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1 Markov’s Theorem

These notes will continue our discussion of Markov forms as started in the notes by Tiziana
Busslinger. We will therefore assume familiarity with the content of [3].

In the following, all quadratic forms f considered are binary (i.e. in two variables) and indefinite,
that is, take positive and negative values. A form f(x,y) = ax? + Bzy + vy? is indefinite if and
only if its discriminant

3(f) =B — 4oy

is positive. The aim is to prove the following theorem (due to Markov [5]) about quadratic forms.

Theorem 1.1. Let f(x,y) = az? + Bry + yy? be a quadratic form with positive discriminant &
and real coefficients o, B and y. If we set

where the infimum is taken over all integers (x,y) # (0,0), we obtain the following.

(a) The inequality pn > %55 holds if and only if f is equivalent to a multiple of a Markov form.

(b) There are uncountably many quadratic forms, of which none is equivalent to a multiple of any
other, such that equality 1 = %5% holds.

Note that the values 6 and p depend on f. If it is clear out of the context to which quadratic
form 0 and p belong, we will refrain from writing §(f) or u(f), such as in the theorem.

The theorem tells us that there is a one-to-one correspondence between quadratic forms, whose
infimum over all integral (z,y) # (0,0) is bounded form below by %5 2, and multiples of Markov
forms.

Let us for example consider forms of discriminant one. Then the theorem says that such a form
typically takes values smaller or equal than % (in absolute value) on integer pairs. Indeed, by part
(a) there are only countably many forms of discriminant one with p > % as there are countably
many Markov forms. The number % is sharp with this property as there are uncountably many

forms of discriminant one with p = 3 by part (b).

We will briefly recall the main definition of interest. Note that this can be found more thor-
oughly explained in either [3] or in [4, Ch. II, Sec. 3-4].

Let m, m1, mo be positive integers with
2 2 2 _
m* + mi + mj = 3mmima, (1)

where m > max(mi,ms). Such a solution is called singular if at least two of m,m; and mqy are
equal. Else the solution is called non-singular. Recall that there exist unique integers k and [ such
that m m
k=—=-——" modm and k*+1=Im (2)
my mo
hold with 0 < k < m. Note that we have a similar statement for m, and ms in place of m, so that

we obtain integers ki, ko and Iy, l5.



Definition 1.2. Let m be a solution of the Diophantine equation (1) as above. Then the Markov
form F,, in the variables x and y is defined through the equation

mFy(z,y) = ma® + (3m — 2k)zy + (I — 3k)y?,
where k and [ are integers as in (2).

Let us quickly look at some examples. If we consider the set of solutions (m,my, ma) = (1,1, 1)
of (1), we obtain the first Markov form

Fi(z,y) = 2° + 3zy + y*.

One can check that in this case we have k = 0 and [ = 1. For the set of solutions (m,my, ms) =
(2,1,1) we get the second Markov form

Fy(z,y) = 2* + 22y — o7,

where k =1 and [ = 1 in this case. Note that (1,1,1) and (2,1, 1) are the only singular solutions

of (1).

2 Preliminary Results

2.1 Compactness and Isolation

We recall here results from [4, Ch. II, Sec. 2].

Lemma 2.1 (Compactness lemma). For every integer j > 1 let
filz,y) = aja® + Bjzy + vy

be an indefinite quadratic form. Suppose that there are positive numbers K1, Ko, K5 and jo > 1
such that

Kl S ‘Oéj| S Kg and |ﬁj| S Kg‘aj|

hold for every j > jo. Furthermore, assume that the sequence of discriminants (8(f;)); = (BJQ —
dajy;); converges to 6o > 0. Then there is a subsequence (f;, )i that converges to an indefinite
quadratic form f with discriminant dq.

By the above convergence statement, we mean that

Qg — @, /B.jk = B, Yie =Y

as k — oo, where f(z,y) = ax® + Bxy + yy%. Note that the existence of a convergent subsequence
is a consequence of the fact that o;,3; and 7; are bounded. The latter property follows from
the boundedness of the discriminants, the a;’s and the 3;’s. Furthermore, any limit must have
discriminant dy as d(+) is a continuous function in the coefficients of the binary forms. We refer to
[4, Ch. II, Lemma 2] for a full proof.

