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Exercise 5.1 We say that S is a special semimartingale if it can be decomposed as

St = S0 +Mt +At,

where M is a local martingale and A is a predictable process of finite variation.

(a) Show that if S is a special semimartingale then the process Yt = supu∈[0,t] |Su − S0| is locally
integrable.

(b) Give an example of a semimartingale S which is not special.

Solution 5.1

(a) It is clearly enough to do this separately for M and A.

• For M a local martingale: We can, by localisation, assume that M is a martingale. Let
τn := inf{t > 0 : |Mt| > n}, then we know that Mτn is again a martingale. Moreover,
note that

sup
s∈[0,t]

|Mτn |s ≤ n+Mτn
t .

since the bound of n can only fail at the last time point. But since Mτn is a martingale,
sup0≤s≤t |Mτn |s is integrable, so that sups∈[0,t] |Ms| is locally integrable (since the τn
clearly go to ∞).

• For A a predictable process of finite variation started at 0: Let τn := inf{t > 0 :
|At| ≥ n}. Then τn is a predictable time for each n, and we can find an announcing
sequence (σn,p)p∈N for τn, i.e. a sequence of stopping times such that σn,p < τn a.s.
on {τn > 0} and σn,p ↗ τn a.s.. We can find a diagonal subsequence σn,pn

such that
P (σn,pn < τn − 1) ≤ 1

2n , and let Tn = maxm=1,...,n σm,pm .

Clearly, each ATn is bounded by n as Tn < τn on {τn > 0}. It is then clear that
σn,pn ↗∞ a.s. by construction and since the τn do, which shows the result.

(b) We can already find such an example in question 1 of sheet 3. Indeed, this process is a
semimartingale (as it is of finite variation) but not locally integrable, by the same proof as
used there.

Exercise 5.2 Let W = W0 + (W 1,W 2,W 2) be a Brownian motion in R3, i.e. W 1,W 2,W 3 are
independent Brownian motions and W0 ∈ R3 \ {0} is an F0-measurable random variable.

(a) Show that Yt = |Wt|−1 is a local martingale as well as a supermartingale, where |(x, y, z)| =√
x2 + y2 + z2 is the Euclidean norm. You may assume that P (∀t Wt 6= 0) = 1.

(b) Assume that W0 is a standard normal random variable on R3. Show by direct calculation
that E[Y 2

t ] = 1
t+1 for t > 0.

(c) Using the martingale convergence theorem, conclude that Y is not a martingale.

Solution 5.2
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(a) By Itô’s formula (which we can apply locally, c.f. exercise 2(c) of sheet 2), we obtain the
simplified expression

dYt =
3∑
i=1
−Y 3

t W
i
t dW

i
t + 1

2

3∑
i=1

(
3Y 5

t (W i
t )2 − Y 3

t

)
dt.

But since
∑3
i=1(W i

t )2 = Y −2, the dt term vanishes.
Therefore, Y can be given as an integral against a local martingale (W ), and since the
integrand is continuous, it is itself a local martingale (c.f. exercise 1(a) of sheet 3). Moreover,
Y is non-negative so it is a supermartingale.

(b) Writing W0 = (Z1, Z2, Z3), we can use independence to find the equality in law:

|Wt|2 = (Z1 +W 1
t )2 + (Z2 +W 2

t )2 + (Z3 +W 3
t )2

d= (t+ 1)
(
(Z1)2 + (Z2)2 + (Z3)2) .

This is clear since Z1 +W 1
t ∼ N (0, t+ 1), etc.

Now, we note that the sum of the squares of three independent standard normals is a χ2
3

distribution, or equivalently a Gamma
( 3

2 ,
1
2
)
distribution. Therefore, Y 2

t is the inverse of a
Gamma

(
3
2 ,

1
2(t+1)

)
random variable, so

E[Y 2
t ] =

∫ ∞
0

1
u

1
2 3

2 Γ
( 3

2
)u 1

2 e−
u
2 du

=
∫ ∞

0

1
u

1
2 3

2 (t+ 1) 3
2 Γ
( 3

2
)u 1

2 e−
u

2(t+1) du

= 1
2(t+ 1) 1

2

∫ ∞
0

1
2 1

2 (t+ 1) 1
2 Γ
( 1

2
)u− 1

2 e−
u

2(t+1) du

= 1
t+ 1 .

