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1 Disclaimers

The notes recorded here are intended to supplement the lectures, but I have
included more material here than is necessary for the course. You are not
expected to read these notes, but I hope that providing them as a reference may
be helpful. For example, although I have recorded here a fair bit of background
from differential geometry, it should not be necessary for the purposes of the
course.

A principal aim of the lectures is that after attending them, you should be
able to do the homework problems given below their summaries.

It is very likely that the notes and exercises will contain some mistakes; any
corrections would be much appreciated.

2 Summary of classes and homework assignments



2.1 9/20: The definition of a Lie group

Objectives. You should be able to explain the definition of "Lie group" and
to prove that basic examples (e.g., orthogonal groups) are in fact Lie groups.
Summary.

1. review of one-variable calculus and how it relates global properties of func-
tions (e.g., monotonicity) to infinitesimal ones (e.g., positivity of deriva-
tive)

2. review of multivariable calculus:

(a) partial and total derivatives of a function
(b) inverse function theorem

(¢) implicit function theorem

3. very brief review of differential geometry:
(a) the definition of submanifolds of open subsets of Euclidean spaces
(b

(c

(d) immersions, embeddings, submersions

how (in practice) to check that a subset is a submanifold

)
) how (in practice) to compute tangent spaces of submanifolds
)

4. review of group theory:
(a) functorial definition of "group" in terms of multiplication and inver-
sion maps
(b) permutation groups; Cayley’s theorem

(c) definition of topological group
5. basic Lie-theoretic definitions:

(a) Lie group (without recalling what a "manifold" is, other than to note
that open subsets of Euclidean space and submanifolds thereof are
examples of manifolds)

(b) Lie subgroup

immersed Lie subgroup (e.g., irrational winding of the 2-torus)

—
o
~

(d) the Lie algebra of a Lie group (without justifying the "algebra" in
"Lie algebra")

(e) linear Lie group
6. how to compute Lie algebras of Lie groups in practice; examples of GL,,, SL,,, O,,

Homework 1 (Due Oct 4). Write down the definitions of “Lie group” and “Lie
subgroup”. Using some lemmas from class, prove that O(n) := {g € GL,(R) :
gg' = 1} is a Lie subgroup of GL,,(R) of dimension n(n —1)/2 with Lie algebra
o(n) := Lie(O(n)) given by the space {X € M,(R) : X + X* = 0} of skew-

symmetric matrices.



2.2 9/22: The connected component

Objectives. You should be able to define the "connected component" of a Lie
group, explain its importance, and determine it in some basic examples (such
as linear, orthogonal or unitary groups).

Summary.

1. review of the general topological notion of connected components of a
topological space, and how it specializes when the space is a manifold

2. basics on the connected component of the identity G° in a Lie group G-
(a) it is a normal Lie subgroup whose cosets are the connected compo-
nents of G
(b) G° (and more generally, any connected topological group) is gener-

ated by any neighborhood of the identity

3. most of the classical groups were introduced and their number of connected
components described, with some cases proved (SL,,, GL,,, O(n), SO(n), U(n))
and others left as exercises (O(p, q), ... ); a large part of the class consisted
of filling in and explaining the entries in the three-column table depicted

in 122
4. review on the matrix exponential, as in §I3.1]
Homework 2 (Due Oct 4). Let p,q > 1 and n := p + ¢. Recall that

O(p,q) :={g € GL,(R) : Q(gv) = Q(v) for all v € R"}
={geGL,(R): g'Jg = J},

where Q(v) := v} +---+v}—v2,; —---—vj and J := diag(1,...,1,-1,...,-1),
and that SO(p, ¢) := SL,(R)NO(p, q). Fora € R, set V, := {v € R" : Q(v) = a}.
Denote by eq,...,e, the standard basis vectors for R".

1. Suppose p = ¢ =1, so that n = 2.
(a) Show that every matrix of the form
€1 cosh(t) sinh(t)
9= < 52) (sinh(t) cosh(t)) (1)
with e1,e5 € {£1}, t € R belongs to O(1,1). Show that
(St o) = (3 )
Show that if e; = e = 1, then g € O(1,1)".

(b) Show that for each v € V; with v; > 0 there is an element g € O(1,1)°
so that ge; = v.



(c) Show that every g € O(1,1) with ge; = e is of the form with
€1 = 1,82 =41 and t =0.
(d) Show for a = +1 that the space V, has two connected components

and that O(1,1) acts transitively on V,. Determine the orbit of e;
under SO(1,1).

(e) Using some of the previous steps (or direct calculation), show that
every element of O(1,1) is of the form and that O(1,1) has four
connected components.

2. Suppose now that p=1,¢=2,n = 3.

(a) Observe (by drawing a picture, say) that V_; is connected, that V;
has two connected components, and that e; € V5. Denote by V¥ the
connected component of V1 containing e;. Show that for each v € VlO
there exists an h € SO(1,2)? so that hv = e;. [Hint: one can reduce
to part (b) of the previous exercise.|

(b) Show that the stabilizer of e; in SO(1,2) is isomorphic to SO(2),
hence is connected.

(c) Show that any g € SO(1,2) for which ge; € V? belongs to the con-
nected component SO(1,2)°.

(d) Deduce that SO(1,2) has two connected components.



2.3 9/27: One-parameter subgroups and the exponential
map

Objectives. You should be able to define one-parameter subgroups and apply
their basic uniqueness theorem. You should be able to define and characterize
the exponential map on a Lie group in a few different ways, and be able to apply
these characterizations. You should be able to apply the exponential map to
relate global symmetries to infinitesimal ones (as in the example from lecture or
the homework problem below). You should be able to apply the fact that the
image of the exponential map contains a neighborhood of the identity, which in
turn generates the connected component.
Summary.

1. Review of the matrix exponential and its various characterizations:

(a) as a series exp(X) = > X"/n!

(b) as a limit exp(X) = lim(1 + X/n)™, or more generally, exp(X) =
limv(1/n)™ for any curve with basepoint v(0) = 1 and initial velocity
7(0) =X

(c) by requiring that for each X, the function ®x(¢) = exp(tX) is the
unique solution to the ODE ®'(¢) = X®(¢) with initial condition
o(0) =1

(d) by requiring that for each X, the function ®x(t) as above is the

unique smooth group homomorphism with initial velocity @’ (0) =
X.

2. We explained how the above generalizes to any Lie group. The key was
the existence/uniqueness of one-parameter subgroups.

(a) The uniqueness was reduced to uniqueness theorems for ODE’s.

(b) We gave a direct proof of the existence of one-parameter subgroups
for GL,,, deduced it for linear Lie groups via the second characteri-
zation above, and indicated how it follows for general G by solving
some ODE’s and extending their solutions.

3. As a basic application we explained how to characterize the rotation-
invariant functions on R"™ as the solutions to a finite system of homo-
geneous linear differential equations.

Homework 3 (Due Oct 4).

1. Use Lie’s first theorem (Theorem and the results of Homework |2| to
show that the following are equivalent for a smooth function f: R® — R:

(a) f is constant on each connected component of {(z,y,z) € R?: 22 —

2 —y? =1}

10



(b) f satisfies the differential equations

L0 9F
oy Yor
of of
“or TP, =0
of of

on {(z,y,2) e R?: 22 — 2% —y? =1}.

2. Let G be a topological group and H < G a subgroup with the property that
there is a neighborhood U in G of the identity element so that UNH = {1}.
Show that H is a discrete subgroup of G.

3. Let G be a connected commutative Lie group with Lie algebra g. Show
that exp : g — G is a surjective homomorphism and with discrete kernel.

11



2.4 9/29: The Lie algebra of a Lie group

Objectives. You should be able to explain how the Lie bracket arises as an
infinitesimal commutator of group elements. You should be able to explain the
meaning of the sentence "the differential of a morphism of Lie groups is a mor-
phism of Lie algebras"; in particular, you should be able to define all of its terms.
Given a fairly explicit morphism of Lie groups (such as the representations on
polynomials discussed in lecture or in the homework below), you should be able
to compute the induced infinitesimal action of the Lie algebra.
Summary.

1. tying up loose ends on application of exponential map:

(a) connected Lie subgroups are determined by their Lie algebras

(b) the exponential map intertwines morphisms of Lie groups with their
differentials

(¢) morphisms of Lie groups with connected domain are characterized
by their differentials

2. the commutator of infinitesimal elements on the general linear group com-
pared with the commutator bracket [X,Y] := XY — Y X on the matrix
algebra; generalization to arbitrary Lie groups

3. definition of Lie algebra and morphism of Lie algebra
4. examples of Lie algebras:

(a
(b
(c
(d

Lie(G) for G a Lie group

End(V) for V' a vector space

Der(A) for A an algebra

Vect(M) = Der(C>°(M)) for M a manifold

— = D

5. proof that morphisms of Lie groups induce morphisms of Lie algebras

6. definition of a representation of a Lie group, matrix coefficients with re-
spect to a basis; example involving trigonometric functions and their ad-
dition law

Homework 4 (Due Oct 4). Let G be the Lie group SLy(C), g := Lie(G) =
sl5(C), and let n be a positive integer. Let V' < C|x, y] be the (n+1)-dimensional
vector space consisting of homogeneous polynomials of degree n in the variables
x,, so that a basis of V is given by the set of monomials

B:={z" 2" Yy, ... xy" Y )
Let R : G — GL(V) be the map given for ¢ € V by

(R(9)®)(x,y) == ¢((,y)9),

12



where (z,y)g denotes matrix multiplication, so that more explicitly

a b
(U2 5))0)) = olas + cy. b+ d)
1. Verify that R defines a representation of G on V', hence (by a general
theorem from class) that dR : g — End(V) is a morphism of Lie algebras.

2. Verify that the basis elements

m=(y &) x=( o) v=(10)

of g satisfy [X,Y] = H.

3. Compute the actions of dR(H),dR(X),dR(Y) € End(V) explicitly with
respect to the basis B of V' and verify directly (without appeal to the
general theorem from class) that [dR(X),dR(Y)] = dR(H). [See if
the definition of dR(X) is unclear.|

13



2.5

10/4 (half-lecture) and 10/6: Representations of SL(2)

Objectives. You should be able to analyze (finite-dimensional) representations
of SLy(C) by differentiating them to obtain representations of sl3(C), breaking
the latter up into weight spaces, and studying how the weight spaces are per-
muted by raising and lowering operators.

Summary.

1.
2.

definition of representations of Lie groups and algebras

example of polynomial representations of linear Lie groups; explicit calcu-
lation of the induced representation on the Lie algebra

discussion of the action of the standard basis of SL2(C) on the $(n+1)$-
dimensional representation W,, from Homework [4]

definition of invariant subspaces, irreducibility
W,, is irreducible

every irreducible finite-dimensional representation of SLo(C) is isomorphic
to some W,

Homework 5 (Due Oct 11). Let G be the Lie group SLa(C). Let H, X, Y be
the basis of g := Lie(G) as in Homework

1.

For A € C, let V) be the vector space with basis (vx)kez,. Show that the
action

Hvk = ()\ - 2]6)11;9

X, = k()\ —k+ 1)@]@,1 (’l),l = 0)

Yo, = vp1

defines a Lie algebra representation g — End(V)). Determine the invariant
subspaces of V).

Same question, but for the spaces U, (v € C) with basis (vg)rez and
action

H'Uk = 2kvk

Xvg = (v + k)vgs

Yvk = (V — k)vk_l.

Let b < g be the subspace spanned by H,X. Verify that b is a Lie
subalgebra. Let p : g — End(V') be a finite-dimensional representation.
Show that the following are equivalent for v € V:

(a) v is an eigenvector for every element of b.

(b) v is an eigenvector of H and satisfies Xv = 0.

14



4. Let V be a finite-dimensional representation of G. Let v € V' be a nonzero
element satisfying Hv = Av for some integer A € Z. Define v’ € V by

, Y™ A>0
v =
XM A<o.

(a) Verify that Hv' = —\v'.
(b) Prove that v" # 0. [Hint: Use the classification theorem for V' proved
in lecture.|

5. (Optional) The nth Legendre polynomial P, may be defined (perhaps up

to a sign) by
- (29 ()

k=0

The purpose of the exercise is to establish the formula

T . . d¢
P, (cos6y)P,(cosby) = P, (cos(61) cos(f2)—sin(fy) sin(h) cos(¢)) o
T

=—T

2)

The geometric interpretation of the argument in the integrand is that if

one fixes a point O € S? at spherical distance ¢; from the north pole N,

then cos(f;) cos(62) —sin(fz) sin(62) cos(d) is the vertical coordinate of the

point P € S? at spherical distance 6, from O for which the angle between

the arcs ON and OP is ¢. [You might wish first to attempt to prove
directly.]

(a) Let R : G — GL(V) be the (2n + 1)-dimensional representation
V := Wa, defined in the lectures. Let (vg)k=—n.n be the basis of V
given by vy, := a"T*y"=k. For i, j € {-n..n}, let R;;(g) denote the
matrix entry of g € G with respect to this basis, i.e., the coefficient
of v; in R(g)v;. For 0, ¢ € R, set

0= (o o) 9= (7 ).
Verify that
mal (0 5= (’;)2<ad>k<cy>"-k.

Deduce that
P, (cos()) = Roo(k(6)).

(b) Show that for each 6,65, ¢ there exist ¢1, ¢, 0 so that
K(01)0(9)k(02) = 6(d1)r(0)0(¢2)
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and moreover
cos(0) = cos(01) cos(fz) — sin(6) sin(6z) cos(d).

This can be proved directly via the geometric interpretation men-
tioned after using the map SU(2) — SO(3) to be discussed next
week; if one wishes to attempt an algebraic proof, it may help to note
that

i. every element of SU(2) may be decomposed as d(¢1)x(0)d(¢2),

ii. the function
f:SU@2) =R

1% 2)y=2lar -

satisfies £(5(61)g0(62)) = f(g) and f(x(0)) = cos(6).
It may also help to treat first the case ¢ = 0.

(c) Verify that Ry (6(¢1)gd(¢p)) = e!(7k#1+1%2) for all relevant indices
and arguments.

(d) Prove by taking the (0,0)th matrix coefficient of the identity

R(9192) = R(gl)R(gz)

given by

with
g1 := K(61)5(0),
g2 = £(0s)

and integrating over ¢. [It may be helpful to recall the Fourier inver-

sion formula
/” piko @ _ 1 k=0
o 2m 0 kE#0

for k € Z.]
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2.6 10/11 (half-lecture) and 10/13: The unitary trick

Objectives. Given a real form of a complex Lie algebras, you should be able to
relate representations of the two. You should be able to verify that the classical
complex Lie groups have compact real forms and apply this fact to deduce their
linear reductivity. You should know the definitions of Ad and ad and be able to
apply the fact that they are morphisms.

Summary.

1. introduction to and overview of the "unitary trick"

2. defn of real form of a complex Lie algebra, comparison between represen-
tations

3. defn of real form of a connected complex Lie group
4. example of a representation that is not completely reducible

5. lemma: complete reducibility is the same as invariant subspaces having
invariant complements

6. stated theorems that the following classes of groups are linearly reductive:

(a) finite groups
(b) (more generally) compact groups

(¢) complex connected Lie groups with a compact real form
7. (Thursday onwards) we proved the above theorems.

8. along the way, we proved the useful fact that any finite-dimensional rep-
resentation of a compact group is unitarizable, i.e., admits an invariant
inner product.

9. we spent some time talking about examples of real forms and complexifi-
cations.

10. we introduced Ad and ad. we related them, proved some of their basic
properties, and interpreted the Jacobi identity in terms of properties of
ad.

Homework 6 (Due Oct 18).

1. Prove that if f : G — H is a Lie group morphism, then df(Ad(g)X)
Ad(f(g))df (X).

2. Do Exercise

3. Let G := SLy(C); it is a three-dimensional complex Lie group. Regard
Ad : G — GL(g) as a three-dimensional holomorphic representation of G.
Write down an explicit isomorphism between Ad and the representation
Wy = Cz? ® Cory @ Cy? discussed in lecture.
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4. Let g be a Lie algebra (the case g = End(V) is already interesting), let
n > 1, and let

M = [Zl, [ZQ, ey [anl, Zn] . ] = ad(Zl) ad(Zg) R ad(anl)Zn

be an n-fold iterated commutator of elements Z1,...,7Z, € g. Let M’ € g
be the result of formally expanding M as a sum of degree n monomials
Zi, -+ Z; and replacing each such monomial by the corresponding com-

in

mutator ad(Z;,) - --ad(Z;,_,)Z;,. For example:
(a) If M = [X,Y], then we expand and set
M=XY-YX,
M= [X,Y] - [V, X]
and obtain M’ = 2[X, Y] after some simplification.

(b) If M = [X,[Y, X]], then we expand and set

M=XYX-XXY-YXX+XYX,
M= [X, [V, X]] - [X,[X, Y]] - [V, [X, X]] + [X, [V, X]]

and obtain M’ = 3[X, [Y, X]] after some simplification.

Show that M = nM. [Hint: induct on n. Use the consequence [ad(Z;, ), [ad(Z;, ), ..., [adz,
ad([Zi,, [ Zins - [ Zi_ys Zi, ]]]) of iterated application of the Jacobi iden-

229 n—17 in

tity in the form ad([X,Y]) = [ad(X),ad(Y)].]

adz,, ]Il
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2.7 10/18 (half-lecture): The adjoint representation

Objectives. You should be able to use the adjoint representation to describe
some low-dimensional exceptional isomorphisms and to relate representations of
the involved Lie groups and Lie algebras.

Summary.

1. recap of what we’ve shown about representations of SLy(C) and SU(2)

2. the exceptional isomorphisms SLy(C)/{%+1} = SO3(C), SU(2)/{£1} =
SO(3), SLa(R)/{£1} =2 SO(1,2)°, (plus some generalities on quadratic
spaces)

Homework 7 (Due Oct 25).

1. Write down a careful proof that the adjoint representation Ad : G —
GL(g) of the group G := SLy(R) induces an isomorphism of Lie groups
f : PSLy(R) N SO(1,2)°. Give an explicit isomorphism of Lie algebras
df : sly(R) = s0(1,2).

2. Explain why the adjoint representation of G = GLy(C) does not induce
an isomorphism between G and SO4(C).

3. Let H denote Hamilton’s quaternion algebra over R, realized as the sub-
algebra of M>(C) given by

= {( 5 ¥)swec)

H® .= {g € H* : det(g) =1}

Set

and
Hy := {v € H : trace(v) = 0}.

(a) Verify that H(Y) = SU(2). Deduce in particular via the embed-
ding (z,w) = C? < R* that SU(2) is diffeomorphic to the three-
dimensional sphere S3.

(b) Show that (Hp,det) is a quadratic space over R of signature (3, 0).

(c) Let a : H* — GL(Hj) be the conjugation action a(g)(v) := gvg~*
(9 € H*,v € Hp). Show that o(H®M) = SO(Hy, det) = SO(3) and
that {g € HM : a(g) = 1} = {£E} where E := (). Deduce that

H* /R* = HWY /{+1} = SO(3).
[Use the connectedness of SO(3) to reduce the problem to one involv-

ing Lie algebras.]

(d) Deduce that « induces an isomorphism SU(2)/{£1} = SO(3). Com-
pare with the proof given in class by showing that one has Lie(H®)) =
Hp under the natural identification Lie(H*) = H.
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4. (Optional) Here we understand how the map SU(2) — SO(3) may be
defined by comparing the standard actions P*(C) ¢ SU(2) and S? ¢ SO(3)
under the identification P*(C) =2 S? given by stereographic projection:

(a)

(d)

()

Let P(C) be the complex projective line, that is, the set of equiv-
alence classes [z : w]| of row vectors (z,w) € C? — {0} under the
equivalence relation (z,w) ~ (Az, \w) for all A € C*. Verify that
SU(2) acts on P(C) via

[€:m]-g:=[a€+cn: b+ dn] for g = <(Z Z) € SU(2).

Let S? = {(z,y,2) : 2® + y*> + 22} C R? be the standard two-
dimensional sphere. Let SO(3) act on S? in the usual way: for v € 52
and g € G, v - g is given by matrix multiplication. Verify that an
element of SO(3) is determined by its action on S2.

Let p := (0,0,—1) € S? denote the “south pole” and let P :=
{(u,v,0) : u,v € R} C R? denote the “equatorial plane.” Let
7w : 8?2 — {p} — P denote the result of stereographic projection
from p, thus 7(z,y,z) = (u,v,0) means that the points (0,0, —1),
(u,v,0), (x,y,2) are collinear. Let p : P < P!(C) be the map
p(u,v,0) := [u+iv : 1]. Verify that the composition pom: S? — {p}
extends to a homeomorphism

1: 8% - PHC)

for which «(p) = [1: 0].

Show that for each g € SU(2) there is a unique a(g) € SO(3) so that
for all s € S?, one has «(s - a(g)) = ¢(s) - g. Show that the map
a: SU(2) — SO(3) is a surjective morphism of Lie groups.

Read about the “Hopf fibration” somewhere and understand its rele-
vance.

20



2.8

10/20 (first half): Character theory for SL(2) (alge-
braic)

Objectives. Given a (reasonably explicit) representation SLo(C) or some

closely related group, you should be able to determine its reduction into irre-

ducibles by computing its character and multiplying by the Weyl denominator.
Summary.

1.

d.
6.

definitions of direct sum and tensor product of representations of Lie
groups and Lie algebras

characters of representations of SLy(C) as Laurent polynomials in one
variable z

compatibility with direct sum and direct product
the characters of the irreducibles
the Weyl denominator z — 1/z

Clebsch—Gordon decomposition

Homework 8 (Due Oct 25).

1.

Verify that if p; : g — End(V}) (j = 1,2) are representations of a Lie
algebra, then the map p1 ® p2 : g — End(V; ® V), defined as in class by
linear extension of its definition on pure tensors v; ® v € V13 ® V5 by

((p1 ® p2)(X))(v1 ® v2) = p1(X)v1 @ V2 + v1 @ p2(X)v2,
or in abbreviated form simply by
X(v1 @ vg) := Xv1 ® vy + v1 ® Xvg,
defines a representation of Lie algebras.

Verify that the map Wo®Wy — W7 W, defined in class is an isomorphism
of SLy(C)-representations.

Show that there does not exist a representation V of SLo(C) whose weight
spaces V[m] :={v € V : Hv = mv} (m € Z) have dimensions given by

dim V[m] = 1 me{-7,-6,-5,56,7},
" 10 otherwise.

More generally, for which functions v : Z — Z>q does there exist a finite-
dimensional representation V' of SLy(C) with dim V[n] = v(n) for all n?

