
 

Badly approximate numbers

These notes copy Beresuenich Metric NumberTheory
sections 1.5 and 1.6

In the first lecture we saw that for de Pi Q

the n th convergent satisfies

la Eile
In particular we have

Tie Dirichlet approximation theorem

For any X EIN there exist infinitely

many integers p and q q 0 such that

la El



We also saw Hurwitz theorem which improves

the previous result

the Hurwitz theorem

For any X E R IQ there exist infinitely

many integers p and q q 0 such that

la Etc
The constant is the best possible

This motivates the following definition

of badly approximate numbers which

are numbers whose approximation error

h

by rationales af a given complexity q

is close to the upper bound in Hurwitz theorem



DIEU
ne IR is called badly appraximable if

there is

a constant c 0 such that for all g PE 2 g O

la EHF

Recall frau last lecture the Lagrange spectrum

L L UK a c IR

where UH hin inf q galt
g so

HH denotes the distance to the nearest integer



Badly approximate numbers can be characterised

in terms of the Lagrange spectrum

c IR is badly appraximable iff da 0

Proof
If ER is badly appraximable then for gen

q Hqall g I ge pl c da c 0

Conversely Ula 0 irrational and

I go
0 such that for g go

q galt
UI
2

Tuns Ix 1 to q go

and is badly appraximable with

a min v mein gaga It
qEgo



Badly approximate
numbers can also be characterised

in terms of banded partial quotients

Tt
A real irrational number ao an

is badly appraximalde iff there is a so

such Hat an EC for all u EN ie

iff the partial quotients are bonded

Proof Recall from last lecture that the convergent

one best approximations For XE IRIQ we have

Vg.IE Nqlcq Hyatt Aquall

This for any ge N
with Gu reg Gn

qII galt
qullquall

and u a hm infgullquall

Furthermore ftp.xll lqux pnl fern 0 so that

a hin iufqnkgu.at liminfqnlgnx pnl



From a lemma in the first lecture we have

that gute anti 9N 9N n and thus

1 1 1c qua pa 1
aunt 1 gutGu r Gute Gu Gute antrqntqn.ee

Furthermore since Gu aufn at Gu z Gn

1
gutqua put I

go that
Anti

anti 2

x 0

0 c uk him infqnlqnx p.nl

hininflaft an banded

and conversely

an banded Oelininflauftz ver I
n



Corollary If the continued frachau of a irrational

real umber x is periodic d is badlyappraximable

As au example of a badly approximate number

whose continued fraction expansion is not periodic

sicher X 1 1,2 1,1 2 1,1 1,2

Which irrational real
numbers have a periodic continued

fraction The Enter Lagrange theorem answers

this

JE X E IRL Q is called a quadratic irrationality

if a is a sahnen to a quadrate equation

ax t bx te D a b c ER a O

Theorem Euler Lagrange theorem

het EIN IQ The continued fraction of x is

periodic if and only if a is a quadrate irrationality



Proof Suppose EIN Q with a Tao iaF a.it

and let p anoi.n.FI so that

ß Echo an.tt s ß From a property of

convergent from the first lecture we have

ß
Pk rßtt and this ß is a root of
9k aßt 9k 2

a quadratic polynomial
with coefficients in Z

Similarity since X Tao aus ß

Pinos
quo 1 Pt Guo z

quo ß d quo LK Pn ß t Pho z

ß quo na Ro n quo 2 Pho z

dquo z.tt Pino z

ß so that

LG ho Pho 1

HEüüttino



Thus lxquo a puo ettfEY.I.tk
is a quadratic polynomial

with coefficients in Z

and a is a quadratic irrationality

Conversely let EIN be a root of

f x a tbxtc.EE Ex auch In the

n th convergent to d As recalled at the

beginning we have 1a 1 and this

by Taylor's formula

1ft E I lot thx E a Ef a a

Since IE al we have that

1ft I E It'latte 1 al gilt'kllte



Next we will construct a sequence of quadratic

forms gueltig such that the tails

X ants antz

are roots of gnlx.ee We will then me

the inequality to show that we have

only a finite number of distinct quadratic forms gu

Then we have only finitely many
tails du and

there exist mir EN such that Luxus an

which implies that the continued fraction

of X is periodic



To construct the sequence
consider

the quadratic farm

glx.us ax'tbxytcgz Cx g Eb Y
with gla 1 0

Define a sequence of quadratic forms by

g X g an t bangt eng

K g TE Ib E III
where Tu

P Pn n

9N q
and at

X un
aus aua so that

Pu Xun t pa n

X an an du
Gu Xun t Gn 1



Since gut x y g puxtpu sy.gnxtqn.ee

the above implies

In tun 1 g pndutntpn n 9ndntrtqu.ee

g L quantitIn r qndutntgn.ee

g x 1 f L 0

Furthermore an galt 0 g pa gu

n g 0,1 g pa 9N n aus

Since ftp.qn apitbpnqntcqi
qilaPqItbEtc
gift the inequality

laut Elf lallte

finitely many an and c an n



Finally we have dettu pnqu.ee pa n qu C 1

from an earlier lecture and this

are
det Tut

b
Tn ac E

and we have finitely many bu

This concludes the proof It

As a corollary we have

Theorem Any quadratic irrationality is badly approximate

It is not known whether real algebraic numbers of
degree 3 are badly approximate
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