Theorem 2.2 (Isolation theorem). Let f(x,y) = ax?+Bxy+~y? be a quadratic form with rational
coefficients a, B,y. Let

p = mt{|f(z,y)| : (z,y) € Z*\ {(0,0)}}
and suppose that the following assumptions are satisfied.
(a) The infimum p is positive.
(b) The polynomial f(x,1) has irrational Toots ¢1, do.

(¢c) There exists (z,y) € Z* with f(z,y) = p and similarly for —p.



Then there exists ' < p and €9 > 0 depending on the coefficients «, 8,7y only with the following
property. Suppose that f*(x,y) is another quadratic form and that o is the coefficient of 2% and
@1, @5 are the roots of f*(x,1). If

oo — a*| < eg, |d1— @7 <eo and |p2— P3| < o,

then there is some (zo,y0) € Z*\ {(0,0)} such that |f*(zo,y0)| < p' provided that f* is not a
multiple of f.

Proof. See [4, Ch. 2, Theorem 1]. O

Roughly speaking, the theorem says that any form f* which is close to f must attain strictly

smaller values on Z2 \ {(0,0)} if f* is not a multiple of f. The latter assumption is crucial as
otherwise the infimum attained by f* = Af would simply be |A|x which can be arbitrarily close to
p. We also remark that the assumption (c) rules out forms such as z? — 3y2.
Example 2.3. Consider the quadratic form f(z,y) = 22 — 3y%. We claim that f does not satisfy
condition (c¢) in Theorem 2.2. Suppose by contradiction that it satisfies part (c). Then there exist
pairs (2o, yo) and (x1,y1) such that 23 —3y2 = p and 22 — 3y? = —pu. But then 22 + 27 = 3(y¢ +v?)
so that 3 divides 23 + 2%. The squares in F3 are 0 and 1 thus 22 and 2% need to be zero modulo 3.
But then xy and x; are divisible by 3 as g is an integral domain. Writing x¢y = 3z and x; = 32,
we obtain 3(7 + 73) = y2 + 7. Proceeding analogously with reversed roles, we see that yo and y;
are also divisible by 3. In particular, %(xo, Yo) is integral and takes value £ which is impossible.

However, note that f satisfies the conditions (a) and (b) in the theorem. The roots of f(z,1)
are +v/3 so that (b) clearly holds. One can show that the condition in (a) follows from the fact
that +/3 is badly approximable (see [2] for this notion).

Lemma 2.4. Let f(x,y) = az? + Bxy + vy? be a quadratic form. Suppose there exist coprime
integers a and b such that f(a,b) = o # 0. Then there exist integers ¢ and d with ad —be = 1
such that

flaz + ey, bz + dy) = o'z + B'zy + /9>
holds with |5'] < |o/].

If we suppose additionally that o' >0, then f(z,y) is also equivalent to a form o’ x®+ B8 xy+~'y?
with 2o/ < 3 < 3a/.

Proof. Suppose that a and b are coprime integers. Then there exist integers ¢’ and d’ such that
ad' — bc’ =1 holds. Let us consider the form

flax + 'y b + d'y) = o/2® + B'ay +4"y* =: fi(z,y)

for some coefficients 3" and . Note that the x? coefficient of f; is indeed o’ as o/ = f1(1,0) =
f(a,b). By a geometric argument one finds an integer n such that

|ﬁ// _2nal| S |a/|

holds as o # 0. We set ¢ = ¢’ 4+ na and d = d’ + nb and one can check that the statement of the
first part of the lemma is satisfied. Denote by f'(x,y) = /2% + f'zy + v'y? the so-obtained form.