[Hint: write V' 22 eWS™ and apply D - ch(.) to both sides.]
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4. (Optional) Given k € Z>( and a representation R : G — GL(V) of a Lie
group G, one obtains a symmetric power representation Symk(R) G —
GL(Sym"(V)) on the symmetric power vector space Sym”*(V); see
or Google for some details. The purpose of this exercise is to relate the
character of Sym* (V) to that of V. We restrict to the case G := SLy(C),
although the arguments are somewhat more general. Let A := Z[z,27}]
be as in lecture.

(a)

Define o(V') to be the element of the formal power series ring A[[T]]
in the variable T with coefficients in A given by the formula

o(V):= > ch(Sym* V)T

kEZzO
Show that k( ) )
Ur(ch(V)T
o(V) = expz —

k>1

where UF is defined via the substitution z — z*

Uk (x)(z) := x(2%) for x € A. [Hint: the identity

, i.e., by setting

is relevant.]

Deduce the recursion relation
n ch(Sym*(V)) = Z ¥ (ch(V)) ch(Sym™*(V)).
k=1

~

Check that this is consistent with the isomorphisms Sym"(W;) =
W,

Specialize the above relation to the case n = 2 to obtain

ch(V)? — W2(ch(V))
5 .

ch(Sym?(V)) =

For each irreducible representation W, of G, compute ch(Sym?(W,,,))
by the above formula and use it to derive the decomposition

Sym?*(Wy,) & Way, @ Wayg @ -+ = EBOSQSQ(T):WJ"
j=2m

of Sym?(W,,) into irreducibles. (It is also instructive, and not diffi-
cult, to derive this decomposition directly.) Write down an explicit
isomorphism Sme(Wz) =W, W.
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2.9 10/20 (second half): Maurer-Cartan equations; lifting
morphisms of Lie algebras

Objectives. You should know that Hom(G, H) — Hom(g, ) is injective when
G is connected and surjective when G is simply-connected and be able to give
some basic counter-examples indicating the necessity of such conditions. You
should be able to describe the role played by the Maurer—Cartan equations in
establishing surjectivity in the simply-connected case. Given hints, you should
be able to apply the Maurer—Cartan equation to related problems.

Summary.

1. statement of main theorem on lifts of Lie algebra morphisms

2. proof via paths and Maurer—Cartan equation
Homework 9 (Due Oct 25).

1. For a smooth scalar-valued function f : R --» R, the chain rule implies
that

d

21 P (1) = exp(f () f'(1). (3)
The purpose of this exercise is to generalize the above identity as an ap-
plication of a technique introduced in lecture. Let G be a real Lie group
with Lie algebra g; the problem is already interesting when G = GL,, (R),

so feel free to assume that. Prove that for a smooth function f: R --» g,

one has
0o a . n—1 g/
%exp(f(t)) = exp(f(1)) Z (ads ;L)! 0

n=1

(4)
where we may write more explicitly

(_ adf(t))n_lf/(t) = H[f/(t)v f(t)]a f(t)]a ceey f(t)]
Observe that specializes to when G is abelian, so that ady;) = 0.
[Hint: Consider the map g : R? --» G given by

g(s,t) := exp(sf(1)).

Define € : RZ --5 g by % = g¢, so that 2 exp(f(t)) = exp(f(t))&(t,1).
Apply the Maurer—Cartan equation (§19.1]) to characterize £ as the unique
solution F' to the differential equation

oF

55 (t5) =10+ [F(t,9), f()]

with initial condition F(¢,0) = 0. On the other hand, verify that such a
solution may be given explicitly by

> _ d ¢ n—1 g/
F(t,s) ;:z_:lsn( af(;l)! )

and set s := 1 to conclude.]
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2.10 10/25 (half-lecture): universal covering group

Objectives. You should be able to classify the Lie groups having a given Lie
algebra in terms of discrete central subgroups of a simply-connected group. You
should be able to describe some basic examples of covering morphisms and use
them to determine the fundamental groups of some Lie groups.

Summary.

1.

The main theorem was that for any connected Lie group G there exists a
simply-connected Lie group G and a covering morphism p : G — G whose
kernel N = ker(p) is a discrete subgroup of the center of G, with (G, N)
uniquely determined up to isomorphism. Moreover, 71 (G) = N.

. We gave several examples to which this applies. Some further examples

are given on the homework.

We stated without proof that every finite-dimensional Lie algebra arises
from some Lie group.

. By combining with a result from last time, we deduced that the category

of simply-connected Lie groups is equivalent to the category of finite-
dimensional Lie algebras.

We recalled the definition of "cover" (locally trivial fiber bundle with
discrete fiber). We briefly recalled the construction of the universal cover
of a connected manifold and stated its universal property (existence of
unique lifts of paths). We defined the group structure on the simply-
connected cover of a Lie group.

We reduced the remainder of the proof of the main theorem to some
lemmas left mostly as exercises.

Homework 10 (Due Nov 1).

1. Let n > 1. For the purposes of this exercise, you may use without proof

that SL,,(C) and SU(n) are simply-connected.

(a) Show that m (PGL,(C)) = Z/n. [Hint: show that the natural map
p: SL,(C) — PGL,(C) is a covering morphism, determine the kernel
of p, and appeal to the theorem from lecture.]

(b) Set g := sl,,(C). Determine the connected Lie groups G (up to iso-
morphism, and over either the real or complex numbers — it doesn’t
matter) having Lie algebra (isomorphic to) g, and describe their
fundamental groups 71(G). [Hint: start by determining the cen-
ter of SL,(C).] Interpret “determine” as you wish. For instance, you
should be able to answer the following question: How many isomor-
phism classes of connected Lie groups have Lie algebra isomorphic to
5[12(@)?

(¢) Same question but for g := su(n).
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2. Verify that (at least one or two of) the following maps are covering mor-
phisms of Lie groups and determine their kernels. [Hint: the lemma from
lecture characterizing covering morphisms may help.]

(a) The morphism of complex Lie groups
exp

C — C*.

(b) The morphism of complex Lie groups

SLy(C) 2% SO(sl,(C), det) 22 SO5(C).

(¢) The morphism of real Lie groups
SU(2) 2% SO(su(2), det) = SO(3).
(d) The morphism of real Lie groups
SLy(R) 2% SO(sly(R), det)® = SO(1,2)°.
(e) The morphism of complex Lie groups
SL2(C) x SLa(C) — SO(M2(C), det) = SO4(C),

(g,h) = [z gzh™'].

(f) The morphism of real Lie groups
SU(2) x SU(2) — SO(H, det) = SO(4),
(9,h) = &= gzh™1],

where H = {( “ 15)} C M3(C) denotes Hamilton’s quaternion

—w
algebra as considered on previous homeworks.

(g) The morphism of real Lie groups
SLy(C) — SO(V, det)? = SO(1, 3)°,
g+ [z gag'],

where V := {X € M(C) : X = X'} = {(i Z) :x,yER,zE(C}

is the space of 2 x 2 hermitian matrices.
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2.11 10/27: Fundamental groups of Lie groups
Objectives. You should be able to analyze the topology of Lie groups by

e applying the homotopy exact sequence to their transitive actions, and
e via the Cartan decomposition.
Summary

1. Description, without proof, of the fundamental groups of the classical
groups; empirical observation that complex Lie groups and their compact
real forms (if they exist) have the same fundamental groups

2. Homotopy exact sequence and its consequences; proofs of some of the de-
scriptions of fundamental groups given before (most were left as exercises).
For example, we showed inductively that SL,,(C) is simply-connected.

3. Quotient groups (abstract, topological, Lie), quotient manifolds, transitive
action theorem; sketch of construction of smooth structure on the quotient

4. Statement of Cartan decomposition; application to comparing homotopy
groups, recap on the unitary trick

Homework 11 (Due Nov 1).

1. Let p,qg > 1. Set G := O(p,q), realized as usual as a subgroup of
GL,14(R). Let © be given by O(g) := ‘g *.

(a) Show that the subgroup K := {g € G : O(g) = g} fixed by G
identifies with O(p) x O(q).

(b) Use (without proof) the Cartan decomposition (§23))
Kxp=@

(k,Y) — kexp(Y)
to show that G has four connected components.
(¢) Describe the Cartan decomposition explicitly in the special case p :=
1,q:= 1, and compare with the related problem on Homework [2|
2. (Optional) Let
G := SLy(R).

Denote by H := {z + iy : z,y € R,y > 0} C C the upper half-plane. The
group G acts smoothly on H by fractional linear transformations:

az+b . a b
gz'_cz—i—dlfg_(C d)eG, z € H.

Denote by G the set of all pairs (g, ¢), where
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e g G, and
e ¢ :H — C is a holomorphic function with the property that

exp(¢(z)) = cz + d if we write g = (Z Z) .

In other words, ¢ is a branch of log(cz+d); it is determined by g and any of
its values, say ¢(i). We may define on G a smooth structure by regarding
it as a submanifold of G x C via the embedding (g, $) — (g, #(i)). We
define on G a group structure by the law

(91, 91) - (92, B2) := (9192, ¢ P2) where (67?$2)(2) := ¢1(g22)p2(2).

This group operation is then associative and smooth, and defines on G
the structure of a Lie group. The natural map

7:G—G

given by 7((g,¢)) := g, is smooth and surjective. The group G inherits
from G an action on H: (g, ¢) - z := gz. The map

k:R—G

given by

~( cos(8) sin(h)
K(0) = ((— sin(f) cos(h) G0);
where ¢g(z) is the unique branch of log(—sin(f)z + cos(f)) for which
¢o(i) = —if, is a morphism of Lie groups. [For the purposes of this
exercise, all of the assertions just made may be regarded as sufficiently
self-evident as not to require proof.]

(a) Write down an isomorphism N 2 Z.
(b) Show that G is connected. [Hint: use  to show that N C G°, and
use that G is connected.]

(c) Let H < G denote the image of x. Show that H is the stabilizer in
G of the point i € H.

(d) Show that G is simply-connected. |The homotopy exact sequence
gives one way to do this; alternatively, one can find a diffeomorphism
G>HxR]

In summary, G is the simply-connected covering group of @, and m1(G) =
N=~7Z.
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2.12 11/1: The Baker—Campbell-Hausdorff(—Dynkin) for-
mula

Objectives. You should be able to describe the BCH formula (qualitatively),
specialize it to the case of $2$-step nilpotent groups, and apply it to derive
asymptotic expansions in local exponential coordinates of products in a Lie
group.

Summary.

1. We defined what it means for a pair of Lie groups to be locally isomorphic,
and explained how the lifting theorem for simply-connected Lie groups
and the existence of the universal cover of a given Lie group imply that
two Lie groups are locally isomorphic if and only if their Lie algebras are
isomorphic.

2. Motivated by a “local” proof of this assertion, we initiated a study of the
x * y := log(exp(z) exp(y)) for a pair of matrices z,y.

3. We verified empirically that the first couple homogeneous components z,,
in the series expansion of x % y are Lie polynomials, i.e., linear combina-
tions of iterated Lie commutators involving x and y. We stated the BCH
theorem, which says that this empirical observation holds for all n.

4. We stated Dynkin’s formula and indicated briefly how it follows from the
BCH theorem together with an earlier homework problem on iterated
commutators.

5. We proved the BCH theorem in its qualitative form using the homework
problem on the derivative of the exponential map.

Homework 12 (Due Nov 8).

1. Let s € Z>o. A group G is said to be s-step nilpotent if all for all
Z1,...,Zs+1 € G, the iterated commutator (z1, (z2,..., (zs, Zs+1))) is the
identity element. Here (x,y) := xyx~'y~!. For example, G is 1-step

nilpotent if and only if it is abelian.

Similarly, a Lie algebra g is said to be s-step nilpotent if [x1, [x2, ..., [Ts, Ts+1]]] =
0 for all z1,...,z541 € g. We call g abelian if it is 1-step nilpotent, or
equivalently, if the commutator bracket vanishes identity.

(a) Verify that the Lie group G < SL;11(R) consisting of strictly upper-
triangular matrices is s-step nilpotent.

(b) Let G be a connected Lie group with adjoint representation Ad :
G — GL(g). Show that ker(Ad) is the center of G.

(c) Let G be a connected Lie group with Lie algebra g. Show for s < 2
that G is s-step nilpotent if and only if g is s-step nilpotent. (The
same conclusion holds for all s, and can be proved similarly; the
assumption s < 2 is just to simplify the homework problem.)
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(d) If G is 2-step nilpotent, show that the BCH formula takes the simple
form

1
x*y=x+y+§[ﬂc,y] (5)

for small enough z,y € g. Show that the quantities

—T

ey-2), ytgleyl grye(3) (©

coincide.

(e) Let G < SL3(R) be the three-dimensional Lie group consisting of
strictly upper-triangular matrices; we have seen already that it is
2-step nilpotent. Establish the formula

x 0 0 x xy/2

0
0 ]) exp( y |) = exp( y )

exp(
in two ways:

i. By direct calculation with power series.
ii. By application of the BCHD formula to

T

X = , Y .= Y

2. Let G be a Lie group. Equip its Lie algebra g with some norm |.|. Use
the BCHD formula (or part of its proof) to show that for small enough

z,Yy €9,

[z, [z, Y]]

wxy*(—r) = explads)y = y+ oyl + =5 + -+, (7)
wry = e+ Filade)y+OyP), Fi(e) = gy = 1k, (9)
wx(y—u) = Fa(ads)y+O(lyl?), Fa(z) = o) 1 _ 1+§+--~ . (9)

Deduce that the quantities () coincide up to a possible error of size
O(|z|?|y| + |y|?). |Hint: For and (9), one can specialize the BCHD
formula directly. Alternatively, let ¢ € R be small and let f(¢) denote one
of the expressions x * ty or = % (ty — ). Then the BCH formula in its
qualitative form, together with Taylor’s theorem, reduces the problem to
computing f(0) and f/(0). For this, Homework [9]and may be helpful.]
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2.13 11/3: Closed subgroups are Lie; virtual subgroups
vs. Lie subalgebras

Objectives. You should know the following trivia, and some of their basic
consequences:

1. closed subgroups of a Lie group are the same as Lie subgroups.

2. connected immersed Lie subgroups of a given Lie group correspond to the
Lie subalgebras of its Lie algebra.

Summary.

1. Texplained how the BCH formula implies directly that isomorphisms of Lie
algebras lift to local isomorphisms of Lie groups, and how Lie theory is the
same whether one starts with "smooth manifolds" or "analytic manifolds".

2. Istated the theorem that closed subgroups of Lie groups are Lie subgroups,
and indicated briefly how it implies that continuous homomorphisms be-
tween Lie groups are automatically smooth (hence, by BCH, analytic with
respect to exponential coordinates). I then proved that theorem.

3. T explained the correspondence between Lie subalgebras and immersed Lie
subgroups and briefly mentioned some ideas of the proof.

Homework 13 (Due Nov 8).
1. Following the sketch indicated in lecture, write down a careful proof that a
continuous homomorphism of Lie groups G — H is automatically smooth.
2. Let n > 1. Denote by 1,, the n x n identity matrix. Set J := < 1 1");
—in

it is a 2n X 2n matrix. Set
Sps,, (C) := {g € SLo,(C) : ' Jg = J}

Spay, (R) := Spy,, (C) N SLan (R)}
and
Sp(2n) := U(2n) N Sp,,, (C).

(In practice, one alternates between writing Sp(2n) and Sp(n) to mean
the same thing. Beware conventions.) Check that this definition is the
same as what we gave earlier using quaternions. Show that Sp(2n) is a
compact real form of Sp,, (C) and that

5pon(C) := Lie(Spy, (C)) = { (‘CL Z) ta,b,c,d € My(C),d=—a',b' =b,c' = c} .

Show for k = R,C and a € GL,(k) and b € M, (k) with b* = b that
Sps,, (k) contains the matrices

(U 1, a 1, b
717]’ On ) tafl ) ln .
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Show that Sp,,,(C) and Sp(2n) are connected and simply-connected. Show
that Sp,, (R) is connected, that Sp,,,(R) N U(2n) is isomorphic to U(n),
and that 71 (Sps,,(R)) & Z. [Hint: one way is as follows. Study Sp,, (C)
inductively on n by considering the natural action on C?* — {0}, analyz-
ing stabilizers, and using the homotopy exact sequence. Study Sp(2n)
using the Cartan decomposition. Study Sp,,, (R) using either the Cartan
decomposition or the homotopy exact sequence.]
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2.14 11/8: Simplicity of Lie groups and Lie algebras

Objectives. You should be able to explain what it means for a Lie group to
be “simple as a Lie group” and how this differs from being simple as an abstract

group.
Summary.

1. I defined what it means for Lie algebras and Lie groups to be simple and
proved the equivalence of the following assertions concerning a connected
Lie group:

(a) It is simple (no nontrivial proper normal connected virtual Lie sub-
groups).
(b) Its Lie algebra is simple (no nonzero proper ideals).
(c¢) Its proper normal subgroups are discrete.
2. T recalled the classical groups (complex forms, compact real forms, Lie

algebras) and stated as a motivating goal the theorem describing when
they are simple and what are the exceptional isomorphisms between them.

Homework 14 (Due Nov 15).

1. Check carefully that the following are equivalent for a connected Lie group
G with Lie algebra g and connected virtual Lie subgroup H with Lie
algebra b:

(a) H is a normal subgroup of G.
(b) Ad(G)b S b
(¢) b is an ideal of g.

[Hint: Exercise [22] may be useful.|

2. (a) Prove by hand that sl5(C) is simple.

(b) Complete the following sentence: “a Lie algebra g is simple if and
only if its adjoint representation ad : g — GL(g) is (...).” Explain
then how we have already secretly proven that sly(C) is simple.
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2.15 11/10: Simplicity of the special linear Lie algebra

Objectives. You should be to analyze ideals in classical Lie algebras by de-
composing them into root spaces.
Summary.

1. We recalled briefly some facts we established long ago concerning SL(2).

2. We recalled, with sketch of proof, the theorem from linear algebra that
commuting diagonalizable operators are simultaneously diagonalizable.
We then reformulated this result in terms of representations of abelian
Lie algebras.

3. We defined the set of weights of a semisimple representation of an abelian
Lie algebra, and illustrated the definition in the basic case of the standard
representation of the diagonal subalgebra of the matrix algebra.

4. We defined the set of roots for the diagonal subalgebra of sl,(C) and
described the root spaces and their commutation relations explicitly.

5. We proved that sl,(C) is simple by splitting any nonzero ideal as a sum
of root spaces and applying suitable commutators.

Homework 15 (Due Nov 17).  Set g := sp2,(C). The main purpose of
this exercise is to carry out the analogue for g of what was done in lecture for
50, (C). We include some additional computations of independent interest; they
are straightforward but (I think) instructive.

1. Recall the description of g from Homework Verify that dim(g) =
2n? +n. For 1 < j,k < 2n, let Ej; € Ma,(C) denote the elementary
matrix with 1 in the (4, j)th entry and 0 elsewhere, thus Ejie; = e; and

ejre; = 0 for I # k, where eq, ..., e, denotes the standard basis of C?n.
Verify that a basis for g is given by elements of the following form, where
1<j5,k<n

® Ejj— Entjn+j

® Ejr— Enqpnyy for j#k
® Einii+Eppgyforj <k
® Entjn+ Engryforj<k

Write all these elements out explicitly when n = 2.

2. Let h < g denote the subalgebra of diagonal matrices. Then dim(h) = n.
Explicitly, b has the basis Ej; — Eyyjnyj ( =1,...,n) and consists of of
matrices of the form

MH) 00 0 0 0
0 S 0 0 0 0
oo 0 om0 0 0
H=1"06 o "0 —xn@ o o (10)
0 0 0 0 0
0o 0 0 0 0 —Ao(H)



A Dbasis for the dual space h* consists of the elements Aq,..., A, defined
by , or equivalently, by A (E;; — Entjnts) == 0jk-

Let R denote the set of roots for the pair (g,h), defined exactly as in the
case of s[,(C) to consist of all nonzero elements o € h* for which the
eigenspace

g¥:={X€g:[H,X]=aH)X forall H € h}
is nonzero. The same argument as in lecture shows that
9="hD (Bacrg”).

Show that
R = {:l:()\J + /\k) 17 < k} U {ﬂ:Z)\k},

where the signs 4+ vary independently. Verify that R spans h*.
. For each a € R:

(a) Verify that {n € Z: na € R} = {£1}.

(b) Verify that dim(g*) = 1.

(¢) Find an explicit basis element X, € g*.

(d) Show that there exists Y, € g~ so that the element H, := [X,, Y]
of b satisfies a(H,,) = 2; write down H, explicitly.

(e) Verify that for all «, 5 € R,

g*t? fa+BER
0% 0°]={CH, ifa+p=0
0 otherwise.

(f) (Optional) Show that the subspace CH, @& CX,, & CY,, of g is a Lie
subalgebra that is isomorphic to sly(C).

. (Optional) Set S := {\ — A3, Ao — A3,.. ., Ap—1 — An, 20} € R. Verify
that S is a basis for h* and that every 5 € R may be written in the form
8= Zae g Mo, where the m,, are integers which are either all > 0 or all
< 0. Let C denote the set of all A € h* for which \(H,) >0 for alla € S.
Verify that C = {li\ 4+ -+l A\ lh >l > - > 11 > |}

. By adapting the argument given in lecture for sl,,(C), prove that g is sim-
ple. [This is the only part of this homework that is not a straightforward
computation. The same argument as in lecture shows that no nonzero
ideal is contained in h. The key point is then to show that if an ideal
contains one root space, then it contains every other root space. For this,
one can certainly imitate the proof given in lecture, but it may be simpler
to show that Lemma applies also to spa, (C) with Apax := 2A1; the
rest of the proof then goes through unmodified.|
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2.16 11/22, 11/24: How to classify classical simple com-
plex Lie algebras

Objectives. You should be to classify classical simple complex Lie algebras
by computing their Dynkin diagrams. You should be able to explain why this
process is well-defined. You should develop some intuition for the following
important concepts by reference to the classical examples: Cartan subalgebras,
roots, simple roots, positive roots, Cartan matrix, root reflections, Weyl group,
Weyl chambers and their relation with simple systems

Summary. (Tuesday.) We recalled the classical simple complex Lie al-
gebras, explained (mechanically) how to compute their Dynkin diagrams (by
reference to the handout copied in , and started explaining why the pro-
cess of doing so is well-defined (i.e., depends only upon the isomorphism class
of the Lie algebra); namely, we briefly discussed why Cartan subalgebras of
classical simple algebras are conjugate.

(Thursday.) We started explaining why the Cartan matrix (hence the Dynkin
diagram) is independent of the choice of simple root system. We divided the
proof into three parts:

1. The definition of root reflections and the observation that each root re-
flection stabilizes the set of roots.

2. The interpretation of root reflections as geometric reflections with respect
to the "obvious" inner product on the real span of the roots.