(c) From (b) we see that Y is bounded in L2, and in particular uniformly integrable. Suppose
that Y is a martingale. It is then a uniformly integrable martingale, and converges in L1 to
some Y∞ with Yt = E[Y∞ | Ft] for each t. Since Y is bounded in L2, the convergence holds
also in L2. But then E[Y 2

∞] = limt→∞E[Y 2
t ] = 0, and as Y is non-negative, Y∞ = 0 a.s..

This leads to a contradiction since E[Y∞] = 0 6= Y0.

Exercise 5.3 Let Xk be independent Bernoulli random variables with P (Xk = +1) = P (Xk =
−1) = 1

2 , k ∈ N. Consider an infinite horizon model with a constant bank account normalized to
one and a stock S = (Sk)k∈N whose price is given by S0 = 1, Sk = Sk−1 +Xk, k ∈ N. Consider
the following strategy. Start with zero initial wealth, buy one stock and keep doubling your stock
holdings until the stock goes up for the first time, then sell the stocks.

(a) Find the self-financing strategy ϕ = (η, ϑ) and the associated wealth process V = (Vk(ϕ))k∈N
with zero initial wealth for this strategy.

(b) Show that with this strategy, V∞(ϕ) := limk→∞ Vk(ϕ) = 1 a.s..
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(c) Put

Yt :=
{
Vk(ϕ) for 1− 1

k+1 ≤ t < 1− 1
k+2 ,

1 for t ≥ 1.

Assume the (augmented) natural filtration and show that the process Y is a local martingale,
but not a martingale.

Solution 5.3
(a) Define the stopping time

τ = inf{k ≥ 1 : Sk − Sk−1 = 1}.
The trading strategy ϑ is given by

ϑk = 2k−1
1{τ>k−1}, k ∈ N.

The self-financing strategy ϕ = (η, ϑ) associated to (V0, ϑ) = (0, ϑ) is determined by the value
process

Vk(ϕ) =
k∑
j=1

2j−1
1τ>j−1(Sj − Sj−1)

= 1{τ>k}

k∑
j=1

2j−1(−1) + 1τ≤k

τ∑
j=1

2j−1
1{τ>j−1}(Sj − Sj−1)

= 1{τ>k}(1− 2k) + 1{τ≤k}

τ−1∑
j=1

2j−1(−1) + 2r−1(+1)


= 1{τ>k}(1− 2k) + 1{τ≤k}, k ∈ N.

(b) Since (Vk(ϕ))k∈N is a martingale and V0 = 0, we obtain

0 = E[Vk(ϕ)] = (1− 2k)P (τ > k) + P (τ ≤ k).

Solving for P (τ ≤ k) = 2k−1
2k and letting k → ∞ yields that P (τ < ∞) = 1. Since

P (τ <∞) = 1, we obtain that

V∞(ϕ) = lim
k→∞

Vk(ϕ) = 1.

(c) Since E[Y1] = 1 6= E[Y0] = 0, the process Y is not a martingale. To show that it is a local
martingale, choose τn = inf{t ≥ 0 : |Yt| ≥ n} ∧ n, n ≥ 1. Let s < t < 1 and A ∈ Fs. We have

E[1A(Y τn
t − Y τn

s )] = E[1A(Y(τn∧t)∨s − Ys)].

By the optional stopping theorem, (Y τn
t )t≥0 is a uniformly bounded martingale on t < 1.

Moreover, Y τn is continuous at t = 1, and constant on t ≥ 1. Therefore, (Y τn
t )t≥0 is a

martingale, for every n ≥ 1. This shows that Y is a local martingale.

