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Probability and Statistics

Exercise sheet 14

You do not have to hand in your solutions. There will be no corrections of Exercise sheet 14.
The solution will be uploaded on the web page.

Exercise 14.1

Let X7...X, beii.d. with a continuous distribution F'. The sign test is a test where the null
hypothesis is that the median of X is m, i.e.

1
F = .
(m) =3
Use the duality theorem (Theorem 8.3.1 in the lecture notes) to construct an approximate confidence

interval for the median of F' at level 95%.

Solution 14.1 We have to construct a test between the hypotheses:

Hy: F+ (;) =m,
H,: F< <;> #m.

We use the statistic T),m = >y Iix,<m) and the test is given by

px)=1<

Toom — g‘ > c(n,a),

where x = (21 ...2,), n is the size of the sample and « is the level of the test. We have that under

Hy, T, follows a binomial law Bin(n, %) So if we define k = Z — ¢(n, ), we should have, thanks

2
to the symmetry of the binomial coefficients,

k—1
Pty [T < k] = (”) 0.5" < % <> (7;) 0.5" = Ppry [Tyn.m < K]

k
Jj=0 Jj=0

and 2 + ¢(n,a) = n — k. Take A C R™*! to be

A= {(x,m) cR" XR:kSZI{ziEm} Sn—k};

i=1

then we want C'(z1,...,2,) = {m: (x,m) € A} to produce a confidence interval of level 1 — « for
F“(%) Note that with the usual notation z (1) < z(3) < -+ < x(,,) for the ordered sample, we have

m € [2(),2G41) € D Tiwism) = Iy
=1
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so that C(x1, ..., n) = [Z(k), T(n—k)]. Thanks to the central limit theorem,

Pp [k <Y Iix,5m) <n—k] =P,
i=1

We want this to be at least 0.975 =
Then

(®+(0.975)) = ® (1.96), so k ~ 2 — L% /n ~ |2 — \/n].

C((X1, .0y X)) = {X(Lgf\/ﬁj)’X(L%Jr\/ﬁJ)} ’

is an approximate confidence interval with level 95%.

Exercise 14.2 We want to investigate the effect of an outlier on confidence intervals. Let
X1,...,X, beiid. ~ N(u,o?) with unknown o.

(a) Give the two-sided confidence interval for the unknown parameter p with level a.

(b) How does the realized confidence interval behave for 1 — oo and fixed zo,..., 2, ?
Hint: Show first for every ¢ € R that Y (z; —¢)*> =Y i (@i — Tn)? + nlc — Tp)%

Solution 14.2

(a) [Yn — S—\/%tn,l,l,%, X, + i%tnflvlf%} from the lecture notes.

(b) The right endpoint clearly diverges to oo, because it is at least T,,.

For the left endpoint, we set a := %Z?:z x;, and with the hint, we obtain

7’1,—12:1 n_lzzl u,_/
=m0
1 2 1 2 1 2
=n*1§“””") BT LT e VA
=:b
1 1
:b—|—n_l(x%—2x1a+a2)—771(“_1)3@
1 1 2a 1 1 a® b
= a? - - = — 4+ — | =1a? .
_x1<n1 nin—1) x1n1+n1x%+x%) i f(z1)

1 1 1
and f(l'l) — i n(n—1) =n as ri1 — OQ.

Moreover, we have T, = %xl +a= m(% + %) =: z19(x1) with g(z1) — % as x1 — oo. This

gives

Sn — Sn — Ty f(zl)
Tp— ——tpn_ 112 =Tp|1l———=tp_11_2 | =7 1—-— "%, 11_2
n \/ﬁ n—1,1-% n ( En\/ﬁ n—1,1 2> n ( 3319(561)\/5 n—1,1 2)

_z, (1- Y@ o | = T,h(x
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and h(71) = 1 —t,-1,1-2 as r1 — oo. For all levels used in practice, the t-quantile is strictly
larger than 1, so that the left endpoint converges to —oco. This means that for extreme
values of one single data point, the confidence interval does not give any information any
more—every value for u = E [X] is plausible.

Proof of the hint: Squaring out and using nZ,, = Y., z; so that > . (; — T,) = 0 gives

(x5 — Tp + T — )*

7
&

|
AP

]

I
(-

<,
Il
—
-
Il
—

I
MS

(@i = Tn)? +2(Tn — ©) Y _ (w5 — Tp) + 0Ty — ©)°

H
Il
—
-
Il
_

(x; — Tn)? + n(T, — 0)27

I
M=

,_.
Il
—

as claimed.

Exercise 14.3 In einer Nagelfabrik will man die Lange der produzierten Nigel moglichst genau
schétzen. Man nimmt an, dass die Langen der Nagel X;,7 = 1,...,n, unabhidngig und approximativ
normalverteilt sind mit Varianz 1 mm? und unbekanntem Erwartungswert ¢ mm. Wieviele Nigel
muss man mindestens messen, damit das zweiseitige 95%-Konfidenzintervall fiir ;1 hochstens Lange
0.5 mm hat?

Solution 14.3 Mit den gemessenen Négellingen X; haben wir fir das Konfidenzintervall die

Grenzen
1 < o2 «
- Xii—\/fqﬁ—(l_f :
nz n 2)

Somit erhédlt man fir die Lange des Vertrauensintervalls C'(X)

207 (1-3%)
Vn
und méchte |C(X]| < 0.5 haben, also @ (1 — %) ¢ < 0.5y/n. Nach n aufgelsst und fiir a = 0.05,
3)o

02 =1 eingesetzt gibt das n > (4@“ (1 - ) ) = 16 x(1.96)% = 61.47. Also muss man mindestens
62 Nigel messen.

IC(X)| =

Exercise 14.4 Wie oft muss man eine Miinze werfen, damit das 99%-Konfidenzintervall fiir die
Erfolgswahrscheinlichkeit p (Kopf wird als Erfolg interpretiert) hochstens Lange 0.01 hat?
Hinweis: Benutzen Sie die Normalapproximation. Die Intervallgrenzen hdngen noch von p ab.
Maximieren Sie nun iiber p.

Solution 14.4 Wegen dem zentralen Grenzwertsatz ist
% Z;L:l Xi—p
+p(1—p)

approximativ standardnormalverteilt. Mit der Normalapproximation erhalten wir also fir das
approximative Konfidenzintervall zum Niveau « die Grenzen

1 — a 1
- Xii'q)‘_(l——) Zp(1 = p).
n; 5 )\ p(l=p)
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Die Intervallgrenzen miissen von p unabhéngig sein, deshalb maximieren wir p(1 — p) {iber p. Das
Maximum wird fiir p = 0.5 angenommen. Damit erhalten wir:

20 (1 -2
CX)] < Q(W)

und méchten [C(X)[ < 0.01 haben. Das haben wir approximativ fiir 0.01y/n > ®* (1 — §), also
n > (1008 (1 - 2))? = (100 x 2.58)* = 66 564.

If you have feedback regarding the exercise sheets, please send a mail to Jakob Heiss.

4/4


https://metaphor.ethz.ch/x/2020/fs/401-2604-00L/
https://math.ethz.ch/the-department/people.html?u=jheiss