3. The claim that the Weyl group, i.e., the group generated by the root
reflections, acts transitively on the sets of simple systems.

We explained how these points imply that the Cartan matrix is independent of
the simple system.

We did not explain why points 1,2 hold (other than by brute-force inspection
of the handout, ; we will return to them later. We started explaining point
3 by introducing the real span of the roots, the regular subset of that span, the
Weyl chambers, the dominant Weyl chamber for a given simple system. For
each classical example, we described the root reflections, the Weyl groups, the
regular elements, and the dominant Weyl chambers explicitly. For the low-
dimensional families By = Cy, Ay and As, we drew pictures of the root systems,
indicating the simple roots, the irregular hyperplanes, the Weyl chambers, the
dominant Weyl chamber, etc. We observed that the number of Weyl chambers
is the same as the order of the Weyl group in those examples. We stated the
theorem that simple systems and Weyl chambers are in natural bijection with
each other, equivariantly for the action of the Weyl group, and that the Weyl
group acts simply transitively on the set of Weyl chambers. We described both
directions of the bijection between simple systems and Weyl chambers, without
yet proving that we get well-defined bijections in this way; we explicated the
bijection in the case of As. We explained how these facts imply that the Weyl
group acts simply-transitively on the set of simple systems.
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Homework 16 (Due Nov 29).

1. (Optional, but highly recommended) Carefully study the computation of
the Cartan matrices N on the handout, Check that all entries are
as they should be; report to me any errors that you find. (I worked them
out by hand; it might be a healthy exercise to redo them.) Verify by
inspection that the formula

(@, B)
o(Hg) =2 .
) =2 5.5
holds (see for details).
2. Let X := (8 é) € g := sl3(C). Show that adx is not semisimple (i.e.,

diagonalizable). Show that CX is a maximal abelian subalgebra of g (i.e.,
that if h is an abelian subalgebra of g that contains CX, then h = CX.

3. Which of the classical simple complex Lie algebras have the property that
there exists an element w of the Weyl group for which w(a) = —« for all
roots a?

4. Let g be a classical simple complex Lie algebra with Weyl group W. Equip
g with the scalar product (,) as in lecture or as in §29.9|

(a) Suppose g = A,, or D,,. Verify (by inspecting the handout (§29.4),
say) that (o, ) = 2 for all roots & € R. Verify that W acts transi-
tively on R.

(b) Suppose g = B,, or C,,. Observe that («, ) takes two distinct values
as « traverses R; call a long or short according as it takes the larger
or the smaller of these values.

i. Verify (by inspecting the handout (§29.4])) that W acts transi-
tively on the set of long roots and also on the set of short roots.

ii. Verify that for each root « there is a root 8 so that v :=a +
is a root and («, @) # (v,7).

Remark: we may explain next week how these observations yield new
proofs of the simplicity of g, “simpler” than the proofs we gave earlier; the
key point will be to explain why the Weyl group W permutes the root
spaces belonging to any ideal.

5. Let g be a classical simple complex Lie algebra, and let notation be oth-
erwise as usual; in particular, S C R is the “standard” simple system, R*
the associated set of positive roots, and (,) the standard inner product.

(a) Verify that if a, § € S are distinct simple roots, then («, ) < 0, or
equivalently, «(Hg),3(Hy) < 0. [The intention here is to observe
that this holds in every example; we will explain “why” next week.]
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(b)

()

Verify that if @« € S is a simple root, then the root reflection s,
stabilizes the set RT — {a} consisting of all positive roots other than
a. [This can be verified by inspection; alternatively, use the previous
part of this exercise and appeal to the definition of “simple system”
and the observation that {n € Z : nav € R} = {£1}]

Let p:= (1/2) > cr+ @ € b* denote the half-sum of positive roots.
Compute that

Sory MR g=An1
S D> IURS B PR S -
E?:l(n—i_l_.])AJ g:Cn
Z?ﬂ(Tl—j))\j g=D,.
Show for each o € S that
Sap = p—a, (12)
or equivalently, that
p(Ho) = 1. (13)

[The two assertions are obviously equivalent. The first assertion (12])
can be deduced from the previous part. The second assertion
may be compared with (TI)).]

Verify that if « € Rt — S is a positive root that is not simple, then
there exist positive roots 3,7 € R* such that o = 3+ . [This is
unrelated to the previous parts of this exercise; the intention is to
observe that it holds in all examples.]

Let A € b} be a regular element. Verify that {w € W : w(\) = A} =
{1}. [This is again unrelated to the previous parts of this exercise;
the intent is that you verify it using the explicit description of W.]

6. (Optional) The exceptional isomorphisms between classical complex sim-
ple Lie algebras that we have not already seen are the following:

(a)

Az = D3, ie., sl4(C) = 506(C). On the group level, denote by
V= A%C* = ®i<j(cei Aej

the six-dimensional vector space given by the exterior square of C*.
Equip it with the quadratic form @ : V' — C defined by requiring
that v Av = Q(v)ey A ez Aeg Aes. Then (V,Q) is a quadratic
space (see and the natural map A? : SL4(C) — GL(V) given
by A%(g)(v1 A va) = guvi A gug defines a covering morphism A? :
SL4(C) — SO(V) 2 SOg(C).

Cy & By, i.e., 5p4(C) = s505(C). [Restrict the map SLy(C) — SOg(C)
to Sp,(C); show that its image is the stabilizer of a one-dimensional
subspace L of V| hence identifies with the orthogonal group of the
orthogonal complement L. One can read off L from the definition
of Sp,(C).]
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2.17 11/29: 11/31: Why simple Lie algebras give rise to
root systems

Objectives. You should be able to use $sly$-triples to explain why simple
complex Lie algebras (which contain Cartan subalgebras satisfying the expected
properties) give rise to root systems.

Summary. (Tuesday.)

1. We finished the proof from last time that the Weyl group of a classical
simple complex Lie algebra acts transitively on the simple systems; this
was deduced by choosing an element that maximizes the inner product of
a pair of elements of the corresponding Weyl chambers and verifying that
the map from simple systems to Weyl chambers is one-to-one.

2. We stated the definition of a Cartan subalgebra of a simple complex Lie
algebra and the theorem concerning the existence and uniqueness of such
subalgebras; we included in this theorem also

e the existence of a real form of the Cartan subalgebra on which the
roots are real-valued, and

e the existence of a scalar product on the ambient Lie algebra (i.e.,
a non-degenerate symmetric bilinear form) whose restriction to the
real form of the Cartan subalgebra is positive-definite.

We observed that the conclusion of this theorem holds for the classical
families "by inspection" and gave a reference for the general case; dis-
cussing its proof would take us too far afield from (what I think are) more
interesting topics to present in a first course on Lie groups.

3. We stated the definition of a (reduced) root system: it is a finite subset of
a real inner product space that satisfies some axioms that we had observed
empirically last week.

4. We stated the theorem that simple complex Lie algebras (satisfying the
conclusion of the "Cartan subalgebra theorem") give rise to root systems.
Our aim next time is to prove this theorem.

(Thursday.) We explained in detail how $sla$-triples allow us to prove that
simple Lie algebras possessing Cartan subalgebras give rise to root systems that
satisfy the various properties we had observed for the classical families.

Homework 17 (Due Dec 6). The main purposes of the lectures this week were
to demystify last week’s observations concerning root systems for the classical
Lie algebras and to demonstrate the power of sl3(C) in proving results about
more general Lie algebras. This week there is one multipart exercise whose
purpose is to complement that discussion by showing how one might instead
use SLy(C) to establish such properties.

Thus, let g be a simple Lie algebra over C, let h < g be a Cartan subalgebra
with real form bhg so that the set R of roots of ad : h — End(g) satisfies
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R C b = Homg(hg,R) =2 {)\ € b* : A(hg) C R}. Fix oo € R. Assume given
nonzero elements X, € g%, Y, € g~%, H, € by satisfying the relations indicated
just before the statement of Lemma [240] so that the map

¢o : 52(C) =55, :=CX,®CH,®CY, Cg

given by X,Y, H — X,,Y,, H, is an isomorphism of Lie algebras. Finally, fix
a complex Lie group G so that g = Lie(G).

Our aim here is to give alternative proofs (using Lie group methods rather
than Lie algebra methods) of the first part of Lemma m Thus, it would be
best not to invoke the statement of that lemma in the arguments to follow.

1.

BN e A

10.

11.

12.

Show that there is a morphism of complex Lie groups F, : SLy(C) — G
so that dF, = ¢,.

For an element ¢ of any complex vector space on which exp is defined (e.g.,
t can be a complex scalar or an element of a Lie algebra over C), introduce
the abbreviation e(t) := exp(2wit).

Show that e(H) = 1.

Show that e(H,) = 1.

Let 3 € R. Show for t € C and v € g” that Ad(e(tH,))v = e(t3(Hy))v.
Deduce that e(8(H,)) = 1, hence that 5(H,) € Z.

Set w = (_01 (1)) € SLp(C). Verify that w = eXe YeX and that
Ad(w)H = —H.

Set w,, := F,(w) € G. Show that Ad(w,)H, = —H, and that Ad(w,)? =
1.

Suppose H € b satisfies a(H) = 0.

(a) Show that [z, H] =0 for all = € s,.

(b) Show that Ad(g)H = H for all g in the image of F,. Deduce in
particular that Ad(wy)H = H.

Deduce that Ad(wq)h = b.

Recall that for A € h*, we set so A ;= A—A(H,)a. Show that for all H € b,
one has
A(Ad(we) H) = (s2\)(H). (14)

For any A\ € b*, set g* := {v € g: [H,v] = A\(H)v for all H € h}. Show
that Ad(w,) induces a well-defined isomorphism

Ad(w,) : o — gsﬂo‘). (15)

Deduce in particular that if 8 € R, then s,(5) € R.
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2.18 12/6: Complex reductive vs. compact real

Objectives. You should be able to explain the relationships between complex
simple Lie algebras, complex semisimple Lie algebras, complex reductive Lie
algebras, and compact real Lie algebras.

Summary.

1. We explained that the association constructed in previous weeks from

(a) simple complex Lie algebras to
(b) irreducible reduced root systems to

(¢) connected Dynkin diagrams

is bijective, and indicated briefly how the Serre relations explain this (with-
out proving them).

2. We defined semisimple and reductive Lie algebras and indicated how the
above bijection generalizes to them.

3. We defined compact real Lie algebras and explained why the Lie algebra
of any compact real Lie group is compact; we stated the theorem that
every compact real Lie algebra arises in this way.

4. We stated the theorem that compact real Lie algebras and complex re-
ductive Lie algebras are in natural bijection. We gave a proof using the
unitary trick and the Serre relations.

2.19 12/8: Compact Lie groups: center, fundamental group

Objectives. You should be able to describe the center and fundamental group
of a copmact Lie group in terms of its root/weight lattices and the kernel of the
exponential map.

Summary. We defined the root, weight, coroot and coweight lattices of a
semisimple Lie algebra as well as the lattices of integral elements attached to a
compact Lie group. We explained how the center and fundamental group are
described in terms of these, and illustrate with the examples of tori and SL,,.

Homework 18 (Due Dec 13). Let K be a compact Lie group with finite
center. Let other notation be as in §32] Thus h be a Cartan subalgebra of a
complex semisimple Lie algebra g. Let R be the set of roots and S C R a base.
Let b denote the span of R and g := {H € h: a(H) € R for all « € R}, as
usual.

1. Verify that the Weyl group W (generated by the s, for @ € R, as usual)
acts on the root and weight lattices. Verify that the transposes of elements
of the Weyl group act on the coroot and coweight lattices. One can thus
form the semidirect product W x ZR".

2. Let hy® ={H € hr : a(H) ¢ Z for all @ € R}.
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(a) Verify that W acts on by *®.
(b) Verify that ZR" acts on by “® (by translation).

(c) Verify that the actions of W and ZR" on bg induce an action of their
semidirect product W xZR" on g, preserving by “®. Let T' < GL(bgr)
denote the image of W x ZR".

(d) Let n € Z, o € R. Let sqn : bg — bhr be the reflection in the
hyperplane a(H) = n, thus sqn(H) = H — (a(H) — n)H,. Show
that s, belongs to T'.

(e) Show that T is generated by the sq 4.
3. Choose an enumeration S = {a1,...,q;}.
(a) Show that the Z-span ZR is has basis S in the sense that ZR =
Zoi @ --- D ZLay.

(b) Show that there exist unique elements 71, ..., m € hr so that Hy, (7;) =
d;; for all ¢, j € {1..l}. (These are called the fundamental weights.)

(¢) Show that (ZRM)* =Zm & -+ & Zm,.

(d) Show that matrix (a;;) for which a; = 37, a;;m; is given by the
Cartan matrix.

(e) (Optional) Compute 71, ...,m for the classical families. (This can
be done by hand, or by inverting the Cartan matrix.)
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2.20 12/13 Maximal tori in compact Lie groups

Objectives. You should be able to explain the role played by maximal tori in
the study of compact connected Lie groups.

Summary. (Tuesday) See for details. Throughout, let K be a compact
connected Lie group.

1.

We defined tori, and characterized them as compact connected abelian Lie
groups.

We defined maximal tori in K and characterized them as closed connected
subgroups whose Lie algebras are maximal abelian subalgebras.

We recorded that closed connected abelian subgroups of K are tori.

As an example of the latter, we gave the connected components of closures
of subgroups generated by individual elements.

We indicated why the Lie algebras of maximal tori give rise to Cartan
subalgebras after taking complexifications.

We stated (without proof yet) the big theorem that K is the union of the
conjugates of any one of its maximal tori.

We derived from this the consequence that the center of K is the inter-
section of all (maximal) tori and indicated briefly how this implies the
description given last time of the center in terms of roots.

(Thursday) See for details.

1.
2.
3.

Aut(T)
N(T)o
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3 Selected homework solutions

e Homework [2] 2d. Here is a quick and fairly intuitive way to see that G :=
SO(1,2) has two connected components. (We've seen later in the course
that this is established more efficiently using the Cartan decomposition.)
We realize G as a subgroup of SL3(R) in the evident way. It contains the

subgroups
a b 0 b
H={|c a 0 (‘c’ d)eO(l,l)
0 0 1
and
1 00 b
Hy = 0 a b :(Z d) € 5S0(2)
0 ¢ d

Note that H, is connected, so Hy C GO.

Let Vi be as in the homework problem. Let V;" denote the connected
component containing ey, and V;~ the other component. (Thus Vfr =V
in the notation of the homework problem.) We now make the following
observations:

1.

Since V= is connected and G acts on V; = ULV, for each g € G
we have either gV;" C Vi or gV;" C V™. Tt follows that G permutes
the two connected components VljE of V1, and so the subgroup {g €
G : gir - V1+} of G has index at most 2.

. There exist elements g € G which map V;* to V;”, and vice-versa.

For instance, one can take g := diag(—1,—1,1). The subgroup {g €
G : gV" CV;'} of G thus has index exactly 2.

3. Since V;" is connected, we have G° C {g € G : gV;* C V/'}.

Let v € V;*. Tt is of the form v = (z,y,2) with 2% — y? — 22 =

1. Choose an element hy € Hs so that hov = (x,r,0), where r =
Vy2 + 2z2. By part 1b of the same homework, we can then find
hi € Hl0 so that hov = hje;. Consequently v = ge; where g :=
hythy € GO.

Now let g € G with gV;t C V;". Then ge; € V;". By what was
shown in the previous item, we can find gy € G° so that ge; = goeq,
thus g € goHa C G°. Thus, G° D {g € G : gV;m C V" }.

We have seen that G = {g € G : gV;" C V;'} and that {g €
G : gV;" C V;'} has index 2 in G. Therefore G has two connected
components.

One can tidy this discussion up a bit with some lemmas from lecture.

e Homework[3] part 1. Let G := SO(2,1). It acts on M :=V; := {(z,y,2) :

22

— 22 —y? =1} as well as its connected components V;*. Let us realize
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M as a space of row vectors, so that G acts on M by right matrix multipli-
cation: m +— mg. The group G then acts on smooth functions f: M — R
by the formula: for g € G, m € M,

gf(m) := f(mg).

We saw in an earlier homework problem that G acts transitively on the
connected components of M, hence f is constant on each such component
if and only if

gf = fforall g eG. (16)

Set g := Lie(G). We may differentiate the action of G on C*°(M) to the
action of g on C°(M) given for X € g by

X f(m) := 0o f(mexp(tX)).

Explicitly, the Lie algebra g consists of matrices X € M;3(R) satisfying
tXJ+ JX =0, where J := diag(1,1,—1); an explicit basis for g is given
by the matrices

0 1 0 0 0 1 0 0 O
Xi=|-1 0 0], Xo:=]0 0 0}),X35:=10 0 1
0 0 O 1 0 0 0 1 0
Using that
(z7yvz)X1 = Tez — Yyeq,
(xvva)XQ = zei + ZE3,
(xvy’Z)X?) = zeg + yes,
we obtain

le(x’yaz) = (iﬁay - yax)f(zayvz>7
ng(x,y, Z) = (2833 + xaz)f(x,y, Z)7
X3f(.13, Y, Z) = (Zay + yaz)f(xa Y, Z)

Therefore assertion (b) in the homework problem is equivalent to saying
that X;f =0 for ¢« = 1,2, 3, or equivalently, that

Xf=0foral X €g. (17)
It remains only to verify that and are equivalent. This follows

from the connectedness of G by the same argument (the “exponentia-
tion/differentiation trick”) as in §13.4

Homework [6] part 1. We want to show for f : G — H that df (Ad(g)X) =
Ad(f(g))df(X). The curve t — exp(t Ad(g)X) = exp(Ad(g)tX) in G has
initial velocity Ad(g)X, hence

df (Ad(g)X) = Oi=o f (exp(Ad(g)tX)). (18)
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In particular,
df (X) = Br=0 f (exp(tX)). (19)

By Exercise we have exp(Ad(g)tX)) = gexp(tX)g~!; since f is a
group homomorphism, it follows that

df (Ad(9)X) = D=0 f(9)gf (exp(tX)) f(9) " = Ad(f(9))De=0 f (exp(t)i )))
20
Combining with gives the required identity.

Homework [6] part 2. We want to determine the complexifications of
SL,,(H),SU(p, q), and U, (H). (!!! to be written)

Homework @ part 3. The answer is: those functions v : Z — Zx for
which

1. v(n) = 0 for all but finitely many n,
2. v(n) = v(—n) for all n € Z>,

3. v(0) >v(2) >v(4) >v(6) >---, and
4. v(1) >vB)>v(B) >v(T) > .

Given such a seugence, we can define p : Z>g — Z>o by p(m) :=v(m) —
v(m + 2) and set
V.= @mEZ>OW®H(m)

Conversely, the claimed inequalities are clearly satisfied for V' of this form
(by the hint suggested in the homework problem, or by directly writing
out the characters).

Homework part 1: It is easy to see (by considering elementary ma-
trices) that the center of SL,(C) is the subgroup p, of scalar matrices
diag(z, z, ..., z) whose entries z are nth roots of unity. We have Z/n = u™
via the map = — e27%,

The inclusion SL,,(C) — GL,(C) has differential given by the inclusion
sl,(C) — gl,,(C) from the space of traceless matrices to the space of all
matrices. The group PGL,(C) is the quotient of GL,,(C) by the normal
subgroup Z of scalar matrices diag(z, z,...,2) (z € C*). Thus (by some
theorem from lecture) the surjective quotient map GL,(C) — PGL,(C)
has differential given by the surjective linear map

9l,(C) — pgln(C),

where pgl,,(C) denotes the quotient of gl,,(C) by the subgroup of diagonal
scalar matrices of the form diag(Z,Z,...,Z) (Z € C). The composite
map

50, (C) — gl (C) — pgl,(C)
is an isomorphism (indeed, one may invert it by sending an element of
pgl,(C) to its unique traceless representative) so we may identify pgl,, (C) =
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50, (C). The map p : SL,(C) — PGL,(C) is a morphism between con-
nected Lie groups whose differential dp is then the “identity map” on
50,(C); in particular, dp is an isomorphism. Thus p is a covering mor-
phism. We have seen that SL,,(C) is simply-connected. By the homotopy
exact sequence (or the uniqueness of the discrete central subgroup “N”
appearing in the theorem on the universal covering group), it follows that
1 (PGL,(C)) 2 ker(p) = pn, = Z/n, as required.

An identical argument works for G = SU(n).

The connected Lie groups having Lie algebra isomorphic to s, (C) are in
bijection with the discrete central subgroups of the simply-connected Lie
group SL,(C) having that Lie algebra; since the center of that group is
tn = Z/nZ and since all subgroups of the latter are uniquely of the form
dZ/nZ = Z/(n/d)Z for some positive divisor d of n, we obtain a bijection
between the isomorphism classes of such Lie groups G and the positive
divisors d of n, where m (G) =2 Z/(n/d)Z.

Homework la. Let G < SL,(R) be the group of unipotent upper-
triangular matrices; for n = 3, one has

1 *x %
G = 1
1

For subgroups A, B of G, let (A, B) denote the subgroup of G generated
by all commutators (a,b) := aba~'b~! with a € A,b € B. In the special
case that B is a normal subgroup of A, we may interpret B/(A, B) as the
mazximal quotient of B on which A acts trivially by conjugation: if ¢ : B —
K is a surjective group homomorphism with the property that ¢(aba=!) =
¢(b) for all a € A,b € B, then ¢ factors uniquely as a composition B —»
B/(A,B) L K.

For k € Z>1, define Gy, inductively by Gy := G and Gi41 := (G, Gy). The
problem is to show that G, = {1}.

We will establish the stronger assertion that Gy = U, where
Up:={acG:a;; =0ifi <j<i+k}

For example, if n = 4, then

1 * * * 1 0 * «x
1 *x =% 1 0 =%
Ui = 1| V2= 1 0l

1 1
1 0 0 = 1 0 0 O
1 0 O 1 0 0

U3_ 1 0 ) U4_ 1 O _{1}

1 1
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For notational convenience, set Uy, := {1} if m > n.
To show that Gy, = Uy, it suffices (since G; = Uy and Gi41 = (G, Gg)) to
show that

(U,Uk) = Uk+1. (21)

For i,j € {1.n} with i < j, let E;; € G denote the “elementary matrix”
that has a 1 in the (i,j)th entry and vanishes on all other off-diagonal
entries. For example, if n = 3, then

11

0 1 0
Eqp = 10, Eiz= 1
1

1 10
0|, Eg= 1
1

By matrix multiplication, one has the commutation relations
(Eij, Ejt] = Eix, [Eij, En] = 01if j # k.

