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Exercise 8.1 Consider a probability space (Ω,F , P ), together with a d-dimensional Brownian
motion (Bt)t∈[0,T ]. Consider the natural filtration FBt = Ft generated by B, and suppose that
FT = F .

(a) Show that any absolutely continuous measure Q� P has a Radon-Nikodym derivative of the
form

dQ

dP
= exp

(∫ T

0
λsdBs −

1
2

∫ T

0
||λs||2ds

)
for some λ ∈ L(B).

(b) For Q given in the above form, find (with proof) a d-dimensional Brownian motion under Q.
Remark: You may not use Girsanov’s theorem for this part!

Solution 8.1
(a) Let Q be an absolutely continuous measure, with Radon-Nikodym derivative dQ

dP . Because
dQ
dP

is non-negative and integrable, we can by the martingale representation theorem find some
β ∈ L(B) such that

ZT := dQ

dP
= 1 +

∫ T

0
βsdBs.

(note that E[ZT ] = 1).
Moreover, β •B is a martingale and so we have the equality

Zt := E[ZT | Ft] = 1 +
∫ t

0
βsdBs.

Note that Zt ≥ 0, since the same is true of ZT . Z is also continuous. Moreover, since Z is a
martingale (being a supermartingale suffices for this), we obtain that if Zt = 0 for some t ≥ 0
then Zs = 0 for all s ∈ [t, T ]. This implies that βs = 0 for all s ∈ [t, T ].
From these considerations we deduce that we can find λs ∈ L(B) such that βs = λsZs, and
we obtain

Zt = 1 +
∫ t

0
λsZsdBs = E

(∫ ·
0
λsdBs

)
t

.

This yields in particular the result we want.

(b) From Girsanov’s theorem, we would expect that B̃t = Bt −
∫ t

0 λ
tr
s ds is a Brownian motion

under Q. We try to show this directly. Consider some u ∈ Rn and some t ∈ [0, T ]. Now
consider the following:

EQ

[
exp

(
i

(
u ·BtT −

∫ t

0
u · λtr

s ds

)
+ t
||u||2

2

)]
= EP

[
exp

(∫ T

0
λsdBs −

1
2

∫ T

0
||λs||2ds+ i

(
u ·BtT −

∫ t

0
u · λtr

s ds

)
+ t
||u||2

2

)]

= EP

[
exp

(
MT −

1
2 〈M〉T

)]
= 1,
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where M =
∫ ·

0 λsdBs + iu ·Btk is a local P -martingale. The last equality holds since E(M) is
a martingale (clearly it is a local martingale, and it is a true martingale by comparison with
Z, which we know to be one).
This holds for any u, and by inspecting the first line we conclude that we computed the
characteristic function of B̃t under Q, and in particular

B̃t
Q∼ N (0, tI)

where I is the identity matrix.
By a similar computation, we can conclude that the increments of B̃ are independent under
Q. Since B̃ is continuous (a.s under P and Q), this shows that B̃t is a Brownian motion
under Q.

Exercise 8.2 Consider a discrete time setting with deterministic time points 0 = t0 < t1 < t2 <
... < tn = T . In this setting, semimartingales are given in the form

S =
n−1∑
k=0

Sk1[tk,tk+1) + Sn1{T},

where each Sk is Ftk -measurable.
Show that in this case, ucp convergence is equivalent to convergence in Emery topology.

Solution 8.2 It is clear that convergence in Emery topology implies ucp convergence, since the
Emery metric is stronger. We can see this by the inequality

dE(S, 0) = sup
H∈S1

E[1 ∧ (H • S)∗T ] ≥ E[1 ∧ S∗T ] = d(S, 0),

where dE and d are the metrics for Emery topology and ucp topology (up to equivalence).
For the converse, note that

dE(S, 0) = sup
H∈S1

E[1 ∧ (H • S)∗T ]

= sup
H∈S1

E

[
1 ∧ sup

k∈{0,...,n−1}

∣∣∣∣∣
k∑
i=0

Hi(Si+1 − Si)

∣∣∣∣∣
]

≤ sup
H∈S1

E

[
1 ∧ sup

k∈{0,...,n−1}

k∑
i=0
|Hi||Si+1 − Si|

]
≤ 2nE[1 ∧ S∗T ]
= 2nd(S, 0).

Here the n is fixed, therefore we also have that dE is weaker than d (in this setup), which gives
equivalence.

Exercise 8.3 Show that

(a) A local martingale is a sigma-martingale.

(b) A sigma-martingale which is also a special semimartingale is a local martingale.

Solution 8.3
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(a) It is sufficient to show that the requirement that the martingale M in the sigma-martingale
representation X = H •M with a predictable H > 0 can be relaxed to M a local martingale.
Let τ0 = 0 and (τn)n∈N be the localizing sequence for M in H1. For each n, set Nn :=
1(τn−1,τn] •Mτn and choose αn > 0 such that

∑
n αn||Nn||H1 <∞. Then N :=

∑
n αnN

n is
an H1-martingale and, for J := 1{0} +H

∑
n α
−1
n 1(τn−1,τn] > 0, we have X = J •N .