Suppose now that o’ > 0. If 3/ > 0 we have 0 < 8’ < o/ and hence
flle+yy) =d@+y)* + 8 (@ +yy+1'y* = o'z® + (22" + B)zy + 7"y

for some 7" where 20/ < 2a’ + ' < 3a/ by assumption on 3’. If 3’ < 0 one can consider the form
f'(z + vy, —y) and conclude similarly. O

2.2 Properties of Markov Forms

Lemma 2.5. Let F,,(xz,y) be a Markov form. Then F,,(x,y) is equivalent to —F,(x,y).



Proof. One can check that the result is true for the Markov forms
Fi(z,y) =2* +3zy +y*> and Fo(z,y) = 2% + 2zy — 12
by verifying the equations
Fi(x+2y,—x—y)=—Fi(z,y) and Fr(y,—z) = —Fa(z,y).
Hence the statement is true for all singular solutions. We now want to show that
Fo(krr — Ly, iz — kiy) + Frp(2,y) =0 (3)

holds for a non-singular solution (m,mi, ms), where k; and [; are such that

k1 = m = _m2 mod m; and k% +1=1ims
mo m

with 0 < k1 < m;. We will do this by showing that the left-hand side of equation (3) viewed as
a quadratic polynomial in the variable £ has three distinct solutions and hence must be the zero
polynomial.

We first use [3, Lemma 0.5] to see that (z,y) = (1,0) and (z,y) = (k1, m1) are solutions of (3).
This is indeed true, as
Fm(lﬁ,mﬁ =-1 and Fm(l,O) = 1,

where the first equation follows from [3, Lemma 0.5] and the second one always holds. This proves
that (1,0) is a solution of (3). On the other hand, we know that
k% — llm1 =1 and m1k1 — k1m1 = 0,

where the first equality holds by definition of /1. Hence, using again [3, Lemma 0.5], it follows that
(k1,mq) is also a solution of (3).

By using [3, Lemma 0.4] we obtain additionally that (z,y) = (k,m) is a solution of (3) since in
this case we have

mix — k1y = mak — kym = meo

by [3, Lemma 0.4]. However, we also have

my (k1z — liy) = my(k1k — lym)
=mikik —m(k3 +1)
=kimgo —m
= miky — 3mime
= my (ke — 3ms),
where the second equality follows by the definition of /1 and the following three equalities by [3,

Lemma 0.4]. Hence, we obtain k1k — lym = ko — 3ms. Then we use [3, Lemma 0.5] one last time
to see that (k,m) is indeed a solution of (3) and hence the lemma follows. O

Lemma 2.6. Let F,,(x,y) be a Markov form. Then we have the following estimate. For all
integers (x,y) # (0,0) we have
|Fo(z,y)| = 1.

Proof. We set

p = min{|Fy ()| : (2,) € 22\ {0}}.

As mF,, has integral coefficients, the minimum indeed exists. Hence, there are integers xg, yo with
p = |Fp(x0,y0)|- Using Lemma 2.5 we can assume that

Frn(20,%0) = - (4)



Recall from [3] that we have the relation

m? Fo(2,y) = @n(y, 2) (5)
where 2 = mx — ky and ®,,(y,2) = y*> + 3myz + 22. Note that for any integral pair (y,z) an
integral pair (z,y) with z = mx — ky exists if and only if 2 = —ky mod m.

Let (x0,y0) be a solution of (4) and let zg = mag — kyo. If there is more than one solution of
(4), we take the solution for which |yg| + |20| = |yo| + |mxo — kyo| is minimal.

+ First, suppose that yozo < 0 and |yo| < |z0]. Let y1 = 3myo + 20 and z; = —yo. Thus, we
have z; = —ky; mod m as 29 = —kyo mod m and k> =Iim — 1= —1 mod m. Then

@, (y1,21) = (3myo + 20)* + 3m(3myo + 20)(—y0) + Y5 = g + 3myozo + 25 = P (Yo, 20)
and hence
0 < m*pu=m>Fu(x0,40) = (Yo, 20) = P (21,41) = 2001 + Y5

where the last equality follows from the definition of ®,, and y1, z1. In particular, (y1, 21) is
a solution of (4) and —y2 < zoy; < 23 where the second inequality follows from yo2zo < 0. So
0 < =% <y < 2 which implies that |y;| < [20]. Thus, we have [yi| 4 [21] < |yo| + |20| as

|z1] = Tyo|. But this is a contradiction to the minimality of |yo| + |20].

