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8.2. Functions on contractible spaces (£. Prove the following statements.

(i) Let X be a path-connected topological space. Show X is contractible if and only if
for any path-connected topological space Y and any pair of functions f,g: X — Y,
we have that f and g are homotopic.

(ii) Show that a topological space X is contractible if and only if for any topological
space Y and any pair of continuous function f,g: Y — X, we have that f and g
are homotopic.
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8.3. Homotopic paths (£. Let X be a topological space, and let 7, 72 be paths in X
with the same endpoints (i.e. 71(0) = 72(0) and 7,(1) = 792(1)). Show that v, and v, are
homotopic if and only if there is a continuous map F': D? — X such that F|yp2: ST — X
is a reparametrization of v, % 75 .
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8.6. Cone that is not a topological manifold (£. Find an example of a topological

manifold X such that the cone C'(X) := (X x [0, 1])/(X x {0}) over X is not a topological
manifold around z = [X x {0}] € C'(X), i.e. the point & does not admit any neighborhood

U C C(X) of £ homeomorphic to R™ for some n € N.
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8.7. Every cone is contractible (£. Given a topological space X, let C'(X) denote the

cone over X, i.e. C(X):= (X x [0,1])/(X x {0}). Show that
(i) C'(X) is path-connected;
(ii) C(X) is contractible.
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8.8. Homotopic maps on the sphere #. Show that, if n € N is odd, the antipodal
map —Idgn: S™ — S™ on the sphere is homotopic to the identity map Idgn.
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6. (a) Let X be the subspace of R* consisting of the horizontal segment
[0,1]x {0} together with all the vertical segments {r}x[0,1 — 7] for
v a rational number in [0,1]. Show that X deformation retracts to
any point in the segment [0, 1]x {0}, but not to any other point. [See

the preceding problem.]
(b) Let Y be the subspace of R? that is the union of an infinite number of copies of X
arranged as in the figure below. Show that Y is contractible but does not deformation

retract onto any point.
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