Exercise 5.4 Consider a financial market on the time interval [0, T ] consisting of one numéraire
process with constant value Bt = 1 and two risky assets with dynamics given by geometric Brownian
motion, i.e.

dS1
t = S1

t (µ1dt+ σ1dW
1
t ), S1

0 = 1
dS2

t = S2
t (µ2dt+ σ2dW

2
t ), S2

0 = 1,

where µ1, µ2 ∈ R, σ1, σ2 > 0 and W 1,W 2 are two Brownian motions with [W 1,W 2]t = ρt, for any
t ∈ [0, T ] and a fixed ρ ∈ [−1, 1].
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(a) Find a condition on the coefficients µi, σi, ρ that is equivalent to this financial market being
arbitrage-free.

(b) Under such conditions, and assuming that the filtration is the one generated by W 1 and W 2,
find all the equivalent martingale measures for this financial market.

(c) (optional) Can you repeat this exercise if we assume that the correlation ρ is random and
time-dependent, i.e. [W 1,W 2]t =

∫ t
0 ρsds for some continuous process ρs taking values in

[−1, 1]?

Solution 5.4
(a) The market is arbitrage-free if and only if either ρ 6∈ {−1, 1} or ρ ∈ {−1, 1} and µ1

σ1
= ρµ2

σ2
.

To prove this, suppose that ρ 6∈ {−1, 1}. We can easily check that B = W 2−ρW 1√
1−ρ2

is a Brownian
motion by Lévy’s characterisation, i.e.

[B]t = [W 2 − ρW 1]t
1− ρ2

= t− 2ρ2t+ ρ2t

1− ρ2

= t.

We can even say more: (W 1, B) is a two-dimensional Brownian motion, again by Lévy’s
characterisation (by checking that the quadratic covariance vanishes). In particular, W 1 and
B are independent.
Now, consider the exponential martingale

Z = E
(
−µ1

σ1
W 1 − 1√

1− ρ2

(
µ2

σ2
− ρµ1

σ1

)
B

)
,

which is a martingale, as an easy consequence of Novikov’s criterion. Moreover, it is clear from
Girsanov’s theorem that µ1

σ1
t+W 1

t and µ2
σ2
t+W 2

t under the equivalent martingale measure
Q with dQ

dP = ZT . Thus, S1 and S2 are local martingales under Q, since the integrands are
continuous.
Therefore, the market is arbitrage-free. Suppose now that ρ ∈ {−1, 1} and µ1

σ1
= ρµ2

σ2
. Then it

is easy to check that

Z = E
(
−µ1

σ1
W 1
)

is an exponential martingale and, by Girsanov, we obtain that S1 and S2 are again local
martingales under Q given by dQ

dP = ZT .
Conversely, suppose ρ = 1 and µ1

σ1
< µ2

σ2
(other cases, with ρ = −1 or the inequality reversed,

are similar). Then, we can find an arbitrage strategy with ϑ1
t = − 1

σ1S1
t
and ϑ2

t = 1
σ2S2

t
, since

then we obtain

GT (ϑ) =
∫ T

0

(
− 1
σ1S1

t

S1
t (µ1dt+ σ1dB

1
t ) + 1

σ2S2
t

S2
t (µ2dt+ σ2dB

1
t )
)

=
∫ T

0

(
µ2

σ2
− µ1

σ1

)
dt

> 0.

Thus, there is arbitrage if and only if ρ 6∈ {−1, 1} and µ1
σ1
6= µ2

σ2
.
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(b) Suppose that Q is an equivalent martingale measure. Then there exists an FT -measurable
Radon-Nikodym derivative Z = dQ

dP ∈ L1(Ω,FT , P ). Moreover, Z > 0 P -a.s. We can
also define the P -martingale Zt = EP [Z | Ft], which is positive a.s. (as Z is) and has
Z0 = EP [Z] = 1.
Now, by the Itô martingale representation theorem, we can write

Zt = 1 +
∫ t

0
(αsdW 1

s + βsdW
2
s )

for some (α, β) ∈ L2
loc(W ). Since Z is positive a.s., we can write

Z = 1 +
∫ t

0
Zs

(
αs
Zs
dW 1

s + βs
Zs
dW 2

s

)
= E

(∫ ·
0

αs
Zs
dW 1

s + βs
Zs
dW 2

s

)
t

.
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