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Let X = {1, ..., n}, and let O be a topology on X with |O| > 3
4
2n. For

any i, j ∈ X with i 6= j, consider the set

Sij := {A ⊆ X| i ∈ A, j /∈ A}

and note that |Sij| = 1
4
2n. If we had Sij ∩ O = ∅, that would imply

|P(X)| ≥ |O|+ |Sij| > 2n

which is a contradiction to |P(X)| = 2n.
Therefore we can pick Ωij ∈ (Sij ∩ O) for all i 6= j. For any i ∈ X, we

have
n⋂

j=1
j 6=i

Ωij = {i} ∈ O

(finite intersection of open sets is open). As every (nonempty) subset A of
X can be written as A =

⋃
i∈A{i}, it follows that O is the discrete topology.

This shows that there can be no topology O′ on X with 3
4
2n < |O′| < 2n.
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