ETH Zurich, HS 2019
Prof. Josef Teichmann Coordinator: David Martins

Mathematical Finance
Exercise sheet 2

Exercise 2.1 Let W', W? be two independent Brownian motions.

(a) For two C? functions f,g: R? - R, let X; = f(W},W?) and Y; = g(W,}, W?). Compute the
quadratic covariation of X and Y.

(b) Let Z; = fot (cos sdW} + sin sdW?2). Prove that Z is a Brownian motion.

Exercise 2.2 Let N',.... N™ and W', ...,WW™ all be independent, with each N* a Poisson process
of rate 1 and each W* a Brownian motion, all starting at 0. Let X* = N¥ + WP for each k.

(a) Recall the formula for the stochastic exponential of a process given in the lecture notes.
Find the stochastic exponential Z of X = Z;n:l X% and check directly that it satisfies the
stochastic differential equation (SDE)

dZ =7Z_dX, Zy=1.
By this we mean that the integrated form of this equation holds:

Zi—1=(Z_eX),.

(b) Use Itd’s formula to find a decomposition for the process

Y = X ?%,

Nl

where Xy = (X}, ..., X;") and |Xy| = (37, (XF)?)?, and we also assume o € N.
(¢) (optional) Let v € R™ and suppose that P(Vt >0 X;, X;— #v) = 1.
Find a similar decomposition for the process
f/t = |Xt - V|2a7

where now « € R.

Exercise 2.3

(a) Let x be a cadlag function on [0, 1], and let 7™ be a refining sequence of dyadic rational
partitions of [0, 1] with lim,_, . mesh(7™) = 0. Show that, if the sum

Yoyl (@(tig) — 2 (i)

trtn emn

converges to a finite limit for every caglad function on [0, 1], then z is of finite variation.

(b) Let X be a good integrator, and let TI" be a sequence of partitions tending to identity. Show
that
Yo Y (Xe  — X)) (YeX)
k k41 k
T,;L7Tg+1€l_["

for every adapted caglad process Y.
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