number of claims and under risk aversion we do not like this uncertainty.
This leads to a higher price in the compound Poisson model and explains why = > 7.

Solution 9.2 Value-at-Risk and Expected Shortfall
(a) Since S ~ LN(u,0?) with g = 20 and 0% = 0.015, we have

2
E[S] = exp {u+ "2} ~ 488'817°614.

Let z denote the VaR of S — E[S] at security level 1 — ¢ = 99.5%. Then, since the distribution
function of a lognormal distribution is continuous and strictly increasing, z is defined via the
equation

PIS—E[S] <z =1—q.
By writing @ for the distribution function of a standard Gaussian distribution, we can calculate
z as follows

P[S-E[S]<2] =1—¢

& [bg(ZHE[SD—u] _ 1y
log(z +E[S]) = p+o-07'(1—q)

z=exp{p+to- @' (1-q)}—E[S]

» = exp{u} <eXp {o-® ' (1—q)} —exp {‘;}) .

[ A
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For 1 — q = 99.5% we have ®~!(1 — q) ~ 2.576, and
z =~ 176’299286.
In particular, mooc is then given by
Tooc = E[S] 4+ rcoc - 2 = 488’817°614 + 0.06 - 1767299286 ~ 499’395’571.

Note that we have

meoc —E[S] _ 499'395°571 — 488'817°614 _ 10'577°957
E[S] 488'817°614 T 488'817°614

~ 2.16%.

Thus, the loading 7coc — E[S] is given by approximately 2.16% of the pure risk premium.

For all u € (0,1), let VaR,, and ES,, denote the VaR risk measure and the expected shortfall
risk measure, respectively, at security level u. Note that actually in part (a) we have found
that

VaR, (S —E[S]) = exp{pu+oc- @' (u)} —E[S],

and that by a similar computation we get

VaR,(S) = exp{p+o-® (u)},
for all w € (0,1). In particular, we have

VaR, (S — E[S]) + E[S] = VaR,(9),

for all w € (0,1). Since the distribution function of S is continuous and strictly increasing,
according to Example 6.26 of the lecture notes (version of March 20, 2019), we have

ES;_,(S—E[S]) = E
~E
E

(S — E[S]| S — E[S] > VaRi_,(S — E[S))]
(S~ E[S]|S > VaRy_(S)]

[S|S > VaRi_4(5)] — E[S]
= ES;_,(S) - E[S].

By the definition of the mean excess function eg(-) of S, we can write

ES1_4(S) = E[S —VaRi_4(5)| S > VaR1_4(S5)] + VaR1_4(5)
= eg[VaRi_4(5)] + VaRi_4(95).
Moreover, according to the formula given in Chapter 3.2.3 of the lecture notes (version of

March 20, 2019), the mean excess function eg[VaR1_4(5)] above level VaR;_,(S) for the
log-normal distribution S is given by

g

1_® |:logVaRl,q(S’)f,u,fcf2

es[VaRy_y(S)] = E[S] } — VaRy_(S).

1-® |:logVaR1,q(S)—p,:|

o

Using the formula calculated above for VaR, (S) with u = 1 — ¢, we get

1_ |:logVaRl_q(S)—,u—a'2

o

} 1-® [wa-@*l(lqufa?}
= E[S] :
1-® [w] 1-® [Lﬂ—q)—u}

o o

ES1,(S) = E[S]

Mﬂlef@ﬂu?mﬂ)=Em;a—@@la—@—ﬂy
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In particular, we have found that

ES1-o(S ~EIS]) = <EIS] (1= @ [67/(1=¢) ~]) — E[S]

For 1 — g = 99% we get ®~1(1 — ¢) ~ 2.326, and
ESggy (S — E[S]) &~ 184’119°256.
Finally, mcoc is then given by
oo = E[S] 4+ rcoc - ESggy (S — E[S]) ~ 488’817°614 + 0.06 - 184’119’256 ~ 499’864°769.

Note that we have

meoc — E[S]  499°864'769 — 488'817°614  11°047°155
E[S] 488'817°614 T 488'817°614

~ 2.26%.

Thus, the loading mcoc — E[S] is given by approximately 2.26% of the pure risk premium. In
particular, the cost-of-capital price in this example is higher using the expected shortfall risk
measure at security level 99% than using the VaR risk measure at security level 99.5%.

In parts (a) and (b) we have seen that in this example
VaRgg 5% (5 — E[S]) < ESggy (S — E[S]).
Let 1 — g = 99%. Now the goal is to find u € [0, 1] such that
VaR, (S — E[S]) = ES1_4(S —E[5)]),

which is equivalent to
VaR,(S) = ES1_4(9).

From part (b) we know that
VaR,(S) = exp{p+o-® "(u)},
for all uw € (0,1), and that
1
ESi—() = CEIS] (1@ [071(1—g) —0]).
Hence, we can solve for u to get

log BE[S} (1-®[@~1(1-q) - am —u

g

u=7e ~ 99.62%.

We conclude that in this example the cost-of-capital price using the VaR risk measure at
security level 99.62% is approximately equal to the cost-of-capital price using the expected
shortfall risk measure at security level 99%.
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(d) Since S ~ LN(u,0?) with g = 20 and 62 = 0.015 and U and V are assumed to be independent,
we have

U~ N(o?), V~Npuo®) and U+V ~ N(2u,20%).
Let X ~ N (f1,5?) for some fi € R and 62 > 0. Then, VaR;_,(X) can be calculated as

X—[L<VaR1_q(X)—ﬂ} 1,

P[X <VaRy_(X)] = 1—¢q < P[

g g
P {VaRl_({(X) — /,1,:| —1_ q
g
< VaR; (X)) =ji+6-2'(1—q)

This implies that

VaRy_,(U) + VaR;_ (V) = p+0- (1 —q)+p+o- &1 —q)
=2u+20-d71(1—q)

and that
VaRi_,(U+V) = 2u+ V20 - &7 1(1—q).