» Similarly, the case yozo < 0 and |yg| > |z0| gives a contradiction.

« Note also that the case ygp = —2¢ is not possible. Indeed, as ®,,(yo, —yo) = —(3m —2)y2 < 0,
but we only consider solutions of F,,(z,y) = u which is non-negative.

Thus, we have ypzg > 0 or yg = 29 but the former case includes the latter so we will assume
henceforth that ygzg > 0. Let now y3 = zg and 2o = —yg. Then we must have zo = —kys mod m
as k2 = —1 mod m and (yo, 2) satisfies the analogous equation. We then consider

@ (y2, 22)| = |yg + 25 — 3myoz0| < yg + 25 + 3myozo = M p.

But since p = min{|F,,(x,y)|} we must have equality. As the triangle inequality applied to the
absolute value of a difference of two positive numbers is always strict, we must have yo = 0 or
zZo = 0.

If yo = 0, then we have m?u = @,,(0,29) = 23 > m? where the last inequality follows from

20 = —kyo =0 mod m which implies m|zp. Hence, > 1 in this case.

Similarly, one can show that m?u = y2 > m? in the case 29 = 0. Hence, we also have p > 1.
This concludes the proof. O
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Figure 1: Markov tree of solutions of (1). Picture taken from [4].

2.3 Further Results

Lemma 2.7. Let f(z,y) = 2% + Bay + vy? be a quadratic form with B and ~y both real numbers.
Suppose additionally that f(k1,m1) < —1 and f(ke—3ma,m2) < —1, where (m, k : mq, k1 : ma, ka)
is an ordered Markov set. Then we have that

5(f) = 6(Fim).



We remark that §(F,,) = 9 — -3 (which goes to 9 as m — o).

Proof. Let A = £6(f) and A, = 16(F,,) be such that we can write
2
1 2
fla) = (2 360) - A

1 2

for every x and y. Hence, we are left to prove
A>A, (6)
by definition of A and A,,. By [3, Lemma 0.5] we have the inequality
f(x,y) < Fo(z,y) (7)

for (z,y) = (k1,m1) and (z,y) = (k1 — 3ma, m2). For such (x,y) we can thus rewrite equation (7)

to obtain , )
A-A, > (“’ﬁ) —(”“"ﬁm) .
y 2 y 2

(1) If B > B, then equation (6) follows form above with (z,y) = (k1,m1). Indeed, we then have

2 2
s oun (B ) (B

ma 2 mq 2

We now consider two cases.

. k
since m—ll >0and 8> B

(2) Suppose now that 5 < §,, and apply (7) for (z,y) = (k2 — 3ma, ma) to obtain

B% 3my — ko B2
A-A, >+ ——2(8,—8) — 2.
S A (B = B) = =
However, we have
3m27k222>3M7k:ﬂm
mo m 2
so that
PN Y S = VP R P
— 4 2 4 4 -

as B, — B > 0. This concludes the proof.

O

Lemma 2.8. Let f(x,y) = 22 + By + vy? be a quadratic form, where B and v are real numbers.
Assume that f(k,m) < —1 and f(k —3m,m) < —1. Then we obtain the estimate

4
5(f)29+m>9 (8)
on the discriminant of f.

Proof. By [3, Lemma 0.5 we have that

flzy) < Fp(z,y) — 2

for (z,y) = (k,m) and (z,y) = (k — 3m, m). Then we can proceed similarly as in the proof of
Lemma 2.7. O



Lemma 2.9. We consider again the quadratic form f(z,y) = 2%+ Bxy +yy* with real coefficients
B and v that satisfy 2 < B < 3 and 0 < B2 — 4y < 9. If we suppose that |f(z,y)| > 1 for all
integers (z,y) # (0,0), then f(x,y) is equivalent to a Markov form F,,(x,vy).