By Gaussian elimination, G is generated by the elements E;; taken over
all ¢ < j. Similarly, Uy, is generated by those E;; for which j > i+ k. It
follows from this observation and the commutation relations that

(i) Uy is normal in U; for all k,

(ii) the conjugation action of Uy on the quotient Uy /Uy is trivial, and
(iii) (Uy,Ug) > Uy for all k.
On the other hand, Uy/(U1,Uy) is the mazimal quotient of Uy on which

Uy acts trivially by conjugation, hence (Uy,Uy) < Ugi1 and therefore
(U1,Uy) = Ug41- This completes the proof.

Remark: One can alternatively argue using the matrix logarithm /exponential.

The series defining the logarithm converges everywhere on G because g —1
is nilpotent for g € G, hence the series is actually finite; similarly, the ex-
ponential series g — G is actually a polynomial.

Remark: One can formulate the definition of Uy more geometrically in
terms of the standard complete flag R" = V5 D V4 D --- D V,, = {0},
where Vj, denotes the span of the first k standard basis vectors eq, ..., e.
Then Uy = {g € GL,(R) : (g — 1)V; C V44 for all ¢}, where V,,, := {0}
for m > n.

Homework [I2] 2. In what follows, z,y denote small enough elements of g,
while g denotes an element of the group G.

1. Recall (from Exercise[22)) the general identity exp(Ad(g)x) = gexp(x)g~".

Recall also (from §18.4]) that Ad(exp(x)) = exp(ad;). From these
identities it follows that

exp(zxy*(—z)) = exp(z) exp(y) exp(—z) = exp(Ad(exp(z))y) (22)
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and thus
z*y* (—r) = Ad(exp(z))y = exp(ad.)y, (23)
as required.

. Set f(t) := x *xty. By BCH, f is analytic near 0. We have f(0) = z.
We have

exp(f(t)) = exp(x) exp(ty) (24)
and thus
exp(—£(0))d=o exp(f(t)) = y. (25)
On the other hand, by Homework [0}
exp(—f(0))d—o exp(f(t)) = ¥(adz)f'(0) (26)
where - .
V()= (_2! = 1_6"5(_2). (27)

It follows that f’(0) = ¥(ad,) 'y, or more verbosely, that

ad,

lfexp(fadr)y Zc acy=y+ * (28)

2
n>0

f1(0)

for some explicit coefficients ¢,, (Bernoulli numbers). Since f is ana-
lytic, we deduce (upon setting ¢ := 1, taking z,y small enough and
appealing to Taylor’s theorem) that

ad, 9
= _ . 29
wry =t g Sy + Ouf) (29)

. Take f(t) := x * (ty — ). Then exp(f(t)) = exp(x)exp(ty — x) and
f(0) = 0; we want to compute f'(0). To that end, we compute the
quantity

Q = exp(—f(0))0i=o exp(f(t)) = Oi=o exp(z) exp(ty — z).  (30)

in two ways. First, by the rearrangement

Q = exp(x)di—g exp(ty — ) (31)
and the formula , we have
Q=V(-ady)y (32)

with ¥ as above. On the other hand, by direct application of
(which remains valid in this context),

Q = ¥(ady())f'(0) = (0), (33)
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since f(0) = 0. Therefore

1 —exp(ad,) ~ exp(ady) — 1 [z, y]
/ = \I/ — = = = ? .
f1(0) = ¥(—ady)y v T A AR R
(34)
The asymptotic formula
exp(ad,) — 1
pa(y—x) = SRR L, o2 (39)

for small enough z, y follows as in the previous part of the problem.

4. In particular, since | ad} y| = O(|z|™|y|), we see by Taylor’s theorem

that 2. 4]
x —x x,
Sryx 5 =2+ SR OalPlyl + Iy, (36)
z,
eey—n) =t B oGPl 1) (67

4 Some notation

4.1 Local maps
4.1.1 Motivation

We shall often have occasion to consider continuous maps defined on open sub-
sets of topological spaces for which the precise choice of domain is unimportant
(other than, perhaps, in that it contains a specific point). This circumstance
motivates introducing the notation and terminology to follow.

4.1.2 Definition

Let X, Y be topological spaces. By a map f from X toY, denoted f : X — Y,
we shall mean a continuous function. By a local map f from X to Y, denotecﬂ

XY,
we shall mean more precisely a pair (U, f), where:

e U is an open subset of X, called the domain of definition or simply the
domain of f and denoted U =: dom(f), and

e f:U — Y is continuous.

We say that f: X --+ Y is defined at a point p € X if p belongs to the domain
of f.

Example 1. Let X :=Y := k. The pair (U, f), where U := k™ and f(z) :=
1/x,is a local map f :k --» k.

IThe notation is inspired by that used in algebraic geometry for rational maps.
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4.1.3 Equivalence

Two local maps f1, fo : X --» Y will be called equivalent if they coincide on
the intersection of their domains of definition.

4.1.4 Images

Given a local map f : X --» Y and a subset S of X, we denote by f(.5) the
image of the intersection of .S with the domain of f, i.e., if U = dom(f), then

f(8) = fUNS).
4.1.5 Composition

Given local maps f: X --» Y and g:Y --» Z, we may define their composi-
tion to be the local map
gof:X--» Z

with dom(go f) := dom(f)Nf~1(dom(g)) given as usual by (go f)(x) := g(f(x)).
It can happen that dom(go f) = 0.

4.1.6 Inverses

A local map f: X --» Y with domain U := dom(f) will be called invertible if
f(U) is open and the induced map f : U — f(U) is a homeomorphism. In that
case, the inverse of f is defined to be the local map

fliy--» X

with dom(f~1) := f(U) given as usual by f~1(y) ;== z if y = f(z).

5 Some review of calculus

To explain what will happen in this course, it will help to recall some background
from calculus. Let k denote either of the fields R or C.

5.1 Omne-variable derivatives

We say that f : k --» k is smooth if all of its derivatives (of arbitrary order)
exist at all points in the domain of definition. The first derivative f’: k --» k
may be characterized by the relation

fp+v) = fp)+ f'(p)v+o(|v])

holding for each fixed point p as |v| — 0. In a single-variable calculus course,
one learns to relate (apparently complicated) global properties of a function to
simpler local (or infinitesimal) properties involving its derivatives. For example,
when k = R, one learns that the following are equivalent:
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e f is increasing (an ostensibly global property, as it requires one to check
that f(z) < f(y) for every pair of points with < y, and such points
might be quite far apart!);

e f/is positive (a local property, as it only requires one to check that f'(z) >

0 for each point z).

This test and others (concerning the second derivative, for instance) often suffice
to piece together an approximate portrait of the global shape of a function from
the local behavior of its derivatives at the critical points.

5.2 Multi-variable total and partial derivatives

We say that f : k™ --» k" is smooth if all of its partial derivatives exist at
all points in the domain of definition. For each p in the domain of f, the total
derivative T, f is a linear map T, f : k™ — k" that may be characterized as
above by the relation

flo+v) =Fp) + (Tpf)(v) +ov])

holding for each fixed p as |v| — 0. One can express T}, f in matrix form

3 )
L) - F(p)
T,f = R
g - 5=0)
where the function f is expressed as a tuple f = (fi1,..., fn) of components
fi : k™ --» Kk, elements x € k™ are equipped with the standard coordinates
x = (x1,...,Zn), and the partial derivatives are characterized by
Ofi
filp +te;) = fi(p) + oz 2= ()t +o(|t])
Lj
for ¢t € k with |t| — 0, where e; denotes the standard jth basis element of k™
dual to the coordinate z;; for a vector v = (v1,...,v,,) € k™ and a coordinate

index ¢ = 1,...,n, one then has

Z afz

&E]

As in single-variable calculus, one learns various ways to relate the global be-

havior of a f to the local behavior of its total derivative T}, f at various critical

points p (Hessian test, etc). A basic case to keep in mind is that of a linear
function A : k™ — k", for which one has T,A = A for all p € k™.

When m = 1, so that f = (f1,..., fn) may be thought of as an n-tuple of

functions f; : k — k, the total derivative T}, f is then a linear transformation
k — k™ and so may be identified with the vector

f/(p) = (f{(p)vvfrlz(p)) ck”

characterized by the same relation as in the one-variable case.
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5.3 The chain rule

Given a pair of smooth functions f : k™ --» k™ and g : k™ --» k!, one can
form the composition h := go f : k™ --» k!, which is smooth. One knows
the chain rule: at a point p € k™ at which h is defined, the derivative of the
composition h is the linear map T,h : k™ — k! given by the composition

Toh =TipgoTpf

of the derivatives of f, g. Expanding out in terms of matrices and using standard
coordinates 1,...,Z,, on k™ and yi,...,y, on k™, the chain rule reads: for
i€ {1l..10} and k € {1..m},

)= 30 P ) g o)

Specialized to the case m = 1, the chain rule reads 2'(p) = (T()9)f'(p), or ex-

panding out further in terms in terms of components, as h}(p) = >/, g;‘; (f() f(p)-

5.4 Inverse function theorem

The inverse function theorem is a fundamental tool for controlling the local
behavior of a function f near a point p in terms of linear algebraic properties
of the derivative T}, f.

Theorem 2. Let f: K™ --+ K™ be smooth and defined at p. The following are
equivalent:

1. The map T, f : k™ — k™ is a linear isomorphism of vector spaces, or
equivalently, has nonzero Jacobian determinant det(T),f).

2. There is an open neighborhood U of p, contained in the domain of f, so
that V := f(U) is open and the induced map f : U — V is a diffeomor-
phism, i.e., admits a smooth two-sided inverse g : V. — U.

5.5 Implicit function theorem

We state it here rather verbosely, saving a tidier formulation for the generaliza-
tion to manifolds given below in

Theorem 3. Let n,m,d be nonnegative integers with n = m + d. Suppose
given a point p € K™ and smooth maps f1,..., fm : kK* --+ k defined at p =
(p1,--.,Dn) satisfying either of the following evidently equivalent properties:

1. The m x n matriz of partial derivatives gﬁi (p) (i =1.m,j = 1..n) has

J

rank m.

2. The function f:= (f1,..., fm) : K™ -=» K™ has the property that its total
derivative T, f : kK™ — K™ at p is surjective.

92



3. dimker(T,f) =d.

4. The space of solutions g xl, ..., dzy,) € K™ to the system of homogeneous
linear equations 3 7_, 630 dmj =0 (i=1,...,m) is d-dimensional.

Then after suitably reordering the coordinates indices, one can find smooth func-
tions Yar1, ..., bn : K" —-> Kk defined at (pi,...,pa, fo(D), - -, fm(p)) s0 for any
point © = (x1,...,2,) close enough to p, one has

5= G521,y f1(@)se o (@) forj=d+1,...n

In particular, if we suppose moreover that fi(p) = -+ = fm(p) = 0, then the
following are equivalent for x close enough to p:

1. file)=-+-=fn(z)=0
2. z; =vi(x1,...,24,0,...,0) forj=d+1,...,n.

Consequently the map
T k?--» k"

\Il(xl,...,md) = ({Ijl,...,LL‘d7’(/Jd+1(l‘1,...,.Td,O,...,0)7...,’L/Jn(l‘l,...,l'd,o,...,()))
parametrizes the set {x : f1(x) = -+ = f(x) = 0} near p.

Proof. Suppose after suitably relabeling indices that the rightmost m x m mi-
nor of the matrix 7}, f is nonsingular. Consider then the map ¢ : M --» k"
defined near p by the formula ¢(x) := (z1,..., 24, f1(x),..., fm(x)). The total
derivative T),¢ is then given by the matrix

1 0 0 0 0
0 1 0 0 0
. .. 0
0 0 1 0 e 0
of of e 9 9
L ) - ) 2 - aifi (p)
A fm A fm Ofm dfm O fm
L=o) =) - FE2) =) - aj;n (p)
By our assumption on 7T}, f, it follows that 7,,¢ is nonsingular. By the inverse
function theorem, we can find a local inverse ¥ = (¢1,...,%,) : k™ --» k" to
¢ defined at ¢(p). By construction, ¢;(x) = x; for i = 1,...,d, while the 1); for
i > d satisfy the requirements of the conclusion. O

6 Some review of differential geometry

As indicated already in I} this section is intended to be used mainly as a
reference. I don’t plan to use much differential geometry in the actual course.
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6.1 Charts

Recall the notation and terminology of By a topological chart on a topo-
logical space X we shall mean a pair (¢,n), where n is a nonnegative integer
and

¢p: X --+» k"

is an invertible local map. More verbosely, this means that a topological chart
is a triple (U, ¢, n), where n is a nonnegative integer, U is an open subset of X
and ¢ : U — k™ is a continuous map for which ¢(U) is open and ¢ : U — ¢(U)
is a homeomorphism onto its image.

6.2 Manifolds

For us, an n-manifold (over the field k) is a triple (M, n, A), often abbreviated
simply as M when the data n, A are understood by context, where:

1. M is a topological space (which we assume to be Hausdorff and second-
countable, hence metrizable),

2. n is a nonnegative integer,

3. A is an maximal smooth atlas, that is to say, a collection of topological
charts ¢ : M --» k™ whose domains cover M and which are smoothly
compatible in the sense that for each pair ¢, of charts in A, the compo-
sitions

po ol ik s K

are smooth on their respective domains of definition. “Maximal” means
that A contains every chart on M that is compatible with every chart in
A. By a smooth chart on M we then mean an element of A.

A manifold is an n-manifold M for some n, which is called the dimension of M
and denoted n = dim(M).

Example 4. An open subset subset M of k™ is a n-manifold if we take for A the
set of all charts ¢ : M --» k"™ which are smooth and have smooth inverses in the
ordinary sense of In particular, k™ is an n-manifold. More generally, any
open subset U of an n-manifold M has the natural structure of an n-manifold:
if A is a maximal smooth atlas on M, then {¢ € A : dom(¢) C U} is a maximal
smooth atlas on U.

Remark 5.

1. One could also work with manifolds having multiple components of varying
dimension, but we will not have occasion to do so.

2. One can show that the dimension of a manifold is determined by its topo-
logical structure, making the inclusion of n in the definition redundant,
but this fact is not important for our purposes.
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6.3 Smooth maps

Given manifolds M, N, a local map f: M --» k is smooth if it is smooth with
respect to every pair of charts ¢ : M --» k™, ¢p : N --» K" in the sense that
the composition
-1
k™ ., M N N—w—-) k"
is smooth in the sense of §5.2l When M, N are open subsets of Euclidean space,
this notion generalizes the earlier one.

6.4 Coordinate systems

Let M be an m-manifold and let p € M be a point. By a coordinate system for
M at p, or more simply a coordinate system at p or local coordinates at p when
the ambient manifold M is clear from context, we shall mean a tuple of smooth
maps x1i,...,&Tm : M --+ k arising as the components of a smooth chart ¢ =
(z1,...,Tm) : M --» K™ on M defined at p. Such a coordinate system allows
us to identify points x € M near p with tuples © = (z1,...,2,,) and smooth
functions f : M --» k defined near p with smooth functions f(z1,...,%m,) of
the local coordinates z1, ..., ;. In particular, it makes sense to define partial
derivatives 0f/0z; € k in this setting. For example, if M is an open subset
of k™, then the standard coordinate functions z1,...,2,, : M — k form a
coordinate system at every point p € M.

Given an m-manifold M, an n-manifold N, a smooth map f : M --» N
and a point p € M at which f is defined, one can choose local coordinates
X1y... Ty at p and y1,...,y, at f(p). With respect to such coordinates, the
smooth map f identifies with a smooth map (f1,..., fn) : kK™ --» k" defined
at (z1(p),...,xm(p)) and T, f identifies with the matrix of partial derivatives
0f;/0x; as in §5.2

6.5 Tangent spaces

Let M be an open subset of k™. A curve on M is a smooth map v :k --» M
whose domain is connected and contains 0; the point p := v(0) € M is referred
to as its basepoint and the vector v := +/(0) € k™ as its initial velocity. Given
an open subset N C k™ and a smooth map f : M — N, the composition
fov:k--» N is then a curve on N with basepoint f(p); thanks to the chain
rule, its initial velocity is the image (f o )'(0) = (T, f)v of that of the original
curve v under the derivative of the map f at the basepoint of the original curve.

Remark 6. Observe also that for each point p € M and vector v € k™ there
exists a curve v with basepoint p and initial velocity v; for example, one can set
~(t) := p + tv and take for the domain of v any sufficiently small neighborhood
of 0.

We now recall the generalization of the above notion to an arbitrary n-
manifold M:
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Definition 7. Let M be a manifold. A curve on M is defined as above to be
a smooth map v : k --+ M whose domain is connected and contains 0.

We continue to refer to the point p := v(0) € M as the basepoint of v. If
one now ponders how to define “the initial velocity 7/(0)” (e.g., to which space
should it belong?), one is eventually led to introduce the tangent space T, M to
the manifold M at the point p. To motivate the definition, note first that for
any smooth chart ¢ : M --+ K™ defined at p, the composition ¢ o~y : k --» k™
is (after suitably shrinking its domain so as to be connected) a curve on k™ with
basepoint ¢(p) and initial velocity

vy = (¢07)(0) (38)

in the Euclidean sense defined previously. Moreover, for any other smooth chart
¥ : M --» k™ defined at p, we can use the chain rule in the form

To(oy) =To(og  opor) =Ty (Wod ") oTs(pory)

to read off the initial velocity vy of the curve v o vy from that of ¢ o ~:

vy = Ty (0 0 6™ H)vg. (39)
This observation suggests the following definition:

Definition 8. The tangent space T,M to M at p is the set of all tuples v =
(vp)p, Where ¢ traverses the set of smooth charts defined at p and the vy are
elements of k™ satisfying the consistency condition .

Since the consistency condition is linear, it is clear that 7,M is a vector
space. We can also now define, for each curve v on M with basepoint p = v(0),
the initial velocity of v to be the vector v/(0) € T, M given by v = (v4)4, where
the components v, are as in (38). We have moreover the following:

Lemma 9. For any smooth chart x on M defined at p, the map v — v, defines
a linear isomorphism T,M = Kk". In particular, dim T, M = dim M.

Proof. The consistency condition implies that v is determined by any one of
its components v,,, so the map in question is clearly injective. Conversely, given
any element u € k™, we may define a tuple v = (vg)g by the rule vy := T\ ) (¢ o
X~ Hu. An application of the chain rule to the composition (o ¢~1)o(pox™!)
implies for any smooth charts ¢, defined at p that is satisfied, and so v
belongs to T, M. Since v, = u and u was arbitrary, we deduce that the map in
question is surjective. 0

Example 10. If M is an open subset of k™, then the inclusion ¢ : M — k™
is a smooth chart defined at all points of M, and the lemma gives a natural
identification T,M = k™ for all p € M. The two senses in which we have
defined the initial velocity 7/(0) of a curve v on M with basepoint p (first as
the ordinary derivative %~(t)|,—o, then later as a tuple (v4)y) are compatible
under this identification.

96



Remark 11. A more customary definition is that 7, M is the space of equiv-
alence classes [y] of curves v on M with basepoint p, with two curves 71,72
declared equivalent precisely when (¢ o v1)'(0) = (¢ o 72)(0) for all charts ¢
on M defined at p. That definition is isomorphic to the one we’ve used. An
isomorphism from the former to the latter may be given by [y] — (vg)e with

Uy as in ; this map is well-defined by , injective by definition of the
equivalence relation defining [y], and surjective by Lemma |§| and Remark @

6.6 Derivatives

Given a smooth map f : M --+ N of manifolds a point p € M at which f is
defined, a chart ¢ : M --» k™ at p and a chart ¢ : N --» k™ at f(p), we can
form the smooth map

f¢'l/1 ::wofoqﬁ*l k™ -5 k"

and consider its total derivative in the sense of §5.2] which is a linear map

Ty(p)(fow) - K™ --> K™
We can piece these linear maps together to form a linear map
Tpf : TpM — Tf(p)N,
called the derivative of f, by setting, for v = (vy)y € T,M,

(Tpf(0))y = To) (fow)ve- (40)
An application of the chain rule confirms that the RHS of is independent of
¢ and that the the tuple T}, f(v) defined componentwise above actually belongs

to Ty(,)N; moreover, for a composition L L M N N defined at a point
p € L, one has again

Tp(f © g) = Tg(p)f © Tpg' (41)
Remark 12.
L. If M C k™, N C k" are open and we identify T),M = k™ Ty, )N = k",

then the derivative T),f : T,M — Ty, N defined just now identifies the
derivative T}, f : k™ — k" as in

2. If M is an n-manifold, p € M is a point, and ¢ is a chart on M at p, then
the map Ty : T, M — Ty, k™ = k™ is just the projection v — v.

3. If we had instead defined tangent spaces using equivalence classes of smooth
curves as in Remark [T} then the definition of the derivative of f would
look like: for a curve vy on M with basepoint p and equivalence class [7],

T, f([7]) = [f oAl

As noted earlier in the Euclidean case, one has the following identity of
elements of T, N:

(Tpf)7'(0) = (f 2 7)'(0).
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It is occasionally notationally cumbersome to refer explicitly to the basepoint
p in the total derivative T}, f : T,M — T}, N; when that is the case, we might
denote the latter as simply

df : TpM — Tf(p)]V7

with the point p understood by context as the domain of any vector v to which

we apply df. To illustrate, consider a composition of smooth maps of manifolds
o: KL% ML N,

For a point p € K and a tangent vector v € T}, K, the chain rule gives the

slightly unwieldly formula

Tpd(v) = Ty(h(p)) [ (Thp9(Tph(v)))

which we abbreviate to simply
do(v) = df (dg(dh(v))).

6.7 Jacobians

Given an n-dimensional vector space V', we denote by det(V') := A™V its highest
wedge power. It is a one-dimensional vector space. Given a pair V,W of n-
dimensional vector spaces and a linear map f : V — W, one obtains an induced
map det(f) : det(V) — det(W). If W =V, then det(f) : det(V) — det(V) acts
on the one-dimensional space det(V') via multiplication by the determinant of
f in the sense of a first course on linear algebra.

In particular, given a manifold M, we obtain for each point p € M a one-
dimensional vector space det T, M. Given a pair of manifolds M, N of the same
dimension, a smooth map f : M --» N between them, and a point p at which f
is defined, we obtain a linear map det (7}, f) : det(T,M) — det(Ts(,)N) between
one-dimensional spaces, called the Jacobian determinant of f. In the special
case that M, N are open subsets of k™, we may identify T}, M, T, N with k"
and the Jacobian determinant with the linear map det(k™) — det(k™) given by
multiplication by the determinant of the Jacobian matrix describing the total
derivative T), f : k™ — k™. In general, one has det(T}, f) # 0 if and only if T), f
is a linear isomorphism.

6.8 Inverse function theorem

We record the generalization of what was given earlier in the Euclidean case.

