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Exercise 8.1 Consider a probability space (Ω,F , P ), together with a d-dimensional Brownian
motion (Bt)t∈[0,T ]. Consider the natural filtration FB

t = Ft generated by B, and suppose that
FT = F .

(a) Show that any absolutely continuous measure Q� P has a Radon-Nikodym derivative of the
form

dQ

dP
= exp

(∫ T

0
λsdBs −

1
2

∫ T

0
||λs||2ds

)
for some λ ∈ L(B).

(b) For Q given in the above form, find (with proof) a d-dimensional Brownian motion under Q.
Remark: You may not use Girsanov’s theorem for this part!

Exercise 8.2 Consider a discrete time setting with deterministic time points 0 = t0 < t1 < t2 <
... < tn = T . In this setting, semimartingales are given in the form

S =
n−1∑
k=0

Sk1[tk,tk+1) + Sn1{T},

where each Sk is Ftk
-measurable.

Show that in this case, ucp convergence is equivalent to convergence in Emery topology.

Exercise 8.3 Show that

(a) A local martingale is a sigma-martingale.

(b) A sigma-martingale which is also a special semimartingale is a local martingale.

Exercise 8.4 In the same setup of question 1, consider the Bachelier model:

St = S0 + µt+ σBt

on [0, T ], where B is a d-dimensional Brownian motion, µ ∈ Rd and σ ∈ Rd×d is invertible.

(a) Show that there exists a unique equivalent martingale measure Q such that for all f ∈ L∞(FT ),
EQ(f) = π(f), where π is the superreplication price.

(b) Take d = 1 and f = (ST − K)+, for some K ∈ R. Compute π(f) as well as the unique
strategy ϑ such that

π(f) + (ϑ • S)T = f.

(c) Have a look at this paper and write a very short summary of some of the main points.
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