For the proof and for later use we define two properties for integral (z,y) # (0, 0):

Pr(x,y) : <= 22 4 By +yy2 > 1 (9)
Nyi(z,y) : = 22+ Bry +yy? < —1 (10)

v

given an indefinite form f.

Proof. By assumption, for all integral (z,y) # (0,0) either property Ny(z,y) or property Py(z,y)
holds.

First, we note that we have N;(1, —1). Indeed, as P(1, —1) would mean v > 3, but this would
contradict our assumptions 2 < 8 < 3 and 32 —4v > 0. Hence, Ny(1,—1) holds, i.e. =3+~ < —2.

We now distinguish two cases:

o If Pr(0,1) holds (meaning that v > 1), then 5 < 3 as § > v + 2 by the previous item. But
we assumed that 2 < § < 3 and thus 8 = 3. This implies that v < 8 —2 < 1 so that v = 1.
Overall, we obtain that f(x,y) = 22 + 3zy + y? is the first Markov form.

+ Otherwise, suppose that N¢(0,1) holds (meaning that v < —1). We then consider the integer
pair (z,y) = (—5,2) and suppose that property P(—5,2) holds. Thus, 25 — 105 +4vy > 1
which implies that

108 < 24 + 4 < 20

using Ny(0,1). As 2 < 8 < 3, this shows that 8 = 2. The above displayed inequality must
thus be an equality so that 24 + 4y = 20 or in other words v = —1. Overall, f(z,y) =
2% 4+ 2zy — 3?2 is the second Markov form.

In the following we may thus assume that Ny(0,1) and N¢(—5,2) hold.

We now proceed iteratively by walking through the Markov tree and distingushing cases. The
cases treated above corresponded to the first steps of the iteration (the singular solutions). Now
let (m, k;mq, k1;ma, ko) be an ordered Markov set with

Nf(kzl,ml) and Nf(k‘g - 3m2,m2). (11)

We show that either f is a Markov form or (11) holds for a corresponding Markov set below
(m,my,ms) in the Markov tree (see Figure 1). To this end, we consider values f(k,m) and
f(k—3m,m).

o If both Ps(k,m) and Py(k — 3m,m) hold, f(x,y) = Fy,(z,y) by [3, Lemma 0.5].
« Otherwise, at least one of the following two properties hold:

— Both Ny(k,m) and Ny(ks — 3mg, mg) are true.

— Both N¢(ki,m1) and Ny(k — 3m,m) are true.
Indeed, this follows from our assumption in (11). Both of the above cases correspond to our
assumption in (11) for (mf,kj;m,k;m.2,ks) and (mb, kb;mq, k1;m, k) respectively where

(mf,m,ms) and (mf, my1, m) are just the vertices below (m, my,mz) in the Markov tree (see
Figure 1). We also note that by Lemma 2.8 not both of the above properties can hold.

We conclude from this iteration that f(z,y) is a Markov form or that there exists a unique infinite
sequence of Markov sets

MO = (mO KD;mi? ks m k) (12)



for j € N with m™ <m® < m) < ... and with (11). If the latter were true, (11) together with
Lemma 2.8 would imply that 82 — 4y > 9 as

B2 —4y>9—4m)2 59 (13)

for j — oo which would contradict our assumption on the discriminant of f. Hence, the lemma
follows. O

Corollary 2.10. Let m > 2 and m > 2 and suppose that (1, mi,ms) is on the unique path
in Figure 1 from (1,1,1) to (m,my,my). Let M = (m,l};ml,lél;m%l}g) be the Markov set for
(m,m1,ms). Then the Markov form F,, satisfies (11) as in Lemma 2.9 for M, i.e. Np, (ky,1m1)
and NF,,L (];2 — 3’/712, ’rhg) hold.