Definition 13. A smooth map f: M --+ N between n-manifolds is said to be
a local diffeomorphism at a point p € M if f is equivalent to an invertible local
map defined at p with smooth inverse, or more verbosely, if there is an open
neighborhood U of p in the domain of f so that f(U) is open and the induced
map f : U — f(U) is a diffeomorphism. In that case, there are coordinate
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systems z1,...,2, on M at pand y = (y1,...,yn) on N at f(p) with respect to
which p is the origin and so that f is given near p in these coordinates by the
identity map f: (z1,...,2n) — (T1,...,Ty).

For example, if M is an n-manifold, then a map f : M --» k™ is a local
diffeomorphism at p if and only if it is equivalent to a smooth chart at p.

Theorem 14. Let f : M — N be a smooth map of manifolds of the same
dimension. The following are equivalent:

1. Tpf : TyM — Ty N is a linear isomorphism of vector spaces, or equiva-
lently, has nonzero Jacobian determinant det(T,f).

2. f is a local diffeomorphism near p.

The problem is local, so it suffices to consider the case that M, N are open
subsets k™, in which case the theorem reduces to special case given above in
$4

Here is a particularly useful consequence:

Corollary 15. Let M be an n-manifold and p € M. Let ¢ : M --+ K™ be a
smooth map defined at p. Suppose that det(T,¢) # 0. Then ¢ is equivalent to a
smooth chart on M at p; in other words, there is a neighborhood p € U C M so
that if we write ¢ly = (x1,...,x,) for some component functions z; : U — k,
then x1,...,x, defines a coordinate system at p.

6.9 Local linearization of smooth maps
6.9.1 Linear maps in terms of coordinates

Suppose given an m-dimensional vector space V an n-dimensional vector W
and a linear map f : V — W between them. Recall that the rank of f is the
dimension of its image, or equivalently, the codimension of its kernel. Denote by

k the rank of f. Then £ < m and k < n. One can always find bases e1, ..., e,
of V and e1,...,&, of W so that f(}", z,e;) = Zle z;€;; in coordinates, f
takes the form (z1,...,z,) — (21,...,2,0,...,0).

6.9.2 The constant rank theorem

Suppose now given an m-manifold M, an n-manifold N, a smooth map f :
M --+ N and a point p in the domain of f.

Definition 16. We say that f is linearizable at p if there are local coordinates
at p with respect to which f is given by a linear map. The rank of f at p is
then the rank of that linear map.

Since any linear map is its own derivative, the rank of f at p is the same
as the rank of T, f. Denoting that rank by k (necessarily k£ < min(m,n)), one
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can find local coordinates z1,...,z,, at p and y1,...,y, at f(p), putting both
p and f(p) at the origin, so that f is given in the particularly concrete form

fi(x,...,zm) — (21,...,2,0,...,0).

Since a linear map has constant rank, an obvious necessary condition for f to
be linearizable is the following:

Definition 17. We say that f has constant rank at p if the rank of T, f takes
some constant value in a neighborhood of p.

In fact, the two conditions are equivalent:
Theorem 18. f is linearizable at p if and only if f has constant rank at p.

Proof. The interesting direction (showing that if f has constant rank, then it
is linearizable) reduces to the rank theorem from multivariable calculus, whose
proof is similar to that of the implicit function theorem given in O

6.9.3 The case of maximal rank

Given f : M --» N as above, the function x — rank(T, f) is lower semicon-
tinuous, i.e., has the property that {z : rank(T, f) > k} is open for all k. This
is because the condition rank(7, f) > k is detected by the nonvanishing of any
k x k minor, which is an open condition. In other words, as x varies, the rank
can only “jump” downwards.

The quantity ko := min(m, n) is the largest possible value for the rank of f
at any point, i.e., one has rank(T, f) < ko for all z. It follows from the lower
semicontinuity noted above that the set {x : rank(7, f) = ko} of points at which
f attains its maximal rank is open: if f has rank kg at some point at some p, it
automatically has rank kg in some small neighborhood of p. This observation
motivates the utility of the following definition:

Definition 19. For m > n, we say that f is submersive at p if it satisfies any
of the following equivalent conditions:

1. rank(T, f) = n.
2. T, f is surjective.
3. dimker(T,f) =m —n.

For m < n, we say that f is immersive at p if it satisfies any of the following
equivalent conditions:

1. rank(T,f) = m.
2. T, f is injective.

3. dimcoker(T, f) = n — m, where coker(T), f) := Ty, N/ image(T), f).
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We say that f is a submersion (resp. immersion) if it is submersive (resp.
immersive) at all points p.

Theorem 20. Suppose f: M --» N as above is submersive at p. Then there
are coordinate systems at p with respect to which f is given by a surjective

linear map. For instance, there are coordinate systems xy,...,%y, on M at p
and y1,...,yn on N at f(p), putting both p and f(p) at the origin, so that f is
given by f:(x1,...,&m) = (T1,...,Zn).

Proof. The statement is local, and reduces to that of O

Theorem 21. If f as above is immersive at p, then there are coordinate sys-
tems at p with respect to which f is given by an injective linear map. For
instance, there are coordinates x1,...,T,m on M at p and y1,...,yn on N at
f(p), putting both p and f(p) at the origin, so that [ is given by (x1,...,Tm) —
(1,..,Tm,0,...,0).

Proof. This reduces to a local statement which can be proved as in §5.5] using
the inverse function theorem. O

Corollary 22. Let K be a k-manifold, let g : K --+ M be a continuous map,
and let f: M --» N be an immersion whose domain contains the image of g.
Suppose that the composition

K2 vl N

is smooth. Then g is smooth.

Proof. Smoothness can be checked locally, so we may suppose that K is an
open subset of k*. By the local description of f given the previous result, we
may assume that N = k™ and M = k™ = k™ x {0} C k™. We are then
given a continuous map kF L5 k™ with the property that the composition
Kk L5 k™ < k" is smooth (i.e., all partials exist). We want to deduce that
k* L5 k™ is smooth (i.e., all partials exist). What we want follows immediately
from the definition. O

6.10 Submanifolds

Subrnanifoldsﬂ are subsets of manifolds that look like vector subspaces up to a
local diffeomorphism. More precisely:

Definition 23. Given an n-manifold M, a subset S of M is said to be a d-
dimensional submanifold if for each p € S, there is a smooth chart ¢ : M --» k"
at p so that ¢(S) = ¢(M) Nk? x {0} C k" (as defined in ; said another
way, there is a coordinate system z1,...,z, on M at p with respect to which S
is given near p by the equation z44; =--- =2, =0.

2 What we call submanifold might normally be more verbosely called smooth submanifold.

61



The appropriateness of the term “submanifold” requires some justification:

Theorem 24. Let S be a d-dimensional submanifold of an n-manifold M, re-
garded as a topological space with the induced topology. Then S possess a unique
structure of a smooth d-manifold (i.e., a unique mazimal smooth atlas) for which
the inclusion map v : S — M is immersive.

Proof. The uniqueness follows from Corollary if A1, Ay are two maximal
smooth atlases on S with the property that (S,d, A1) and (S,d, As) are d-
manifolds for which ¢ is immersive, then each of the inclusions (5, d, A;) < M is
smooth, so by Corollary[22] the identity maps (S, d, A1) — (S,d, A2), (S,d, As) —
(S,d,A;) are smooth two-sided inverses of each other; this shows that any
smooth chart for A; is also a smooth chart for A5, and vice-versa, so we may
conclude by the maximality of A; and As that they coincide. For the existence,
we can use the local coordinates afforded by the definition of “submanifold”
to define for each p € S a smooth atlas A, in some neighborhood U of p for
which U < M is an immersion; as p varies, the atlases A4, are compatible with
one another thanks to the uniqueness assertion shown before, hence their union
extends to a maximal smooth atlas on S with the required property. O

By Corollary 22] we immediately obtain:

Proposition 25. Let f : M — N be a smooth map of manifolds whose image
s contained in some submanifold S C N. Then the induced map f: M — S is
also smooth.

Remark 26. A submanifold need not be open (think k! < k?) and need not be
closed (think (0,1) < R), but is always locally closed in the following equivalent
senses (as follows immediately from its local description):

1. S is open in its closure in M.
2. S is the intersection of a closed subset of M and an open subset of M.

3. For each p € S there is an open neighborhood p € U C M so that SNU
is closed in U.

Exercise 1. Let S, M be manifolds and let ¢ : S — M be an injective immersion
with the property:

e for each x € M and each open x € U; C M, there exists an open x € U C
U; C M so that the open subset :=1(U) of S is connected.

Show that ¢(S) is a submanifold of M and that ¢ is a diffeomorphism onto its
image.
6.11 A criterion for being a submanifold

In this section we record a handy criterion for determining when a subset is
actually a submanifold. It amounts to the implicit function theorem from mul-
tivariable calculus.
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Proposition 27. Suppose given an n-manifold M and a natural number d < n.
Let S C M be a subset with the property that for each p € S there are m :==n—d
smooth functions fy,..., fm : M --» k, defined at p, so that

1. S is given near p by the equation f1 =--- = f, =0 (cf. , and
2. (fiy---s fm): M --> K™ is submersive at p.
Then S is a d-dimensional submanifold of M .

Proof. This is immediate from the local description of submersive maps given
in 93 0
Remark 28. The proposition is not an “if and only if.” For example, consider
S := {0} € M :=k. Clearly S is a 0-dimensional submanifold. On the other
hand, one can (unwisely) define S inside M by the equation f; = 0, where

f1(x) := 2. For this choice, the hypotheses of Proposition [27| fail because f; is
not submersive at 0: its derivative 2z vanishes there.

6.12 Computing tangent spaces of submanifolds

Let M be an n-manifold and S € M a d-dimensional submanifold. For each p €
S, the tangent space T},S then identifies with a d-dimensional vector subspace of
the n-dimensional vector space T, M. The following is computationally helpful:

Proposition 29. Suppose S is given nearp € S by a system of smooth equations

fi=-=fm =0, (42)

where m:=n —d and f:= (f1,..., fm): M --+ k™ is defined and submersive
at p. Then T,(S) coincides with the space ker(T,f) of solutions to the system
of linear equations obtained by differentiating . Thus in local coordinates
T1y..., Ty aL D,

— f;
8xj

T,(S) =< (dzy,...,dz,) € kK" : (p)dz; =0 fori=1.m p . (43)

=1

Proof. This is again immediate from the local description of submersive maps.
O

6.13 Summary of how to work with submanifolds

Let M be an n-manifold and S a subset that one expects is a d-dimensional
submanifold. Let’s take a moment to explain how in practice one goes about
verifying this and computing tangent spaces. First of all, the problem is local,
so for each point p € S, one fixes local coordinates z1,...,z, for M at p. (If M
is an open subset of k™, then one can just use the default global coordinates.)
Next, one expresses S near p as the solution set of some smooth system f; =
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-o+ = fm = 0, where m := n — d. Next, one computes by hand the space V of
solutions to the system of linear equations arising in (43)). If it happens that
dim (V') = d, then it follows from Propositions [27|and at dimker(T, f) = d,
hence that T},f is surjective, i.e., that f is submersive at p, hence that S is a
d-dimensional submanifold and that 7,,S = V' as subspaces of T, M = k".

Example 30. Let M = R? and
S = {(z,y,2) € M : 2* +y* + 2* = 1}.

Thus S is defined by f = 0, where f(z,y, z) := 22 +y? + 22 — 1. The derivative
of f at a point (z,y,z) € S is the linear map T\, , .)f : R* — R given by

Tizy,) f(dx,dy,dz) = 2z dx + 2y dy + 2z dz.

Since at least one of x,y, z is nonzero, we see that T, , »)f is surjective, hence
that f is submersive at all points of S. Therefore S is a submanifold. Its tangent
space is given at a point (z,y,z) € S by

Tioy,2)S = {(dz,dy,dz) € R* : 2z dx + 2y dy + 2z dz = 0},

which is a translate of (as expected) the plane tangent to S at (x,y, z) in the
familiar geometric sense.

7 Some review of differential equations

The following results will be needed only briefly in the course; we record them
here as a reference for completeness.

Suppose given a continuous map f : k x k™ --» k", with the first coordi-
nate regarded as the “time” variable, the second as the “position” variable, and
elements of the range as “velocities.” We suppose given an initial time ty, € k
and an initial position yo € k™ for which (of course) (tg,y0) € dom(f), and con-
sider the existence and uniqueness problem for the linear ordinary differential
equation (ODE)

y(to) =wo, y'(t) = f(t,y(t)) for all t € U. (44)

Example 31. If n = 1 and f(¢t,y) := y and (to,%0) := (0,1), then we are
considering the problem y(0) = 1,y'(t) = y(t), for which it is well-known that
the unique solution is the exponential map y(t) := exp(t) = >, t"/nl.

Theorem 32 (Uniqueness). Assume that f is uniformly Lipschitz in the second
variable:

[f(t,y) — [t 2)| < Cly — =].

Then for any convex open setT" containing to, there is at most one continuously
differentiable y : T — k™ satisfying .
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Proof. Tf y(t), z(t) are two solutions to defined on U, then their difference
w(t) := y(t) — z(t) satisfies w(ty) = 0 and
w'(6) = £t (1) = f(t,2()] < Cly(t) — 2(t)] = Clw(t)].

Our aim is to show that the vanishing set 2 := {¢ € T': w(t) = 0} is in fact all of
T. Since 2 is nonempty (it contains ¢y) and closed (w is continuous) and since T’
is connected, it will suffice to verify € is open. The mean value theorem implies
that for each each tq,t5 € T there is some t on the line segment connecting ¢;
and t so that

w(ty) = w(tz)] < [w'()] [t — to] < Clw(®)] - [t — ta]. (45)

We apply with ¢, € Q (so that w(t;) = 0) and with ¢ in a closed ball
B C T with origin ¢; and radius at most 1/(2C) to obtain |w(t2)| < (1/2)M with
M := maxsep |w(t)]. Since ty € B was arbitrary, it follows that M < (1/2)M,
hence that M = 0, hence that B C €, hence that € is open at t1, as required. [

Theorem 33 (Existence). There exists an open ball T with origin ty and a
continuously differentiable solution y : T — k™ to . If f is smooth, then so

18 Y.

Proof. Let T} be a ball with origin ¢ty and let Y be a ball with origin yo so that
f is defined on T7 x Y. Let T be a ball with origin ¢ so that

radius(7T') - max |f| < radius(Y).
T1 XY
We will show that a solution y exists with domain T'. To that end, let € > 0 be
small. Define as follows a function y. : T'— Y C k™:

1. Set
Y:(0) == yo. (46)

2. Define y. on integral multiples ne € T' of € inductively by requiring that
Y=((n 4 1)e) = ye(ne) + e f (ne, y(ne)). (47)

This makes sense: our construction of 7' implies that y(ne) € Y for all
ne € T. (This is the “Euler method” for solving ODEs.)

3. Define y.(t) for general ¢ € T by rounding ¢ to the nearest integral multiple
ne € T of € and setting y.(t) := y-(ne).

Using the elementary consequences
ye(t) <1
and

9= (t) — y=(s)| < [t = 8| + 0=50(1)
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of the construction of y. and arguing as in the proof of Arzeli-Ascoli, we obtain
a sequence £; — 0 and a bounded Lipschitz function y : 7' — Y (given by the
uniform limit y(t) = lim; o ¥, (¢)) satisfying y(0) = yo and, for all ¢1,t, € T
with tl S tQ,

y(t2) —y(t) = Jlggo Ye, (t2) — e, (t1)

= lim Z ij(nfj’yej(nfj))

j —00
J neZ:

n&‘je[tl,tz]

= lim ef(ne,y(ne))

e—0
neZ:
ne€ti,ta]

- / CF(t () dt.

By the fundamental theorem of calculus, we conclude that y is differentiable
and satisfies (44]). Note finally that if f is smooth, then iterated application of
the differential equation implies that y is also smooth. O

Example 34. A simple (and well-known) example illustrating the necessity
of taking T' sufficiently small is when f : k x k? — k? is given by f(t,z) :=
(22, m122); for yo = (u,v) € k? with u # 0 and ¢y := 0, the unique solution y to
is given for ¢ in a neighborhood of ¢y by

y(t) = (

U v
1—tu’1—tu

);

which blows up as t — 1/u.

We finally discuss the dependence of the solution y under “smooth deforma-
tion of parameters” in the initial condition or the differential equation.

Theorem 35 (Smooth dependence of solutions). Let IT be an open subset of
some Fuclidean space. Let

fikxk"xII--» kK"

yo : IT --» k"

be smooth. Suppose given an initial time ty € k and initial parameter my € Il so
that yo is defined at o and f is defined at (to,yo(mo), o). Then there exist open
balls T C k with origin tg and Iy C I with origin my and a smooth solution
y: T xIlg — k™ to the differential equation

O yltm) = F(ty(t, ), ). (19)

Proof. Arguing as in the proof of Theorem [33] and using only the continuity of
f, we may choose 7,1 as above and a ball Y C k™ so that
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1. f is defined on a neighborhood of some compact set containing T'x Y x I,
2. yo is defined on Iy, and

3. for each m € Ilp, the ball in k™ with origin yo(7) and radius R, where
R :=radius(T) - maxr, xy x11, | f|, is contained in a compact subset of the
interior of Y.

Running through the proof of Theorem [33] we obtain a function y : Y xII = Y
that is smooth in the first variable and satisfies . We now verify that y is
smooth in the second variable. By a compactness argument, it will suffice (after
possibly shrinking Iy a bit) to verify that each 71 € Il is contained in a small
ball IT; C Iy on which y is smooth. To that end, fix d > 1 and consider for
7w € II; the Taylor series

yo(r) = > (m —m) g™ (m1) + O(|m — mi )+,

a<|d|
f(t7y77r) = Z (7‘(’ - Wl)af(a) (tayaﬂ—l) + O(|7T - 7T1|)d+1'
a<|d|

The errors are uniform thanks to the property (1) of f. Running through
the proof of Theorem |33| and staring at and for a bit, we obtain an
expansion

y(t,m) = > (m—m)°y ) (t,m) + O(|m — m|)*1.

a<|d]

Thus y is smooth in the second variable. By iterating the differential equation
we conclude that y is jointly smooth in both variables. O

8 Some review of group theory

8.1 Basic definition
Recall that a group is a tuple (G, m, 1, e), often abbreviated simply by G, where
1. G is a set,

2. m: Gx G — G is a map called multiplication and abbreviated zy :=
m(z,y),

3. i: G — G is a map called inversion and abbreviated =1 := i(z), and
4. e € G is an element called the identity element

and so that the usual axioms of group theory are satisfied; we do not recall them
here. For example, the associativity axiom reads m(x, m(y, z)) = m(m(z,y), 2).
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8.2 Permutation groups

One of the first examples of groups encountered in a basic course is the sym-
metric group S(n). More generally, one considers for any set X the per-
mutation group Perm(X), defined to consist of bijections ¢ : X — X and
with the group law given by composition: ¢109 := o1 o0 g2. For example,
S(n) = Perm({1,...,n}).

A particularly concrete class of groups are the subgroups of the form G <
Perm(X) for some set X. Cayley’s theorem asserts that every group is isomor-
phic to one of this form: indeed, one can take X = G and define G < Perm(G)
via g — [ — gz]. Moreover, if G is finite, then one can take X to be finite.

8.3 Topological groups

One reason to phrase the definition in the above way is that it places the em-
phasis on the maps m,i. By equipping G with some additional structure and
then requiring that those maps respect such structure, one obtains interesting
classes of groups. For example:

Definition 36. A topological group is defined to be a group G = (G, m,i,¢e)
equipped with the structure of a topological space and for which the maps m, i
are continuous. A morphism of topological groups f : G — H is a continuous
group homomorphism. An action of a topological group G on a Hausdorff
topological space X is a continuous map « : G x X — X with the property
that a(e,z) = z and a(g1g2,z) = a(g1,a(ge,x)); one typically abbreviates

gz == a(g, ).
This definition is simple, but already fairly rich:

Exercise 2. Let X be a topological space. Let G C X be a topological group
that is also a subspace of X, equipped with the induced topology. Suppose there
is an open U C X for which e € U C GG, where e denotes the identity element
of G. Show that G is open in X.

Exercise 3. Let G be a topological group. Let H < G be a subgroup. Suppose
that H is locally closed in G in the sense that there is a neighborhood U C G of
the identity with the property that H NU is closed in U. Show that H is closed
in G.

Exercise 4. Let G be a topological group, and H < G an open subgroup. Show
that H is closed.

Exercise 5. Let G be a connected topological group, and let U be a neighbor-
hood of the identity. Show that U generates G.

Exercise 6. Let G be a topological group, and let H < G be a subgroup. Equip
the set G/H with the quotient topology. Show that the following are equivalent:

1. H is closed.
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2. G/H is Hausdorff.

[Hint: If H is closed, show first that for each g € G — H there is a neighborhood
U of the identity in G so that U='gU N H = (.|

Exercise 7. Let G be locally compact topological group, let g € G, and let
V' C G be a neighborhood of g. Show that there is an open neighborhood U C G
of e so that

1. U is compact,
2. U=U"1,
3. Ug CV for all n <100, and
4. gU™ C V for all n < 100.
Here U™ := {uy -+t : U1, ..., un € U}

Exercise 8. Let G be a second countable topological group. Let U C G be a
subset with nonempty interior. Show that there is a sequence g, € G so that
G =UUg, = Ug,U.

Exercise 9. Let G be a topological group, let X be a Hausdorff topological
space, and suppose given a transitive action of G on X. Let U be a compact
subset of GG, and let x € X. Show that Uz is closed.

Exercise 10. Say that a topological space X is countable at infinity if X can
be written as a countalbe union of compact subsets.

Show that if X is locally compact and second-countable, then X is countable
at infinity.

Exercise 11. Let G be a topological group, let X be a Hausdorff topological
space, and suppose given a transitive action of G on X. Let x € X. Show that
the stabilizer H := {g € G : gz = z} is a closed subgroup of G. Suppose that

1. G is locally compact and is countable at infinity, and
2. X is locally compact.

Show that the map 7 : G/H — X given by 7w(g) := gz is a homeomorphism.
[It suffices to show that 7 is open. Use some of the previous exercises together
with the following variant of the Baire category theorem: if a locally compact
topological space E is a countable union of closed subsets F,, then some F,
has nonempty interior.]
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9 Some review of functional analysis

9.1 Definitions and elementary properties of operators on
Hilbert spaces

Definition 37. Recall that an operator on a Hilbert space (real or complex) V
is a linear map T : V' — V. It is bounded if sup,cy .|, =1 |77 < oo, self-adjoint
if (Tx,y) = (x,Ty) for all x;y € V, and compact if Tz, has a convergent
subsequence whenever x,, is a bounded sequence in V. An eigenvector of T
is a nonzero element v € V for which Tv = Av for some scalar A, called the
etgenvalue.