Since

VaR; (U +V) > VaR;_,(U) + VaR;_,(V) <= & 1(1-¢q) > V20 1(1-9¢)
— o l1-¢9) <0
— 1—q< ok
one can see that in this example
VaRi_4(U+V) > VaRi_4(U) + VaR1_4(V)
for all 1 — g € (0,1), and that
VaRi1_,(U +V) < VaR1_4(U) + VaR1_4(V)

forall1 —q € (%,1).

Solution 9.3 Variance Loading Principle

(a) Let S1,S53, 55 denote the total claim amounts of the passenger cars, delivery vans and trucks,
respectively. Then, according to Proposition 2.11 of the lecture notes (version of March 20,
2019), we have

for all 7 € {1,2,3}. Using the data given in Table 2 on the exercise sheet, we get

E[S;] = 0.25-40-2’000 = 20’000,
E[S2] = 0.23-30-1'700 = 11’730 and
E[S5] = 0.19-10-4’000 = 7600.

If we write S for the total claim amount of the car fleet, we can conclude that

E[S] = E[Sy + S + S3] = E[S1] + E[S2] + E[S;5] = 39°330.
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(b) Again using Proposition 2.11 of the lectures notes (version of March 20, 2019), we get

Aivi B [(3/1@))1 = A\iy; (Var <Y1(i)> +E [Yl(i)r)

M E 1] i [Vco (Yl“))2 + 1} ,

Var[S;]

for all 7 € {1,2,3}. Using the data given in Table 2 on the exercise sheet, we find
Var(S1) = 0.25-40-2°000% - (2.5 + 1) = 290°000°000,
Var(Sy) = 0.23-30-1700% - (22 +1) = 99°705°000 and
Var(S3) = 0.19-10-4°000% - (3% + 1) = 304°000°000.

Since S7, .52 and S3 are independent by assumption, the variance of the total claim amount .S
of the car fleet is given by

Var(S) = Var(S; + S2 +S3) = Var(S;) + Var(S3) + Var(S;) = 693°705°000.

Using the variance loading principle with a = 3 - 1075, we get for the premium 7 of the car
fleet

7 = E[S] + aVar(S) = 39'330 + 3 - 107 - 693'705°000 ~ 397330 + 2'081 = 41’411.

Note that we have
m—E[S]  aVar(S) = 2081 5.3%
E[S]  E[S] 3933 "

Thus, the loading = — E[S] is given by 5.3% of the pure risk premium.

Solution 9.4 Esscher Premium

(a) Let a € (0,79) and Mg and Mg denote the first and second derivative of Mg, respectively.
According to the proof of Corollary 6.16 of the lecture notes (version of March 20, 2019), the
Esscher premium 7, can be written as

M)
« Ms(a).
Hence, the derivative of 7, can be calculated as
d__ dMg(a)  Mg(a) <M§(a)>2 _ E[S%exp{asS}] (E[S’exp{aS}])2
da © da Ms(a) Ms(a) Ms(a) Ms(a) Ms(a)
! s 1 o0 2
= V(o) /_Oox exp{ax}dF(z) — [Mg(a) /_ooxexp{agg} dF(gj):|

_ /ZIQ dF,(z) — szdFa(z)r,

where we define the distribution function F, by

Fu(s) = ﬁm) / ; exp{oz} dF (z),

for all s € R. Let X be a random variable with distribution function F,. Then, we get

4 = /Oo 2% dFy(z) — [/m chFa(x)r — E[X?] - E[X]? = Var(X) > 0.

— 00 — 00
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Hence, the Esscher premium 7w, is always non-decreasing in «. Moreover, if S is non-
deterministic, then also X is non-deterministic. Thus, in this case we get

d
Taa = Var(X) > 0.

In particular, if S is non-deterministic, then the Esscher premium 7, is strictly increasing in
a.

(b) Let a € (0,79). According to Corollary 6.16 of the lecture notes (version of March 20, 2019),
the Esscher premium 7, is given by

d
= —1
Ta = og Ms(r)

r=a

For small values of a, we can use a first-order Taylor approximation around 0 to get

_d : _My0) (M) [ML(0)]
To & - log M(r) i +a- -5 log Ms(r) o M:(O) T (Mi(()) - {Mi(o)} )

= E[S] + a (E[S?] — E[S]?) = E[S] + aVar(S).

We conclude that for small values of a, the Esscher premium 7, of S is approximately equal
to a premium resulting from a variance loading principle.

(¢) Since S ~ CompPoi(Av, G), we can use Proposition 2.11 of the lecture notes (version of March
20, 2019) to get
log Mg(r) = v [Mg(r) —1],

where Mg denotes the moment generating function of a random variable with distribution
function G. Since G is the distribution function of a gamma distribution with shape parameter
~v > 0 and scale parameter ¢ > 0, we have

et = ()

for all r < ¢. In particular, also Mg(r) is defined for all r < ¢, which implies that the Esscher
premium 7, exists for all « € (0, ¢).

Now let « € (0,¢). Then, the Esscher premium 7, can be calculated as

el el

—y—1 v+1
w2 (1-1) —n2 ()
& C \C—«

c
Note that since ¢ > ¢ — « and v+ 1 > 1, we have

1
( ¢ ) > 1,
C—

d
= log M,
ar 108 Ms ()

Ta

r=x

r=a

and, thus,
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