Proof. Let M = (m, k;mq, k1; ma, ko) be the Markov set corresponding to (m,m1,ms) and write
f = F,,. Then f satisfies the conditions of Lemma 2.9: By Lemma 2.6 we have |F,,,(z,y)| > 1 for
all integral pairs (z,y) # (0,0). Furthermore, §(F,,,) = 9 — 4m~2 < 9 and the xy coefficient of F,
is between 2 and 3 as 0 < 2k < m implies

3m—m _3m—2k _3m
< <

2= — =3. 14
m - m - m ( )

We are thus able to apply the iteration in the above proof of Lemma 2.9. At each vertex, the
iteration either concludes and f is the Markov form at that vertex or it continues to a unique child
of that vertex. Since §(f) < 9 the argument contradicting (12) still applies and the iteration for f
must conclude at some vertex. This vertex must be (m,m1, ms). Hence, (11) must hold for any
vertex visited by the iteration before (m,m,mg) which is the statement of the lemma. O

Lemma 2.11. There are uncountably many forms f(z,y) = x2 + Bry +yy? with 2 < 8 < 3 and
B2 — 4~ =9 such that the estimate

[flz,y)| =1
holds for all integers (x,y) # (0,0).

Proof. Let M be an infinite sequence of Markov sets M) for j € N and
MO — (m(j)7 k(j);mgj), kgj);mg), kéj)),

where (m@, m? m$) is

and (mU+D mP T mIT) for j > 3 is a solution below (m@), m{¥ m${’) (see Figure 1). Hence,
the estimates m(") < m(® < m() < .. hold. Note that there are uncountably many of these
sequences, since each sequence corresponds to a 0, 1-sequence (and {0, 1}" is uncountable).

We want to show: each sequence corresponds to a distinct pair 3, with the properties as in
the lemma.

Let FU)(z,y) = F,, ) (z,y) = 2 + D zy + v9)y? for some real coefficents 50, 7). Then

S(FODY = (89W)2 — 44D =9 —4(m))2 = 9

when j — 0o as m) — oo when j — oco.

Now we use the Compactness Lemma 2.1 for these forms F(9). The lemma is indeed applicable
as 2 < BU) < 3 (see for instance (14)) and as §(FU)) — 9 when j — oo. Thus, there is a
subsequence j; < j» < ... and 3,7 real coefficients such that 87 — 3 and /¢ — 7 for £ = oo
and 32 — 4y = 9. In particular, 2 < 3 < 3. We set f(z,y) = 2% + Bay + vy>. We know that
|FUe) (2, )| > 1 for all £ and all integral (x,y) # (0,0). Hence,

[f(2,9)] = Jim [FU)(z,y)| > 1



for all integral (x,y) # (0,0).

It remains to show that the so-obtained limit forms are uniquely determined by the sequence
they were constructed with. The following proof is largely inspired by the argument in Lemma 2.9.
So suppose that M = (M(j))jeN and M = (M(j))jN are two distinct sequences and that f. f
are the respective corresponding forms constructed as above. Since M and M are distinct, there
exists a unique integer J with M) = MY for all j < J and with M(/+1) £ MY Let us
write M = M) = (m, k;my, ki;mo, ko) for simplicity. By the above, the properties Ny(ki,mq),

Ny(ka—3ms), N¢(ki,m1), Ng(k2 —3ms) hold. As in the proof of Lemma 2.9 either of the following

two statements are true for g = F,. i) or g = F— when j > J:

a) Both N,(k,m) and N,(ko — 3msg, my) are true.
g g

b) Both N,(ki,m1) and N,(k — 3m,m) are true.

( g g

Which of these statements is true is determined by the child of M in the sequence M resp. M.

But the children are distinct by choice of J as M(/+1) £ MUH). So let us suppose without loss
of generality that (a) is true for all g = F,,;) and j > J and that (b) is true for all g = F~¢;) and
j > J. Thus, we have

F,h(k,m)<—1and F,,;) (ks — 3ma,ms) < —1

which implies by taking limits for j — oo that (a) holds for f. Analogously, (b) holds for f. Since
0(f) =9, Lemma 2.8 implies that (b) cannot hold for f and hence f and f must be distinct. This
concludes the proof. O

3 Proof of Markov’s Theorem for Minima of Quadratic Forms

In this section we present a detailed proof of Theorem 1.1. However, for the sake of the reader we
shall give a quick overview of the proof.