Lemma 38. Let T be a self-adjoint operator on a Hilbert space V.
1. The eigenvalues of T are real.
2. The eigenspaces of T are orthogonal to one another.

8. If T acts on a subspace U of V', then it acts also on the orthogonal com-
plement U+.

Proof.
1. If Tu = Au, then Mu,u) = (Tu,u) = {(u, Tu) = (Tu,u) = MNu,u).
2. If moreover Tv = Mo, then Au,v) = (Tu,v) = (u,Tv) = N{u,v), and so
either X = X or (u,v) = 0.
3. Suppose Tu € U for all uw € U. Let v € U*. For v € U, we have Tu € U,
and so (Tw,u) = (v,Tu) = 0. Thus Tw € U+.
O

9.2 Compact self-adjoint operators on nonzero Hilbert spaces
have eigenvectors

Theorem 39. Let V be a nonzero Hilbert space. Let T be a compact self-adjoint
operator on V. Then T has an eigenvector.

The basic idea of the proof can seen most transparently when V is a finite-
dimensional real Hilbert space: if x is an element of the unit sphere in V at
which (Tz,z) assumes a local maximum, then the first derivative test implies
that for any v orthogonal to z,

0= die<T(x + ),z +v))|c=0 = (Tv,z) + (Tx,v) = 2(Tz,v).

It follows that Tz € (z1)+ = Rz, and so z is the required eigenvector.
To adapt the argument to the infinite-dimensional case, we replace the role
of differential calculus with some artful application of the parallelogram law

ATz, y) = (T(x+y),z+y — (T(x—-y),z-y).

One of the steps en route to the solution is of independent interest:
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Lemma 40. Let T be a self-adjoint operator on a Hilbert space V.. Then

sup  [(Tw,x)| = sup  [(Tz,y)l
z€V:|z|=1 @y |w|=[y|=1

Proof. Denote by M the LHS and by M’ the RHS. Clearly M < M’. Conversely,
for 2,y € V with |z| = |y| = 1 and § € C™V) chosen so that (Tz,fy) is real, the
parallelogram law applied to x and Oy gives

40(Tx, y) = (T(z + Oy),z + Oy) — (T'(z — Oy), = — Oy).
From this it follows that M’ < M. O

Proof of Theorem[39 Since T is compact, it is bounded, and so the quantity

M:= sup [Tz, x)
z€V:|z|=1

is finite. If M = 0, then the self-adjointness of T' and the parallelogram law
applied to x € V' and y := T'x implies that

A T)* = (T(x +y),z +y) — (T(x —y),z —y) =0,

so T is the zero operator and any nonzero element of V' is an eigenvector. We
turn to the remaining case M # 0. Recall from the lemma that M coincides
with the operator norm sup, .. ,=|y|=1 (I, y)|. There is thus a nonzero real
number A = £M and a sequence of unit vectors x,, so that

(TTp,xn) = A
(T, Tx,) < N2
It follows then from the identity
|Txn — Atnl|? = (T2, Tan) — 20Ty, 1) 4+ A2

that
Tz, — Az, — 0. (49)

Since T is compact, the sequence Tz, has a subsequential limit y. By , one
has |y| = |A|, hence y ¢ 0. By applying T to (49), one obtains Ty = Ay. Thus
y is the required eigenvector of T'. O

Remark 41. A self-adjoint operator on a Hilbert space need not have any
eigenvectors; consider f(z) — zf(x) on L2([0, 1]). In this sense, the compactness
assumption is necessary.
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9.3 Spectral theorem for compact self-adjoint operators
on a Hilbert space

Theorem 42. Let T be a compact self-adjoint operator on a Hilbert space V .
For A € R, denote by V\ < V the A-eigenspace of T. Then V is the Hilbert
space orthogonal direct sum

V =@\Vy (50)

of its kernel Vo = ker(T) and its eigenspaces Vy with nonzero eigenvalue A.
Moreover, for any € > 0,

dim(By;a> Vi) < o0 (51)

Proof. The orthogonal complement of @,V is T-stable and contains no eigen-
vectors for T'; by Lemma it is the zero space, giving .

For each € > 0, the space @ z|>. V) admits an orthonormal basis of eigen-
vectors for T with eigenvalues of magnitude at least ¢; if that basis were to
contain an infinite sequence, then the image of that sequence under T" would
have no convergent subsequence, contradicting the compactness of T'. This es-

tablishes . O

9.4 Basics on matrix coefficients

9.5 Finite functions on a compact group are dense

Let G be a compact topological group. Let 4 denote the probability Haar mea-
sure on G. We may define L?(G) with respect to u. Denote by U(L%*(G)) the
group of unitary operators on L?(G). We then have the right regular represen-
tation R : G — U(L?(Q)) given by

R(g)f(x) := [f(zg)

as well as the left regular representation L : G — U(L?(G)) given by

L(g)f(x) := f(g~'a).
We may extend the latter map linearly to L : L'(G) — End(L?(G)) given for
¢ € L*(G) by
L(¢)f(x) := ¢(9)f(g~ ).

geG

Lemma 43. Let f € L?(G). If the span of the right translates of f is finite-
dimensional, then so is the span of its left translates, and vice-versa.

Proof. Let f1,..., fn be an orthonormal basis for the span of the right translates
of f. Then for each g € G there are complex coefficients a1 (g), . .., an(g) so that
for all z € G,

R(g)f(z) = f(zg) = Y ai(g)fi(x).

)
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Explicitly, we may take a; := (R(g)f, fi), which defines a bounded function and
thus an element a; € L?(G). It follows that

L(g)f(z) = f(g~'a) = Zfi(g‘l)ai(x)»

thus the a; span the space of left translates of f. O

Definition 44. We say that an element f € L?(G) is finite if the span of its
left and right translates under G is finite-dimensional. Denote by L?(G)g, the
space of finite functions. (Lemma says that to check that a given function
is finite, it suffices to show either that its left translates or its right translates
have finite span.)

The main result of this subsection is as follows.

Theorem 45. Let G be a compact group. Then the finite elements of L?(G)
are dense.

The proof requires a couple lemmas.

Lemma 46. Set V := L*(G). For each v € V and € > 0 there exists a real-
valued symmetric ¢ € C.(G) so that | L(¢)v —v| < €.

Proof. By the continuity of the representation L, one has for all g in some small
neighborhood U of the identity in G that ||L(g)v — v|| < e. We may assume
after shrinking U as necessary that U = U~!. By Urysohn’s lemma, there exists
a real-valued ¢ € C.(U) C C.(G) with u(¢) = 1. For such a ¢, the required
estimate follows from the triangle inequality. We can easily arrange that ¢ be
symmetric by averaging it with the function x — ¢(x~1). O

Lemma 47. Let ¢ € L'(G) N L?(G). Then the operator L(¢) is compact.
Proof. We will use that

/ el <o (52)
91,92

as follows from the compactness of G. (The natural context for this result is
thus in the setting of operators defined by kernels in L?(G x G); see any book on
functional analysis.) For concreteness, I'll give the proof of the compactness of
T := L(¢) in the special case that V := L?(G) is a separable Hilbert space; this
case certainly suffices when G is a compact Lie group (and perhaps somewhat
more generally). We will show that the image under T of the unit ball is
precompact. Let e1, ez, ... be a Hilbert space basis of V. Write A;; := (e;, Tej),
so that for v = ) a;e; € V, one has Tv = ), be; where b; := Zj Ajja;. If
[o]| < 1, then Cauchy-Schwartz implies that |b;|* < B; where B; := 3 |A;[?,
so the image under T of the unit ball is contained in S := {>_ bse; : |b;]*> < B;}.

Since
ZBi = Z |Aij‘2 < 00, (53)
4,7
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the set S is precompact, as required. (If (M) = Zbgn)ei is a sequence in
S, then we may assume by a diagonlization argument that after passing to a
subsequence, one has bz(»") — b; for some scalar b;, which obviously satisfies
|bi|? < By; it then follows easily that v := 3 bse; belongs to V and that v(™) —
v.) O

Proof of Theorem[/§. By Lemma elements of the form L(¢)v with ¢ €
LY(G),v € L*(G), and with ¢ real-valued and symmetric, are dense in L*(G),
so it suffices to approximate such elements by finite functions. Thus consider
some such elements ¢, v. The operator T := L(¢) is compact and self-adjoint.
Denote by V) its eigenspaces. Decompose v = Y vy with vy € V. For each
€ > 0, we then have L(¢)v = u. + O(e) where uc := 3, . Ava. Since T
commutes with R(G), the eigenspaces Vy of T' are R(G)-invariant; Theorem [42]
implies that dim(@ x> V) < 00, so the right translates of u. have finite span,
and so u. is a finite element of L?(G). Since it converges to Tv as € — 0, we
are done. O

9.6 Schur orthogonality relations
We continue to assume here that G is a compact group.

Lemma 48. Let (7,V), (p, W) be finite-dimensional irreducible representations
of G. Then the space

Homg(V, W) :={¢: V = Wlp(n(g)v) = p(g)p(v) for allv € V,g € G}
of G-equivariant linear maps from V to W satisfies

1 v=w

dim H VW) =
im Home( ) {0 otherwise.

If V.= W, then every nonzero element of Homg(V,W) is an isomorphism
V — W. In particular, Homg(V, V) is the one-dimensional space consisting of
scalar operators of the form v — cv, ¢ € C.

Proof. For ¢ € Homg(V, W), we check that the kernel of ¢ is an invariant
subspace of V' and the image of ¢ is an invariant subspace of W. So if V is not
the zero map, then its kernel is the zero space (since V is irreducible) and its
image is all of W (since W is irreducible). The conclusion follows. O

Lemma 49. Let V,W be finite-dimensional irreducible representations of G.
Let f@uveV RV and w e W. If V is not isomorphic to W, then

1
dim W geq

{(gv)g~w = 0. (54)
Otherwise, let us fix an equivariant identification W =V . Then

diriW /geG (gv)g~tw = L(w)v. (55)
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Proof. Fix £,w, and denote by S : V' — W the the linear function of v defined by
the LHS of (56]). Then a quick change of variables shows that S is equivariant,
so by Lemm it is the zero map unless V' = W; this establishes (56)). We
turn to . By Lemma we know that S : V — V is a scalar operator; we
wish to verify that the scalar is ¢(w). To that end, it will suffice to verify that
trace(S) = (dim V')£(w), or equivalently, that

S [ tgeoeits v = tw)
i geG
where (e;) is a basis of V' with dual basis (ef) of V*. The integrand is indepen-

dent of g (since it is independent of the choice of basis, and the basis dual to

gei,...,gen is efogt ... el og™t) so we reduce to showing that

§:amawo=am,

which is immediate. O

Corollary 50. Let Vy, V5 be finite-dimensional irreducible representations of G.
Let /1 @v1 € VP @ Vi and la @ vy € V5' ® Vo Then

dim(V1)£ 1 \ZB=R"%
J ffl(gvl)ez(glva):{lm( e, 9
geq 0 otherwise.

where £1(vy) and lo(vy) are defined in the first case by fizing an equivariant
identification between Vi and V5.

9.7 Peter—Weyl theorem

Let G be a compact group. Let L?(G)g, denote the subspace of finite elements;
we saw in that it is dense in L*(G).

Theorem 51. Let V traverse the set of isomorphism classes of finite-dimensional
irreducible representation of G. Then the canonical morphism of G X G-modules

m: eV @V = L*(G)gm
given in terms of matrix coefficients by setting, for f@v e V* RV,
m(l©v)(g) := (gv),
s an isomorphism with inverse
F: L*(G) — ®End(V)
where F = ®&Fy where foru eV,

Frlim= gy | F00

(The action is as in the proof of Lemmal[{3)

7



Proof. We first check surjectivity. Let v € L?(G)gn. Its span under the right
regular representation of G is then a finite-dimensional representation W of
G. We “have seen” (the chronology of the lectures differs from that of the
notes) in that any finite-dimensional representation of a compact group is
completely reducible. In particular, W is completely reducible. By decomposing
W into irreducibles and v into its irreducilbe components, we reduce to verifying
in the special case in which W is irreducible that v belongs to the image of
W* @ W in L?(G)g,. But this follows immediately from the proof of Lemma
40l

We now check that 7 om = 1. It suffices to show for each VW € Irr(G)
and f@v € V*® V that

fou W=V

Fw(m(l®v)) = {0 WLV

Thus, let w € W be given. Then

— 1 -1
Fum(te = goos [t

while (¢ ® v)(w) = £(w)v, so the required conclusion follows from Lemma
O

Corollary 52. Let G act on L*(G)g, by the right reqular representation. Then
as G-representations, .

LQ(G)ﬁn - @VEB dlm(V).
where V& ImV) 4s the image of V* @V, regarded now only as a G-module rather
than as a G x G-module.

10 Some facts concerning invariant measures

10.1 Definition of Haar measures
Let G be a locally compact topological group.

Definition 53. By a Radon measure on G we shall mean a linear functional y :
C.(G) — C for which f >0 = u(f) > 0; thanks to the Riesz representation
theorem, this definition may also be formulated in terms of countably additive
functions on the Borel o-algebra satisfying certain properties.

For y € G and f € C.(G), define the left and right translates L, f, R, f €
C.(G) by setting L{y]f(x) = f(yx), Rlylf(z) = f(xy).

To interpret some of the statements to follow, we “recall” that it makes sense
to integrate functions taking values in a Banach space. The only spaces we’ll
really need in the end are finite-dimensional vector spaces (where everything
should be familiar) and the Hilbert space L?(G), where one doesn’t lose much
by interpreting everything in a pointwise fashion. (TODO: dfdfd)
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Definition 54. A left (resp. right) Haar measure on G is a nonzero Radon
measure 1 with the property u(L[ylf) = u(f) (resp. u(R[y]f) = u(f)).

We may reformulate this definition in various ways. For example, u is a left
Haar measure if u(gF) = p(FE) for all g € G and all Borel subsets E of G, or in
integral form, if

f(hg) du(g) = f(g)du(g)

geq@ geG
for all h € G and all f € C.(G).

10.2 Existence theorem

Theorem 55.

1. There exist left Haar measures and there exist right Haar measures on
any locally compact group G. They need neither coincide nor be scalar
multiples of one another.

2. Any two left (resp. right) Haar measures are positive multiples of one
another.

3. Any left or right Haar measure u satisfies u(f) > 0 for any nonzero non-
negative f € Cc(G).

4. There is a continuous homomorphism A : G — RY so that for any left
(resp. right) Haar measure p and f € C.(G), one has p(R[g]f) = A(g)
(resp. u(L[g)f) = A(g™1)). (TODO: check inverse here.)

5. If G is compact, then {left Haar measures} = {right Haar measures}.

We sketch the idea of one proof; filling in the details may be regarded as an
exercise, or alternatively, looked up somewhere. For each nonnegative nonzero
¢ € C.(G) and each nonnegative f € C.(G), denote by [f : ¢] the infinum of
> ¢; taken over all finite tuples of positive coefficients ¢y, ..., ¢, and group ele-
ments gy, ..., g, with the property that f <Y ¢;L[g;]¢. Fix also some nonzero
nonnegative fy € C.(G). We may then attempt to define a left Haar measure p
on G by requiring that u(fp) = 1 and that

1(f) Lf : ¢]
n(fo) [fo : 9]

where ¢ traverses a net consisting of nonzero nonnegative elements of C.(G)
with support shrinking to the identity. This turns out to work. Conversely, to
establish uniqueness, it suffices to show that holds for any left Haar measure
. The key lemma is that each nonnegative f € C.(G) may uniformly approxi-
mated by some finite sum ¢;L[g;]¢o as above with support in a fixed compact;
it follows then that u(f) is approximated by p(>” ¢;L{gilda) = p(pa) D ci =
11(¢a)[f = 4], giving (57).

(57)

= lim
¢
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Definition 56. A locally compact group is unimodular if {left Haar measures} =
{right Haar measures}, or equivalently, if A(g) =1 for all g € G. On a unimod-
ular group, we may speak unambiguously simply about a Haar measure (without
specifying “left” or “right”). For example, Theoremsays that compact groups
are unimodular.

10.3 Unimodularity of compact groups

Note that if G is a compact group, then the image of the continuous homomor-
phism A : G — R} is a compact subgroup of R; the only such subgroup is
{1}, so A is trivial, which explains why left and right Haar measures coincide
on such a group. It follows that on each compact group, there is a unique (left
and right) invariant probability measure.

10.4 Direct construction for Lie groups

When G is a Lie group, a simpler proof may be given using differential forms.
Let we be a nonzero element of det(7TG). Denote by w the volume form on G
whose components w, € det(T;G) for g € G are given by the pullback

Wg = R[gil];we

under the differential R[g™'], : T,G — T.G. Then L[g|*w = w for all g € G,
s0 w is left-invariant. The map C.(G) 3 f — [, fw then defines a left Haar
measure.

10.5 Some exercises

Exercise 12. Let G be a Lie group with left Haar measure dg. Let A : G — R}
be the function

A(g) := det(Ad(g)]g).
Show that A(g) dg is a right Haar measure.

Exercise 13. Determine a left and right Haar measure on the Lie group

Aff(R) := {(* *1‘)} < GLy(R).

Exercise 14. 1. Let G be a locally compact group for which [G, G] is dense
in G. Show that G is unimodular.

2. Let G, B, K be locally compact groups and let ¢ : B x K — G be a
morphism. Suppose that G is unimodular, K is compact, and ¢ has dense
image. Let d;b be a left Haar measure on G and let dk be a Haar measure
on K. Show that

u)= [ £ (bk) dib
beB JkeK

defines a Haar measure on G.
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10.6 Construction of a Haar measure on a compact group
via averaging

Let G be a compact topological group (not necessarily a Lie group). There is a
nice way to construct the unique Haar probability measure p on G via averaging.

Definition 57. Let f : G — C be a continuous function on a compact group
G. Let Averages(f) denote the space of functions G — C of the form

Gozr Y cif(hz) €C

i=1

for some n € Z>1 and Aq,..., A\, € G and some ¢1,...,¢, € [0,1] with ¢y +---+
¢, = 1.

Lemma 58. There exists a unique constant function in the closure (with respect
to the uniform topology) of Averages(f).

Proof. One should be able to prove this as follows:
1. It suffices to consider the case that f is real-valued.

2. The space of continuous functions on G is closed with respect to the uni-
form topology.

3. For a continuous real-valued function f on G, set

osc(f) = max flg) - min f(9).
Note that f is constant if and only if osc(f) = 0. Note also that osc(f’) <
osc(f) for all f € Averages(f).

4. Given a continuous real-valued function f on G that is non-constant, show
that there exists f/ € Averages(f) so that osc(f’) < osc(f). (Use the
compactness of G and hence the uniform continuity of f. If f is smaller
than typical in some part of G, translate f around a bit to dampen the
contribution from parts of G where f is large.)

5. The family of functions Averages(f) is equicontinuous.

6. The function osc : C(G) — R is continuous with respect to the uniform
topology on the domain.

7. To prove the existence part of the theorem, we can take a sequence f; €
Averages(f) so that osc(f;) tends to the infinum of osc(h) over all h €
Averages(f). After passing to a subsequence and appealing to Arzela—
Ascoli, we get a limit h of the sequence f;. If h is non-constant, then we
can find ' € Averages(h) for which osc(h’) < osc(h). But one should
then be able to check that A’ lies in the closure of Averages(f), giving the
required contradiction.
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8. To get uniqueness, let ¢, co be values taken by constant functions in the
closure of Averages(f). Let ¢’ be a value taken by some constant function
in the closure of the set defined analogously to Averages(f), but using right
translations in place of left translations. Since left and right translations
commute, it’s not so hard to check that ¢; = ¢’ for ¢ = 1,2, hence that
C1 = Ca.

O

We may then define u(f) = [ fdu to be the value taken by the constant
function arising in Lemma 58 It’s not hard to check that this defines a positive
linear functional on the space of continuous functions on G, hence defines a
measure; the key point is to verify additivity, which follows from some of the
assertions made above.

11 Definition and basic properties of Lie groups

11.1 Lie groups: definition

Definition 59. By a Lie group we shall mean a group G equipped with the
structure of a manifold for which the maps m : G x G —- G andi: G —> G
are smooth. The Lie algebra of G is the vector space Lie(G) := T.(G), often
denoted g, given by the tangent space at the identity; it is a vector space of
dimension equal to the dimension of G. (The word “algebra” appearing in the
term “Lie algebra” will be justified later.)

For Lie groups G, H, a morphism of Lie groups or simply a morphism f :
G — H is a smooth group homomorphism.

For a Lie group G and a manifold X, an action of G on X is a smooth map
a:Gx X — X, abbreviated gz := a(g, z), that satisfies the same assumptions
as in Definition 36

Exercise 15. It suffices to check that m is smooth; the smoothness of i is
automatic. [Hint: apply the inverse function theorem to the map (z,y) —

(z,2y)|

11.2 Basic examples

The additive group (k,+) of the field k is a Lie group, since the addition map
k xk 3 (z,y) = = + y € k has the property that all of its partial derivatives
exist. Similarly, the multiplicative group (k*, x) is a Lie group. A slightly more
interesting example can be obtained by considering any finite-dimensional unital
associative algebra A over k. A good example to keep in mind is when A is the
algebra

A= M, (k) := Mat, xn (k)

of n X n matrices, in which case

A% = GL, (k)

80



is the general linear group. The algebra A is a vector space, hence a manifold.
Moreover, the unit group A* is open in A: by Exercise |2 it suffices to verify
that A* contains a neighborhood of the identity element 1, and this follows
from the observation that for x € A small enough, the element 1+ x has inverse
given by the convergent series ) . ,(—z)". Since the multiplication on A* is
bilinear, it is smooth, and so A* is a Lie group of dimension dim(A). Moreover,
one can naturally identify Ty(A) = A and T1(A*) = A, where 1 € A* denotes
the identity element, as in Example
By what was shown above, GL, (k) is an n?>-dimensional Lie group with

11.3 Lie subgroups: definition

There are at least a couple different conventions concerning what a “Lie sub-
group” is.

Definition 60. Given a Lie group G, we say that a subset H of G is a Lie
subgroup if it is a subgroup and a submanifold.

Lemma 61. Let G be a Lie group. Let H be a Lie subgroup of G. Then H is
a Lie group.

Proof. We must show that the multiplication map pug : H x H — H is smooth,
and that it coincides with the restriction pug|axg : H X H — G of the smooth
multiplication map ug : G X G = G. So we reduce to the following: if f: M —
N is a smooth map between manifolds whose image lands in some submanifold
S C N, then the induced map f : M — S is also smooth. This is given by
Proposition [25] O

Definition 62. A linear Lie group is a Lie subgroup G of GL, (k) for some n.
(Essentially all of our examples will be of this form.)