(b) Let X = M + A, where M is a local martingale and A is a predictable FV process with
A0 = 0. It is sufficient to show that A = 0. There exists predictable H > 0 such that H •X is
a (local) martingale and without loss of generality we may assume that H is bounded. Indeed,
if X = H̃ • M̃ is the sigma-martingale decomposition and H := H̃−1, we have

H •X = H̃−1 • (H̃ •M) = M̃

and
(H ∧ 1) •X =

(
H ∧ 1
H

)
• (H •X)

which is a local martingale, since H •X is. Note that

H •A = (H •A)− + ∆(H •A) = (H •A)− + (H •∆A),

so the process H •A is predictable. Consequently, the process H •A = H •X −H •M is a
predictable FV local martingale, so H •A = 0. Since A is a FV process, we can decompose
[0, T ] into two random sets P and N such that P ∪ N = [0, T ] and P ∩ N = ∅, such that
dA is a (non-negative) measure on P and −dA is a (non-negative) measure on N . Taking
J = 1P − 1N we get

0 = J • (H •A)
= H • (J •A)

=
∫ ·

0
H(1P dA− 1NdA)

≥ 0

as H > 0, with equality in the last line if and only if dA = 0. Since A0 = 0, this shows the
result.

Exercise 8.4 In the same setup of question 1, consider the Bachelier model:

St = S0 + µt+ σBt

on [0, T ], where B is a d-dimensional Brownian motion, µ ∈ Rd and σ ∈ Rd×d is invertible.

(a) Show that there exists a unique equivalent martingale measure Q such that for all f ∈ L∞(FT ),
EQ(f) = π(f), where π is the superreplication price.

(b) Take d = 1 and f = (ST − K)+, for some K ∈ R. Compute π(f) as well as the unique
strategy ϑ such that

π(f) + (ϑ • S)T = f.

(c) Have a look at this paper and write a very short summary of some of the main points.

Solution 8.4
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(a) From question 1, any equivalent measure Q can be written in the form

dQ

dP
= exp

(∫ T

0
λsdBs −

1
2

∫ T

0
||λs||2ds

)
,

and then we have that
B̃t = Bt −

∫ t

0
λtr
s ds

is a Q-Brownian motion. It is then clear that

dQ

dP
= exp

(∫ T

0
−(σ−1µ)trdBs −

T

2 ||σ
−1µ||2

)
is an equivalent martingale measure since B̃t = Bt + σ−1µt is a Brownian motion under Q.
Conversely, Q is the unique such measure, since under any other equivalent measure we have
that B̃ is a Brownian motion with (non-trivial) drift.
Now, since B̃ is a Brownian motion under Q, and f ∈ L∞(FT , Q) (since L∞ is preserved by
an equivalent change of measure), we can use the martingale representation theorem to find
some θ such that

f = EQ(f) +
∫ T

0
θsdB̃s = EQ(f) +

∫ T

0
ϑsdSs,

where ϑs = θsσ
−1. This means that EQ(f) ≥ π(f). Conversely, if we have any representation

f ≤ f0 +
∫ T

0
ϑ̃sdSs =

∫ T

0
θ̃sdB̃s,

with θ̃s = ϑ̃sσ, we obtain that f0 ≥ EQ(f), as θ̃ • B̃ is a local Q-martingale. Thus EQ(f) =
π(f).
Now, consider some other martingale measure Q̂ with associated process λ̂. Take

fn = ((λ̂+ (σ−1µ)tr)σ−1 • S)τn
,

where τn := inf{t ≥ 0 : |((λ̂+ (σ−1µ)tr)σ−1 • S)t| ≥ n} ∧ T . By continuity and choice of τn,
fn is bounded. Note that

fn =
∫ T

0
1[0,τn](λ̂s + (σ−1µ)tr)σ−1dSs

=
∫ T

0
1[0,τn](λ̂s + (σ−1µ)tr)dB̃s

=
∫ T

0
1[0,τn](λ̂s + (σ−1µ)tr)dBs +

∫ T

0
1[0,τn](λ̂s + (σ−1µ)tr)σ−1µds

=
∫ T

0
1[0,τn](λ̂sσ + µtr)dB̂s +

∫ T

0
1[0,τn](λ̂s + (σ−1µ)tr)(σ−1µ+ λ̂tr

s )ds

=
∫ T

0
1[0,τn](λ̂sσ + µtr)dB̂s +

∫ T

0
1[0,τn](λ̂s + (σ−1µ)tr)(σ−1µ+ λ̂tr

s )ds.

But then the finite variation term is increasing. Up to localisation, we can take the first term
to be a Q̂-martingale, and so EQ̂(fn) ≥ 0, strictly unless the finite variation term is 0. In
order to have equality for all f , and in particular for all fn, we obtain that λ̂s = −(σ−1µ)tr,
which gives uniqueness of Q satisfying the desired properties.
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(b) Working under Q, we first want to compute

π(f) = EQ[(S0 + σB̃T −K)+].

This is the same as

π(f) = σ
√
TEQ

[(
B̃T√
T
− (K − S0)

σ
√
T

)+]
.

Letting
ψ(x) =

∫ ∞
x

(y − x)√
2π

e−
y2
2 dy,

we obtain that
π(f) = σ

√
Tψ

(
K − S0

σ
√
T

)
.

More generally, we obtain

ft := EQ[f | Ft] = σ
√
T − t ψ

(
K − S0 − σB̃t
σ
√
T − t

)
,

for t < T . We can then use Itô’s formula, as well as the fact that ψ′(x) = Φ(x)− 1 for Φ the
cdf of the normal distribution, to obtain

dft =
(

Φ
(
K − S0 − σB̃t
σ
√
T − t

)
− 1
)
σdB̃t,

and therefore we obtain the representation

f = π(f) +
∫ T

0
ϑsdSs

where
ϑt =

(
Φ
(
K − S0 − σB̃t
σ
√
T − t

)
− 1
)
.
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