For the sufficient condition in (a) we use that the inequality u(f’) > $6(f’ )2 is invariant under
multiples of f’, where f’ is any quadratic form. The concrete shape of a Markov form F,,, allows
us then to show the inequality first for F), and hence for f.

The converse direction of (a) needs a bit more work. We will distinguish cases according to
whether the infimum pu(f) is attained or not. In both cases we will use Lemma 2.4 to obtain that
f is equivalent to a form f’ whose coefficients are in some way better to work with.

The first case is more direct and can be found in all detail in the proof. In the case where the
infimum is not attained, we will get a sequence (f,), of forms whose members are of the same
shape as f’. The Compactness Lemma 2.1 then allows us to find a converging subsequence of
(fn)n. We will then apply the Isolation Theorem 2.2 to the limit to conclude.

Lastly, part (b) will be a consequence of Lemma 2.11.

Proof of Theorem 1.1. Let f(x,y) = ax®+Bry+7yy? be a quadratic form with positive discriminant
(% — 4y and the fixed value p as in Theorem 1.1.

(a) We will start by showing part (a) of the theorem. To do this, we will first prove that if f is
equivalent to a multiple of a Markov form, then p > %6 3.

Let Fy,(z,y) be a Markov form such that f is equivalent to a multiple of F,,,. Analogously as
in the theorem we denote by

p(F) = nf([F(z,y)])
the infimum over the absolute value of F,(x,y), where x and y are not both 0.

By Lemma 2.6 we have that |F,,(z,y)| > 1 for all z and y that are not both 0. Thus, u(Fy,,) > 1
follows. On the other hand, the discriminant of F,(z,y) given by

= (252 (52).



which is strictly smaller than 9 as one can check by calculating and using properties of m and k
as part of a Markov set. This yields 1 > %5(Fm)% and we can conclude that u(F,,) > %5(Fm)%.

Note that the inequality u(f') > %6 (f )% is invariant under multiples of any quadratic form
f'. Hence, the inequality p(F,,) > %5(Fm)% also holds for any multiple of F},,. In particular,
for the multiple of F,, to which f is equivalent to. As the discriminant § and the value of u
are invariant under equivalences of forms, the inequality follows also for f.

Let us now show the converse. Suppose that f is a quadratic form with positive discriminant
0 that satisfies p > %5 2. We can assume without loss of generality that u = 1, else we simply
replace f by u~'f. Hence, we additionally have that 9 > § > 0.

We have by assumption that 1 = p = inf(|f(x,y)|). Thus, for all £ > 0 there exist integers a
and c such that
1< fla,0) <1+

Note that we can assume that a and c¢ are coprime, else we would replace a and c¢ by

(ged(a, ¢))~La respectively (ged(a,c))te.

We then claim that for every € > 0 either the form f(z,y) or —f(x,y) is equivalent to a form
f(z,y) = ’2® + B'zy ++'y?, so that

1<a'<1+4+e and 2 <p <3a.

This is indeed true as the following observations show.

Since a and c are coprime, we can apply Lemma 2.4 to obtain a form f’(z, y) = o/ 2%+ ' zy+7'y?
that is equivalent to either f(z,y) or —f(x,y), depending on the sign of f(a,c). On its
coefficients the form f’ satisfies the estimates

1<d’ <l4e and 2d' <pB <3,

where the first inequality on o follows from u(f’) = p(f) = 1, the second one on o’ is a
consequence of o/ = f'(1,0) = |f(a,c)| < 1+ ¢ and lastly the inequalities on S’ follow directly
from Lemma 2.4. Hence, the claim follows.

We will now distinguish two cases.