Definition 63. Given a Lie group G, by an immersed Lie subgroup we will
mean a subset H of G so that there exists a pair (ﬁ, L), where H is a Lie group
and ¢ : H — G is an injective immersion with image H. (We will see much later
in the course that such a pair is essentially uniquely determined by H, at least
if H is connected.)

Example 64. Let G := (R/Z)? be the two-dimensional torus, let H := R be
the real line, let @« € R — Q be an irrational real number, and define ¢ : H — G
by the formula

u(z) = (z, ax).

Since « is irrational, the map ¢ is injective. It is also an immersion, since its
differential is given everywhere by the column matrix

()
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which defines an injective linear map k — k2. Thus (H,¢) is an immersed Lie
subgroup of G. On the other hand, «(H) is not a Lie subgroup because it is
not a submanifold: submanifolds are open in their closure (Remark [26]), and
o(H) = G, but «(H) is not open in G. On a related note, ¢ does not define a
homeomorphism onto its image: for instance, there exist sequences z,, € R with
Zn, — oo for which ¢(z,) — ¢(0).

Remark 65. An injective immersion is called an embedding if it defines a
homeomorphism onto its image. (This is not the case in Example [64]) With
this terminology, we could alternatively define a Lie subgroup to be a pair (H, ¢),
where H is a Lie group and ¢ is an embedding.

11.4 A handy criterion for being a Lie subgroup

Here is a very handy criterion for checking that a subgroup of a Lie group is a
Lie subgroup; we shall use it in several examples.

Lemma 66. Let G be a Lie group. Let H < G be a subgroup that is given near
the identity e € G element by a system of equations

fi==fm=0, (59)

where the f; : G --+ k are smooth maps defined near e for which f =
(fi,---sfm) + G --» K™ is submersive, i.e., satisfies either of the equiva-
lent conditions rank(T. f) = m or dim(V) = d, where d := dim(G) — m and
V :=ker(T.f) is the vector space given in local coordinates x1,...,x, ate € G
(n = dim(G)) by the space of solutions (dx1,...,dx,) € K" to the system of
homogeneous linear equations

— Of;
8a:j

(e)dz; =0 (i=1..m)

j=1

obtained by differentiating . Then H 1is a d-dimensional Lie subgroup of G.
Moreover, Lie(H) = T  H is equal to V.

Proof. Thanks to Propositions 27] 29, we need only verify that H is a d-
dimensional submanifold of G. Set n := dim(G). As in the proof of Proposition
there is a coordinate system z1,...,z, on G at e so that H is given near e
byz; ==, =0. Let p€ H, and let ¢ : G — G be the map ¥ (z) := p~'x.
Since G is a Lie group, the map v is a diffeomorphism with ¢ (p) = e, and so
Y1 :=x10%,...,Yy := T, o1 defines a coordinate system on G at p. For g € G
near p, the following are then visibly equivalent:

Loyi(g) = =yYm(g) =0
2. 2(p7lg) = =azm(plg) =
3.plgeH
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4. ge H.
In relating the final two steps, we used that H is a subgroup and that p € H. O

Example 67. The subgroup H := SL, (k) of G := GL, (k) is defined by the
single equation det(g) = 1. Differentiating this equation and evaluating at the
identity element gives the linear equation

trace(dg) = 0

in the matrix variable dg € M, (k) = T.(G) (see (58)). Since this equation has
an n? — 1-dimensional solution space, we deduce from Lemma that H is a
Lie subgroup of G, called the special linear group. Moreover,

T.(SL,(k)) = {dg € M, (k) : trace(dg) = 0}
is the space of traceless n x n matrices.

Exercise 16. Show that the orthogonal group

O, (k) := {g € GL,(k) : g¢* = 1},

where g — g' denotes the transpose map, is defined by a system of n(n + 1)/2
equations having full rank at the identity (i.e., satisfying the submersiveness
condition). Deduce that O, (k) is a Lie group of dimension n? — n(n +1)/2 =
n(n —1)/2.

11.5 Lie subgroups are closed

Theorem 68. Let G be a Lie group and H < G a Lie subgroup. Then H is
closed in G.

Recalling from Remark[26]that H is locally closed in G, the proof of Theorem
[68 reduces to that of the following:

Lemma 69. A locally closed subgroup H of a topological group G is closed.

Proof. By the continuity of the group operations in G, the closure H is itself a
group. For g € H, the coset gH is then an open subset of H (using here that H
is locally closed). Since H is dense in H, the subsets gH and H intersect. This
means that we can write gr = y for some x,y € H, whence g = = 'y belongs
to H. Since g was arbitrary, we conclude as required that H = H. O

11.6 Translation of tangent spaces by group elements

Let G be a Lie group. An element g € G acts on G by the left and right
multiplication maps
Llg]:G— G

h — gh,
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Rlg] : G —= G
h +— hg.

One has
Llgi] o L[g2] = L[g192], Rlg1] o Rlg2] = R[g291]- (60)

These maps are smooth, so it makes sense to differentiate them at an element
h € G to obtain linear maps of tangent spaces

ThLlg] : ThG — Tgn(G)
ThR[g] : ThG — Thg(G>.

By the chain rule and the identities , these maps are in fact linear isomor-
phisms of the tangent spaces. It will be convenient to introduce for X € TG
and g € G the abbreviations

gX = (T, L[g])(X) € Tyn(G), Xg:= (ThR[g])(X) € Thy(G).  (61)

These will be used most often when h = 1, so that X € T.G = g. The special
case worth focusing on is when G is a linear Lie group G < GL, (k). In that
case, we can identify the various tangent spaces T}, (G) with subspaces of M, (k);
under this identification, the quantities ¢X, X g defined in are given by the
matrix products of g € GL,, (k) and X € M, (k).

12 The connected component

12.1 Generalities

Any group may be regarded as a discrete topological group, or even a discrete
0-dimensional Lie group (provided the group is countable, so as to satisfy the
hypothesis of second-countability), but Lie theory has nothing interesting to
say about such Lie groups; its techniques show their true strength only when
the group is connected. Recall, then, that a topological space X is connected
if it cannot be written as a disjoint union of two nonempty closed subsets, or
equivalently, if every continuous map from X to a discrete topological space is
constant. Any topological space X admits a unique decomposition X = L; X;
into maximal connected subsets X;, called the connected components of X; since
the closure of any connected set is connected, the connected components are al-
ways closed, but need not be open in general. However, if X is locally connected,
that is to say, if each point has a connected neighborhood, then the connected
components are open. In particular, any manifold is locally Euclidean, hence lo-
cally connected, and so is the disjoint union of its connected components which
are in turn open submanifolds. Moreover, since manifolds are locally path-
connected, we know that any connected manifold is necessarily path-connected,
even by smooth paths.

In particular, the connected components of a Lie group G are submanifolds.
It is customary to denote by G the connected component of the identity element
of G. Then G° has the defining property that
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e if C'is any connected subset of G that contains the identity element, then
C CGY.

We have the following:

Theorem 70. G° is a normal Lie subgroup of G, and the connected components
of G are precisely the cosets of G°.

Proof. We have already observed that G° is a submanifold. Let g € G. Since left
and right multiplication maps x — gz, — xg define homeomorphisms from G
to itself, they permute the connected components. The various assertions follow
easily from this:

1. If g € G, then gG° is a connected component of G containing g. Since G°
is also a connected component of G containing g, it follows that ¢gG° = G°.
This implies that G° is a subgroup.

2. For any g € G, the conjugate gG%g~! is a connected component of G that
contains gg~! = 1, hence ¢G% ! = G°. Thus G° is normal.

3. If C is any connected component of G, then it is nonempty; if g € C
is any element, then g~'C is a connected component of G° that contains
g 'g =1, hence ¢g7'C = G° and so C = gG".

O

12.2 Some examples

In the following table, we list the number of connected components of some Lie
groups. Here k is one of the fields Ror C,n > 1and p > ¢ > 1.

1 component 2 components | 4 components
GL,(C) GL,(R) O(p,q)
SL,, (k) O(n)

SO(n) SO(p, q)

U(n),SU(n)

U(p,q),SU(p, q)

These Lie groups were defined in lecture. It was proved that GL,(C), SL, (k),
O(n), SO(n), U(n) have the indicated number of connected components; the
remaining cases were left as exercises.

e For the case of SL, (k), we argued using elementary matrices.

e The group GL,(C) is the image of the connected domain C* x SL,,(C) un-
der the continuous homomorphism ({, g) — (g, which is surjective because
det(Cg) = ¢™ and the nth power map on C* is surjective.
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e The proof in the case of SO(n) was by induction on n, using that the trivial
group SO(1) = {1} is connected and that SO(n) acts transitively on the
(connected) sphere S"~1 with SO(n — 1) < SO(n) as the stabilizer group
of the point e,, := (0,...,0,1). Since several people asked for clarifications
regarding this proof, I have written it down in the following subsection.

e The proof in the case of U(n) was to recall that every conjugacy class in
U(n) contains a diagonal element, and that the diagonal elements

eiel

ifn

are obviously in the connected component of the identity, because (for
instance) they are the values (1) of the continuous maps

ei91t

v(t) =
eiOnt

for which v(0) = 1 is the identity.

12.3 Connectedness of SO(n)

We verify by induction on n that SO(n) is connected. The group SO(1) = {1}
is trivial, hence connected. Let n > 2. The group SO(n) acts smoothly on the
unit sphere S"~! := {x € R" : |z| = 1}. The action is transitive. In fact, the
connected component already acts transitively:

Lemma 71. Let n > 2. Then SO(n)® acts transitively on S™~!.

Proof. Denote by eq,...,e, the standard basis elements; they all belong to
Sl Let v € S"~1. We will show that there exists g € SO(n)? with ge,, = v.

1. Consider first the case n = 2. Define v : R — SO(2) by the formula

() = ( cos sin9> €50(2).

—sinf cosf

Since 7 is continuous and v(0) = 1, we see that v(f) € SO(2)° for all 6.
Now let v € S*. We may then write v = (z,y) where 22 + y? = 1 and
solve z = sin(f), y = cos() for some #. Then v(0)es = (z,y), as required.

2. Suppose now that n > 3. Define v : R — SO(n) by

1

e 1
cos(f)  sin(h)
—sin(0) cos()

86



As above, y(0) € SO(n)° for all . Let v € S"~1. If v belongs to the
line spanned by e,, then either v = e, (in which case v = ge, with
g =1¢€850(n)° or v =—e, (in which case v = y(m)e,); in either case,
v is of the form v = ge,, for some g € SO(n)°. If v and e, are linearly
independent, we may use Gram—Schmidt to find an orthonormal basis
el _1,en for their span. We may then extend this to an orthonormal basis
el e, ..., e 1, e, for R". We can find g in O(n) taking one orthonormal
basis to the other, so that gv belongs to the span of e,,_1, e, and ge,, = e,
Then gv is of the form (0,...,0,z,y) with 22 + y? = 1; we can then
solve = sin(f),y = cos(#) as before to obtain v(f)e, = gv and thus
g y(0)ge, = v. Since SO(n)? = O(n)? is normal in O(n), we have
97 17(0)g € SO(n)".

O

Lemma 72. The stabilizer group Stabgo(n)(en) is isomorphic to SO(n — 1),
with an isomorphism in the opposite direction given by

SO(n — 1) = Stabson) (en)

h
h — 1).

Proof. If g € SO(n) fixes e, then the identity

1

<gv,en> - <vvgten> - <U>gi €n>

1 L

implies that g+ and hence g also stabilizes the orthogonal complement (e, )~ =

(e1,...,en—1). We may thus put it in in the block-upper triangular form g =

h 1 for some h € GL,,_1(R). The condition gg* = 1 implies hh* = 1, hence

that i € SO(n — 1). 0

Using the above lemmas, we now complete the inductive step in the proof
that SO(n) is connected, i.e., that SO(n) = SO(n)?. Let g € SO(n); we wish
to show that in fact g € SO(n)°. Consider the element ge, € S"~!. By
Lemma we may write ge, = 7e, for some v € SO(n)’. We then have
v lge, = ey, ie., v g € Stabgo(n)(en). By Lemma we have v lg = h
for some h € SO(n — 1) < SO(n). By the inductive hypothesis, SO(n — 1)
is connected, hence SO(n — 1) C SO(n)°. Thus g = ~vh is the product of two
elements of SO(n)?; since the latter is known to be a group, we conclude that
g € S0(n)°.

Remark 73. One doesn’t actually need to prove Lemma [71] to complete the in-
ductive argument; a slightly softer way to proceed is to make use of the following
general lemma:

Lemma 74. Let G be a topological group that acts on a topological space X
(i.e., we assume given an action a : G X X — X as in Definition @) Assume
that:
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1. For xg € X, the orbit map G — X given by g — gx¢ s a quotient map.
2. The action is transitive.
3. X is connected.

4. The stabilizer H in G of some (equivalently, any) point xy € X is con-
nected.

Then G is connected.

Proof. If not, we may find a non-constant continuous map f : G — D for
some discrete topological space D (e.g., D = {0,1}). Since H and hence any
coset of H is connected, the restriction of f to any coset of H is constant,
hence f induces a continuous map G/H — D, where G/H is equipped with
the quotient topology. Since the orbit map assumed to be a quotient map, we
obtain a continuous map X — D sending gz to f(g). Since X is connected,
this last map must be constant, hence so must the original map f. Therefore G
is connected. O

The orbit maps for the action SO(n) ¢ S™~! are quotient maps because
(for instance) SO(n) is Hausdorff and S™~! is compact. Alternatively, one can
appeal here to Exercise [[I} which tells us that the orbits map are open maps,
hence are quotient maps.

13 Basics on the exponential map

13.1 Review of the matrix exponential

Let k be either R of C. Let n > 1 and
A= M, (k) := Maty, «n (k).

It is a finite-dimensional unital associative algebra over k (and the discussion
to follow applies more generally to any such algebra). The operator norm ||.||
on A is given by ||z := sup,eyn.|y|=1 |7V]; it satisfies the submultiplicativity
property |lzy|| < |lz|||ly||. The unit group of A is

AX = GLy (k).

For x € A with |z| < 1, the series >~ ., 2™ converges (by the same proof as
in the one-variable case, using the submultiplicativity). Therefore 1 — x has the
inverse ) -, 2" and hence belongs to A* whenever ||z|| < 1. Therefore A* is

open in A. (One can also see this more directly.) Since A is a Euclidean space,
it follows that we have natural identifications of tangent spaces

To(A) = A, Ti(AX) = A.
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For any x € A, the series
n

exp(z) = Z %

n>0

converges. It satisfies the following properties:
1. exp is smooth
2. exp(0) =1

3. One has exp(z + y) = exp(z) exp(y) whenever x,y commute (but not in
general otherwise). In particular:

(a) exp(x)exp(—x) = exp(0) = 1, hence exp(A) C A*.

(b) exp((s + t)z) = exp(sz)exp(tz) for all s,t € k, hence the map k >
t — exp(tz) € A* is morphism of Lie groups for each = € A.

4. %exp(tm) = x, hence Thexp : A — A is the identity transformation.
Consequently exp defines a local diffeomorphism at 0, i.e., induces a dif-
feomorphism exp : U — V for some open 0 e U C Aand 1 € V C A*.

5. An inverse to exp on the subset {1 — z : ||z|| < 1} of A* is given by the
logarithm
:L.TL
1 —x)i=— —.
og(l—z) ==~
n>1
1

6. For g € A* and x € A one has exp(gzg~!) = gexp(z)g L.

For a diagonal matrix, one has

t exp(t1)
exp( . ) = ..
tn exp(tn)

For a basic nilpotent Jordan block N, given in the case (say) n = 4 by

one has N*¥ = 0 for all k& > n, hence the series defining exp(N) is finite. The
series defining log(1 4 ¢N) is also finite for any ¢ € k.

Exercise 17. Using the above facts and Jordan decomposition, show that exp :
M, (C) — GL,(C) is surjective. (The corresponding assertion over the reals is
false for several reasons to be discussed in due course.)
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The exponential map is very rarely injective (away from the origin); for
example, exp(27i) = 1, and

1 cosf sinf
exp(0 (—1 >) - (— sinf cos 9) ’

Some other good examples to keep in mind are

(t 1 ) = cosht sinht
PP 1 ~ \sinht  cosht

and
0 = =z 1 z z4uazy/2
exp 0 y| = 1 Y
0 1

13.2 One-parameter subgroups
Let G be a Lie group. Let g := Lie(G) denote its Lie algebra.

Definition 75. By a one-parameter subgroup of G, we shall mean a morphism
of Lie groups ¢ : k — G.

Remark 76.

1. Note the standard but slightly misleading terminology: a “one-parameter
subgroup” ® is not a subgroup; its image image(®) < G a subgroup, but
even if ® is injective, the datum of ® contains strictly more information
than that of its image. For example, the one-parameter subgroups ®(t) :=
t and ®(t) := 2t in the additive group G = (k, +) have the same image.

2. Note also that a one-parameter subgroup ® of G is, in particular, a curve
(in the sense of §6.5)) with basepoint the identity element e € G. Its initial
velocity ®(0) is an element of g.

Example 77. For v € M,(k), the discussion of shows that the map
D, : k = GL, (k) given by ®,(t) := exp(tv) is a one-parameter subgroup of
the Lie group GL, (k) with initial velocity ®/(0) = v. Moreover, the map
M, (k) > v~ @,(1) = exp(v) € GL,, (k) is smooth.

For general G, a one-parameter subgroup ® satisfies the identity ®(s+1t) =
®(s)0(t) = ®(t)®(s). Applying 2|,—o to this identity gives the differential
equatio

&' (t) = '(0)®(t) = ®()P'(0). (62)

By the initial condition ®(0) = 1 and general uniqueness theorem for ODE’s
(§7), it follows that ® is determined uniquely by its initial velocity ®'(0) € g. To

3 If the definition of products such as ®’(0)®(t) is unclear, one should either consult §11.6|
or (better) assume that G is a linear Lie and interpret such products as as being given by
matrix multiplication.
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put it another way, for each element v € g, there is at most one one-parameter
subgroup ®, of G with initial velocity v. Conversely, we will now show that
such a one-parameter subgroup actually exists, and moreover, that its values
®,(t) vary smoothly with v. For illustration, we explain a few different ways to
establish existence:

1. In the special case G = GL,,(k), one can just take @, (t) := exp(tv).

2. If G is a linear Lie group, that is to say, if it is a Lie subgroup of GL,, (k)
for some n, so that g < M, (k), then it turns out that one can again take
D, (t) := exp(tv) where exp : M,,(k) — GL,, (k) is as defined above. What
requires proof here is the following:

Lemma 78. Let G be a Lie subgroup of GL, (k). Then exp(g) C G.

Proof. Let « € g, and let v : k --» G be any curve with 7/(0) = z. (Such
a curve exists, more-or-less by definition of the tangent space; see §6.5]
and especially Remark [I1]) Since G < GL, (k) and v(t) = 1+ tv +o(t) as
t — 0, we may take for ¢ small enough the logarithm of v(¢), which then
satisfies logy(t) = tv + o(t). Taking ¢ := 1/n with n € Z tending off to
oo gives nlogy(1/n) = n(v/n + o(1/n)) = v+ o(1). Exponentiating, one
obtains y(1/n)™ = exp(v+ o(1)). Hence exp(v) = lim,,_,o 7(1/n)™. Since
v is a curve in G and G is a group, we have v(1/n)"™ € G for all n. Since
G is closed (see §11.5)), it follows that exp(v) € G, as required. O

3. For general G, we can appeal to existence theorems for ODE’s (see to
produce a curve v : k --» G satisfying

0)=1€G, 7(t) =7t (63)

for all ¢ in the domain of «y. Moreover, the values of v vary smoothly with
the initial data v. A priori, the domain of « might be quite small, but we
can now use the group structure on G, as follows, to enlarge it to all of k.
To that end, it suffices to show that each solution v to (63)) on some balﬁ
B with the center the origin can be extended to a solution domain the
enlarged ball 2B of twice the radius of B; iterating this, one eventually
obtains a solution on all of k. (Many variations on this argument are also
possible.)

(a) For s € B, the curve y4(t) := v(s)"1v(s + t) is defined whenever
s+t € B and satisfies the same initial condition 7,(0) = 1 and
differential equation v.(t) = vy(s)™'/(s +t) = v(s) " ty(s + t)v =
~vs(t)v as «(t) does. By the uniqueness theorem cited above, we
deduce that ~4(t) = ¥(¢t) and hence that

v(s +1t) = v(s)y(t) provided that s,t,s+t € B. (64)

4k = R, “ball” means “interval”, of course
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(b) For any s € B, denote by d, the curve in G with domain B + s :=
{t : t — s € B} given by 05(t) := v(t — s)y(s). By differentiating
the condition , one sees that d, defines a solution to on
its domain. For any two s1,ss € B, the identity implies that
ds, =7 = ds, on the neighborhood B + s; N BN B + s9 of the origin,
hence by the uniqueness theorem cited above also that Js, = d5, on
B+ s1 N B+ s3. By the smoothness of the group operation in ,
we see that the values of 5 still vary smoothly with v.

(c) Since U{B + s : s € B} = 2B, we can patch together the solutions
given in the previous step to obtain a well-defined curve 7 : 2B — G
given for t € B+ s by §(t) := 05(t — s). This curve solves (63), and
extends +, as required.

To summarize the above discussion, we have the following:

Theorem 79. Let G be a Lie group with Lie algebra g := Lie(G). For each
x € g there exists a unique one-parameter subgroup ®,, of G for which @, (0) = x.
Moreover, the map x +— ®,(1) is smooth.

13.3 Definition and basic properties of exponential map

Definition 80. Let G be a Lie group with Lie algebra g. The exponential
map exp : g — G is defined by exp(z) := ®,(1), where @, denotes the unique
one-parameter subgroup of G having initial velocity ®/ (0) = x.

The notation is consistent with that discussed in We also have the
following immediate consequences of §13.2}

Theorem 81 (Lie’s first theorem). For a Lie group G with Lie algebra g, the
exponential map exp : g — G has the following properties:

1. exp: g — G 1is smooth

2. The derivative Tyexp : g — ¢ is the identity transformation, or equiva-
lently, % exp(te) =z for all xz € g.

3. exp: g — G is a local diffeomorphism at 0, i.e., there are open 0 € U C g
and 1 € V C G so that exp : U — V is a diffeomorphism.

4. For any X € g, the map k > t — exp(tx) is the unique one-parameter
subgroup of G with initial velocity x.

5. Let v be any curve in G with basepoint given by the identity. Set X :=
¥ (0) € g. Then exp(X) = limy, 00 y(1/n)".

(The proof of the final assertion proceeds exactly as in the case of linear
Lie groups now that we have the logarithm map on general Lie groups at our
disposal.)