(1) Suppose that the infimum is attained, that is there exist coprime integers a and ¢ such

that 1 = |f(a,c)|. Using the claim we obtain a form f'(x,y) = o’z + %y + vy? that is
equivalent to either f or —f with 2o/ < 3’ < 3a/. Note that f’ is equivalent to f in the case
fla,¢) > 0 and to —f in the case f(a,c) < 0. Therefore, it follows that o/ = f/(1,0) =1
in every of the two cases. Since f and —f have the same discriminant it follows that
5(f") =6(f) = 6(—f). Hence, all conditions of Lemma 2.9 apply to f'(z,y). Thus f'(z,y)
is equivalent to a Markov form F,,(z,y).
Since f’ is equivalent to f or —f, it follows that either f(z,y) or —f(z,y) is also equivalent
to F,(x,y). If the first case applies we are done. In the second case we use that F,,(z,y)
is equivalent to —F,,(z,y) by Lemma 2.5, and therefore we are also done in the second
case.

(2) Suppose now that the infimum is not attained. Let n > 1 be an integer. Using the claim
on g, = %, we obtain an infinite sequence (f,,), of quadratic forms given by

ful,y) = ant? + Buzy + Yny?,

where f,, is equivalent to either f(x,y) or —f(x,y) and satisfies 1 < o, < 1+ &, 20, <
Bn < 3a, and B2 —4a, v, = 6(f), where the latter equality follows from the same argument
as in (1). Since |fn(x,y)| > 1 holds for all integral (x,y) # (0,0) by assumption, we also
have | f,,(z,y)| > 1 for all non-zero integral (z,y).

We will now show that this sequence, or at least a subsequence, converges to a limit in
the sense of the Compactness Lemma 2.1. To see this, we first note that 1 < a,, <1+ ¢,
implies that «,, — 1 by our choice of ¢,,. Using the Compactness Lemma 2.1 we can then
suppose, by passing to a subsequence if necessary, that (3, ), and (v,), converge to limits
Bo respectively ~vg9. We then consider the form

folz,y) = 2 + Bozy + oy
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Note that |fo(z,y)| = limp oo |fr(z,y)] > 1 as n — oo for all integral (z,y) # (0,0).
Hence, one can check that all conditions of Lemma 2.9 apply and thus fo(z,y) = F.(z,y)
for a Markov form F,,(z,y). However, we might not have that f; is equivalent to a f,, for
some n. So we are not quite done yet.

Let us consider the roots @, 6 of the polynomial fy(z,1) and the roots ®,,,6,, of the poly-
nomial f,(x,1) for a positive integer n. Then we have

®, - and 6, —0

as n — oo. This is true because the roots ®,,, 6, are given by

_Bn + 6721 - 4’Yn
B .

q)’ruen =

If we use the convention that ®,, is always the root with positive sign before the square
root and #,, the root with negative sign, we get the convergence of the roots since (8,)n
and (7, )n converge to 8 respectively 7.

We now want to apply the Isolation Theorem 2.2 to F,, = fy. For this, note that F,
attains values —1 and 1 by [3, Lemma 0.5]. Furthermore, F,,(x,1) = fo(z,1) has only
irrational roots as a rational root would yield a contraciction to | fo(z,y)| > 1. Then we can
apply the Isolation Theorem 2.2 to F,, and obtain i/ < g = 1 and &( as in the theorem.
Then f,, for sufficiently large n will satisfy the estimates

|(I)—(I)n| < &g and ‘9—(971‘ < €&p

by convergence of the roots. On the other hand we have |f,(x,y)] > 1 > p/. So we must
have that f,, is a multiple of F}, and thus the statement follows.

(b) It is left to prove part (b) of the theorem. This will be fairly short compared to the proof of
the first part as shows the following.

Under the assumption p = 1, we have to show that there are uncountably many, none a
multiple of another, forms with discriminant 9. To prove the statement, note that for any
given form f there are only countably many forms f'(z,y) = f(az + by, cx + dy), where a, b, ¢
and d are integers. Hence, there are only countably many forms equivalent to f. Lemma 2.11
then yields the statement in part (b) and hence the theorem follows.
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