Here is another key consequence:
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Corollary 82. exp(g) generates the connected component G° of G. In partic-
ular, if G is connected, then G is generated by exp(g).

Proof. We saw earlier that G is generated by any neighborhood of the identity,
and saw just now that exp is a local diffeomorphism at 0; in particular, exp(g)
contains a neighborhood of the identity in G. O

Remark 83. Even if G is connected, it need not be the case that exp(g) = G.
For example, one can show that

(_1/2 _2) ¢ exp(sla(R)).

It is a non-obvious fact (which we might conceivably see later in the course)
that if G is a compact connected Lie group, then exp(g) = G.

13.4 Application to detecting invariance by a connected
Lie group

In lecture, we explained how the connectedness of SO(n) and Lie’s first theorem

imply that a smooth function f : R™ — R is rotation-invariant (i.e., f(x) de-

pends only upon |z|) if and only if it satisfies the finite system of homogeneous
linear differential equations

xja%f(x) . xiaijf(x) forall1<i<j<n. (65)

This is computationally useful; for instance, it applies when f is a polynomial
of large degree in many variables. This is not an earth-shaking fact, and it can
probably be proved directly in various ways, but the proof we will give here
illustrates in a simple way a rather fundamental technique of Lie theory.

To summarize the proof, we noted that the first condition is visibly equivalent
to

flgz) = f(z) for all g € SO(n),xz € R" (66)

while the second is visibly equivalent to
Xf=0foral X € B (67)

where for X € g we set
Xf(a) o= L Hexp(~e X))o
and where B is the basis of so(n) given by
B:={X;;:1<i<j<n}

where
Xij = E’ij — Eji
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where E;; has a 1 in the (i, j) entry and 0’s elsewhere; for instance, when n = 3,
a basis for so(3) is given by

1 1
X2 | -1 , Xi3 ,  Xos 1
—1 -1

To relate (65]) to @ we used that
Xijx = x€; — 1365
and hence that
f(rexp(—eXi;)x) = f(z — e(zje; — wie;) + O(e?))

to compute that
0 0

T
J (’)xi 61‘]‘

Each of the following conditions is visible equivalent to the next:

1. The condition .
2. The condition but restricted to g in a generating set for G.

Xijf(x) = —(

3. The condition for g € exp(g). (Here we use Lie’s theorem and the
connectedness of G.)

4. The condition that
f(exp(—tX)z)
be independent of ¢ for all x € R™ and all X € g.

5. The condition that J
o f(exp(—tX)a) = 0 (68)

for all z € R" and all X € g.
6. The condition that X f = 0 for all X € g. To relate this to the previous

condition, we used the following key calculation:

& Fexp(~tX)a) = L flexp(~ (4 ) X)) =0
— - Flexp(—=X) exp(~tX)a) oo
= X f(exp(—tX)zx).

Thus if holds, then X f(exp(—tX)x) = 0 for all ¢, X, x, and in par-
ticular for ¢t = 0, giving X f(x) = 0 and thus Xf = 0. Conversely, if
X f =0, then in particular X f(exp(—tX)z) = 0 for all ¢, X, z; the above
calculation then implies that holds.
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7. The condition . (Here we used that X — X f is linear to reduce from
testing all X € g to testing those in the basis B.)

Remark 84. It’s not too hard to show that exp : so(n) — SO(n) is actually
surjective (in contrast to the general case mentioned in Remark , SO we
didn’t really need Lie’s theorem in the above argument, the point of which was
to illustrate a technique in a simple case.

13.5 Connected Lie subgroups are determined by their Lie
algebras

Theorem 85. Let G be a Lie group. Then connected Lie subgroups of G are
classified by their Lie algebra: if Hy, Hy are two connected Lie subgroups of G
for which Lie(H,) = Lie(Hs), then Hy = Hs.

Proof. We know by Exercise [ that H; is generated by any neighborhood of the
identity; by Theorem it follows that H; is generated by exp(Lie(H;)). Since
Hy, Hs are generated by the same set, they are equal. O

13.6 The exponential map commutes with morphisms

Theorem 86. The exponential map commutes with Lie group morphisms: If f :
G — H is a morphism of Lie groups and x € Lie(G) is given, then f(exp(x)) =
exp(df(z)), where df :==T.f : g — b.

For the sake of illustration, we record a few proofs.

Proof #1. Tt suffices to show that f(exp(tz)) = exp(df(tx)) for all t. But now
both sides, viewed as functions of ¢, are one-parameter subgroups of H with
inital velocity df (z) = T f(z): indeed, we have

flexp(tz)) = f(l+tz+o(t)) =1+ tdf(z) + o(t)

and similarly
exp(df (tz)) = 1 + tdf (z) + o(t).

By the uniqueness given in Theorem [79] we conclude. O

Proof #2. Let v be any curve on G with basepoint v(0) = e and initial velocity
~4'(0) = . The curve f o~ on H then has basepoint e and initial velocity
(f o)’ (0) = df (z). By the final assertion of Theorem [81} we have

exp(x) = nh_>ngo ~y(1/n)"

and similarly exp(df(x)) = lim,_,o f(7(1/n))". Since f is a continuous group
homomorphism, it follows that

Flexp(e)) = f( lim y(1/n)") = Tim f(3(1/n))" = exp(df (),

as required. O
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Example 87. Set f := det : GL,(k) — k*. Since det(l +eX) = 1+
etrace(X) + O(g?), we have df = trace : M, (k) — k. The theorem then
implies for X € M, (k) that

det(exp(X)) = f(exp(X)) = exp(df (X)) = exp(trace(X)),

which can also be seen directly via Jordan decomposition.

13.7 Morphisms out of a connected Lie group are deter-
mined by their differentials

Theorem 88. Let G be a connected Lie group and H any Lie group. Then
morphisms f : G — H are determined by their differentials df : g — b.

Proof. Since G is connected, it is generated by a neighborhood of the identity,
hence in particular by exp(g). Since f is a homomorphism, it is thus determined
by the quantities exp(X) for all X € g. But by the result of we have
f(exp(X)) = exp(df(X)). Hence f is determined by f. O

14 Putting the “algebra” in “Lie algebra”

14.1 The commutator of small group elements

Let G be a Lie subgroup of GL, (k). Consider a pair of elements X,Y € g :=
Lie(G) and a corresponding pair of curves &,n : k --» G with basepoints
£(0) = n(0) = 1 and initial velocities £'(0) = X,7'(0) =Y. For example:

1. One can always take £(s) := exp(sX),n(t) := exp(tY).
2. If G = GL,(k), one could also take £(s) := 1+ sX,n(t) := 1+ tY.
We can then consider, for small enough s,t € k, the commutator
L(s,t) := (&(s),n(t)) == E(s)n()E(s) " (1)~
From the basepoint condition we have
I'0,0) =T(s,0) =T(0,t) =1,

so every term in the Taylor expansion of I'(s,t) — 1 is divisible by st. We now
determine the coefficient of st, or equivalently, the derivative 9s—00:=oI'(s,1).
To compute this, we write

§(s)n(t) = T'(s, t)n(t)&(s)
and differentiate both sides, first with respect to s at s = 0, giving
Xn(t) = Os=o'(s,t)n(t)§(0) + T(0,£)n(t) X = ds=ol'(s, t)n(t) + n(t) X
and then with respect to ¢t at t = 0, giving after analogous simplifications that
XY = 05200=0I'(s,t) + Y X,

whence
[(s,t) = XY —YX.
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14.2 The Lie bracket as an infinitesimal commutator

For a general Lie group G, we define the commutator bracket [,]: g® g — g by
setting
[X, Y] = 3320@:0“5, t),

with notation as in the previous section. To interpret this properly, we have

D=0l (s,t) = D—ol(s)n(t)E(s) " n(t) ™"

This is the initial velocity of a curve passing through the identity element of G
at time ¢ = 0, hence it makes sense to regard it as an element of g. Thus

s = Op—ol'(s,1)

defines a curve in g. Hence its s-derivative at s = 0 defines an element of
g. Similar arguments show that [X,Y] is independent of the choice of &, #;
alternatively, one could always take £(s) := exp(sX),n(t) := exp(tY) in the
definition, but it’s occasionally convenient to make other choices.

The bracket [,] on the Lie algebra g of a Lie group G has the following
properties:

1. [,] is bilinear. This is immediate from the definition

2. [X, X] = 0. This is again immediate from the definition. It follows that
X+Y, X+Y]=[X,X|+[X,)Y]+[V,X]+[Y.Y] = [X,Y]+[Y, X], hence
that

X,Y] = ~[Y, X]. (69)

3. It satisfies the Jacobi identity
(X, Y. Z]|+ [V, [Z2, X]| + [2,[X,Y]] =0 (70)
which, thanks to (69)), can be put in the equivalent forms
(X, v, Z]] = [[X,Y], Z] + [V, [X, Z]]

[[X, YLZ] = HX7 Z],Y] + [X7 [Y, Z]]

In the linear case G < GL,(k), one can prove the Jacobi identity by
expanding everything out using the identity [X,Y] = XY —YX. In
general, they follow from the associativity of the group law in G in the
form

gh = (ghg™")g

together with some artful use of the chain rule. We do not give the details
here; we promise instead that a couple more “conceptual” derivations of
the Jacobi identity will be given later.
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14.3 Lie algebras

Definition 89. A Lie algebra L over k is a vector space equipped with a bilinear
form [,] : L& L — L satisfying the properties mentioned in the previous section.

Here are the basic examples:

1. We've seen (modulo verification of the Jacobi identity in general) that for
any Lie group G, what we’ve already called the “Lie algebra” g := Lie(QG)
of G is in fact a Lie algebra in the above sense when equipped with the
commutator bracket as we’ve defined it.

2. Any associative algebra A over k becomes a Lie algebra when equipped
with the bracket [z, y] := zy—yz. A notable example is when A = End(V)
for a vector space V. If V"= Kk", then of course A = End(V') = M,, (k).

3. If L, is a Lie algebra and Lo, < L, is a vector subspace with the property
that [x,y] € Lo whenever x,y € Lo, then Lo is a Lie algebra when equipped
with the commutator bracket induced from that on Ly; it is then (fittingly)
called a Lie subalgebra of L.

4. Given an algebra A, the space Der(A) of derivation of A (i.e., k -linear

maps D : A — A satisfying D(x - y) = Dz -y + x - Dy) is a Lie algebra.
(Exercise: check this.) It is a Lie subalgebra of End(A).
When A is finite-dimensional, one can show that Aut(A) is a Lie group
with Lie algebra Der(A), hence that this example is a special case of the
first one. But what we’ve said here applies (usefully) also when A is
infinite-dimensional; see below.

Every finite-dimensional example is already of the above form:

Theorem 90 (Ado). Let L be a finite-dimensional Lie algebra. Then L is
isomorphic to a Lie subalgebra of End(V') for some finite-dimensional vector
space V.

The proof of this innocent-sounding theorem is not egregiously difficult, but
does seem to require most of the basic structure theory of Lie algebras, and so
will not be proved now. However, it may aid intuition to know up front that
one can always think of any finite-dimensional Lie algebra as a Lie subalgebra
of some matrix algebra.

A special case of the final example mentioned above is when A = C*°(M)
for a manifold M. In that case, it is known that

Der(C*°(M)) = Vect(M)
where Vect(M) denotes the space of vector fields on M, i.e., smooth assignments

XM = TM = Upey T,M
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satisfying X, := X(p) € T,M for all p € M. Such a vector field induces
a derivation by the rule: for f € C°°(M), the image Xf € C°°(M) under
X € Vect(X) is defined to be

(X )(p) = (T ) (Xp),

i.e., “the directional derivative of f at p in the direction of the tangent vector
Xp.”

Remark 91. It can be instructive to check for some simple examples of linear
Lie groups G < GL, (k) with Lie algebra g < M, (k) that the bracket [,] does
in fact preserve g (as it must). For X,Y € sl,(k) we have trace([X,Y]) =
0; indeed, the trace of any commutator is zero. For X,Y € o0,(k), so that
X+X'=0,Y+Y*=0, we have [X, V]! = (XY) - (YX)! =YV!X! - XY =
(-Y)(-X) - (-X)(-Y) = —[X,Y], hence [X,Y] € 0, (k).

14.4 The Lie bracket commutes with differentials of mor-
phisms

Let f: G — H be a morphism of Lie groups. Then for X,Y € g, one has

df ([X,Y]) = df (Bs=00s=0 (>, ")) (definition of [,])
= Oy—odf (Opmo(e®~, ™)) (df is linear)

= 05=00i=0 f((€* ,ety)) (definition of df)

= 05—00i—o (f(eX), f(e')) (f is a homomorphism)
(

(df

(

= 05—001—0 (edf(sx), et df(sy)) f oexp = exp odf)

is linear)

definition of [,]).

= Dy—Op—g (€2 U X) et F ()
= [df (X),df (Y)]

Thus df : g — b is a morphismo f Lie algebras.

15 How pretend that every Lie group is a matrix
group and survive

(TODO: rewrite this section.) For many arguments it is convenient to assume
that a Lie group G is a matrix group, i.e., embeds in GL,(R), so that its
Lie algebra embeds in M, (R). Then lots of stuff simplifies (in a non-serious
way) because we can just regard everything as a matrix and not worry about
which tangent space stuff belongs to, etc. Not every Lie group is a matrix
group, but they are all close enough to being matrix groups (e.g., up to covering
homomorphisms to be discussed later) that nothing really bad goes wrong if
one pretends that they are. For example, it was convenient in class today to
pretend that G was a matrix Lie group when discussing the proof of Maurer—
Cartan equations.
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However, there is a rigorous trick by which one can always treat a Lie group
G as if it were a matrix group by embedding it in the space GL(C'*°(G)) of linear
automorphisms of the (typically infinite-dimensional) vector space C°°(G). The
fact that GL(C*°(G)) is not itself a Lie group doesn’t matter much in practice.
More precisely, one defines an injective homomorphism

G < GL(C™(Q))

as follows: we identify each g € G with the element of Aut(C°(G)) that sends
a smooth function ¢ € C*°(G) to the new function gy € C*°(G) given by right
translation: for x € G,
9p(x) := p(zg).
(This is an action: (g1g2)¢ = g1(g2w).) It makes sense to differentiate this
action of G element-wise. We obtain in this way induces a morphism X —
End(C*(G)), whose image actually lies in an easily characterized subspace of
Der(C*°(@G)); more on that later. The action of X € g on ¢ € C*°(G) is given
by
Xp(x) = O=op(r exp(tX)).

(This is a Lie algebra representation: [X,Y]p = XYp — Y Xy.) In this way,
one can make perfectly rigorous sense of identities such as

[X,Y]=XY -YX

or
Ad(g)X = gXg~*

even when G is not a matrix Lie group: for instance, the products XY in the
above expression are just the compositions taking place inside End(C*°(G)).

16 Something about representations, mostly SLo

16.1 Some preliminaries

We have spoken so far in the course quite a bit about GL,, (k) and its Lie algebra
M, (k). More abstractly, one can work with any finite-dimensional vector space
V over k. Then GL(V) is a Lie group over k with Lie algebra End(V). If
V =k", then GL(V) = GL, (k) and End(V) = M, (k).

When k = C, we can regard GL(V) either as a complex Lie group or as a
real Lie group.

16.2 Definition

Definition 92. Let k = R or C. For us, a representation of a Lie group G is a
pair (V, R), where

e V is a finite-dimensional vector space and
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e R:G — GL(V) is a morphism of Lie groups over k.

We allow the possibility that k = R and V is a complex vector space but
regarded as a real vector space (C" = R?"). When we wish to be more specific,
we might introduce the following terminology:

1. Let G be a real Lie group. A real representation of G is a morphism of
real Lie groups R : G — GL(V) (i.e., an infinitely-real-differentiable group
homomorphism).

2. Let G be a real Lie group. A complex representation of G is a morphism
of real Lie groups R : G — GL(V) (i.e., an infinitely-real-differentiable
group homomorphism).

3. Let G be a complex Lie group. A holomorphic representation of G is
a morphism of complex Lie groups R : G — GL(V) (i.e., a complex-
differentiable group homomorphism).

One can also regard a complex Lie group as a real Lie group and consider its
representations in that sense.

A representation of a Lie algebra g is likewise a pair (V, p), where V is as
above and p : g — End(V) is a morphism of Lie algebras over k. We can
also speak of real or complex representations of Lie algebras, or of holomorphic
representations of complex Lie algebras.

The action of a representation R : G — GL(V) is often abbreviated gv :=
R(g)v and likewise that of p: g — End(V) by Xv := p(X)v.

Given two representations Ry : G — GL(V4) and Ry : G — GL(V2), a
morphism of representations or equivariant map ® : V7 — Vs is a linear map that
commutes with the action, i.e., so that ®(R;(g)v) = R2(g)®(v) for all g € G,
v € V; one defines similarly the analogous notion for g-representations. An
isomorphism of representations or equivariant isomorphism is a morphism with
a two-sided inverse (equivalently, a bijective morphism), and two representations
are said to be isomorphic if there is an isomorphism between them.

By what we’ve seen above, a representation R : G — GL(V) of a Lie group
G induces a representation

dR : g — End(V)

of its Lie algebra g, given explicitly by for X € g by

Xv:=dR(X)v:= iR(exp(tX))vh:o.

dt
Example 93. Let G := GL, (k). Let V := Clxy,...,2,]) be the space of
homogeneous polynomials of degree d in the variables z1,...,x,. One then has

a representation R : G — GL(V') sending g € G to the element R(g) € GL(V)
that acts on a polynomial ¢ € V' by the formula

g99(x) := (R(9)¢)(x) := d(xg),
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where = (21,...,x,) is regarded as an n-tuple of variables and xzg denotes the
right multiplication of the matrix g against the row vector x. This is already
an interesting representation. The differential dR : g — End(V) is given on the
standard basis elements E;; of g = gl,, (k)

0
Eijp(x) := (dR(Ei;)9)(x) = xla—qb(ac)
;
(To see this, note that zE;; = x;e; and thus ¢(z(1+cE;;)) = ¢($)+$i%($)€+
O(£?).) The same definition makes sense and similar considerations apply more
generally when G is any subgroup of GL,, (k).

16.3 Matrix multiplication

Let R: G — GL(V) be a representation of a Lie group G. Fixing a basis (v;)
for V, one can express a representation of G in matrix form

R(g) = (Rij (9))1‘,;‘,

where R;;(g) denotes the coefficient of the basis element v; in R(g)v;. It’s a fact
of life that pretty much every special function of mathematics or physics is of
the form R;;(g). Identities such as the consequence

Z Rij(9)Rjx(h) = Rix(gh)

of the homomorphism property R(g)R(h) = R(gh) can be of use. For example,
let G :=R,V :=R2?,
R:G — GLy(R)
R(O) = ( cosd s1n0> .

—sinf cos6
Then

COS(9+¢) = R11(9+¢) = R11(9)R11(¢)+R12(9)R21(d)) = COS(G) COS((]S)—SiIl(G) sin(¢),

which makes for a nice way to remember addition laws for trigonometric func-
tions.

16.4 Invariant subspaces and irreducibility

Definition 94. Let G be a Lie group, and let R : G — GL(V) be a finite-
dimensional representation of G. A subspace W of V is said to be invariant (or
stable or G-invariant or G-stable) if R(g)W C W for all g € G.

Similarly, given a representation p : g — End(V) of a Lie algebra g, we say
that a subspace W of V is invariant (or stable or g-invariant or g-stable) if
p(X)W C W for all X € g.

We say that a representation (R, V') of a Lie group or a representation (p, V)
of a Lie algebra is irreducible if V # {0} and if V has no nonzero proper invariant
subspaces (i.e., none other than {0} and V). Otherwise, it is said to be reducible.
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Exercise 18. Let G be a Lie group and R : G — GL(V) an n-dimensional
representation. Fix a basis of V' and hence an identification V := C™. Let m
be an integer satisfying 0 < m < n, and let W := C™ regarded as a subspace of
V via the standard inclusion (z1,...,2Zm) — (Z1,...,Zm,0,...,0). Denote by

P,,(V) the subgroup of GL(V') given by matrices of the form 8 Z), where a

is an m x m matrix, b is an m x (n —m) matrix, and d is an (n —m) x (n —m)
matrix. Show that the following are equivalent:

1. R is reducible.
2. There exist 0 < m < n and v € GL(V) so that R(G) C vP,,(V)y~!.

Theorem 95. Let G be a Lie group, and let R : G — GL(V) be a finite-
dimensional representation of G.

1. Any G-invariant subspace of V is also g-invariant.
2. If G is connected, then any g-invariant subspace of V' is also G-stable.

8. If G is connected, then V is irreducible if and only if it is nonzero and
contains no proper g-stable subspaces.

Proof. It W <V is G-invariant, then for each X € g and v € W and t € R, we

have
R(exp(tX))v —v

t

(because W is a vector space), hence upon differentiating that

ew

dR(X)w eV

(because W is closed). This shows that W is g-invariant. Conversely, if W <V
is g-invariant and G is connected, then

R(exp(tX))v = exp(tdR(X))v = > ng(X)% ew,

n>0

hence W is exp(g)-invariant, hence (because G is connected and thus generated
by exp(g)) W is G-invariant. Etc. O

16.5 Polynomial representations of SLy(C)

Here we specialize Example to G = SLy(C). Let W, denote the space

of homogeneous polynomials ¢ € Clz,y] of degree n. Then W, is an (n + 1)-

dimensional vector space with basis given by the monomials 2™, Ly, ..., zy™ ! y".
cosf sinf

—sinf cosf

ficients R;;(g) of this representation with respect to the above basis give the

As motivation, one can check that for g = ( >, the matrix coef-
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classical spherical polynomials (e.g., when n is even, the coefficient of z™y™ in
R(g)x"y" is essentially the Legendre polynomial P, /5(cos®)).
By specializing the calculation of Example[93] we see that the basis elements

(=) ()

dR(X) =20y, dR(Y)=y0y, dR(H)= 20, — y0,.

of g act by

Their effects on the basis elements is thus given by Xz" = 0,Yy"™ = 0 and in
all other cases by

Xxn—kyk' _ k$n_k+1yk_l, Yxn—kyk — (n—k’)l‘n_k_lyk+1, Hl‘n_kyk — (n—QkJ)x"_kyk.

In lecture, we drew a picture in which the basis elements y™, zy™ ..., "y, 2"
were lined up from left to right and indicated by circles in which we indicated
their H-eigenvalues —n,—n+2,...,n — 2, n. The action of X may be depicted

n—1 2 p—2 n—2 2 n

_ 11
v Syt I a2y IS Sy S e 0.

The action of Y may be depicted

0+ y" L zy" ! 2 z2yn2 &t "y & g
Explicitly, when n = 3, we may represent the various actions with respect to
the basis 23, 22y, zy2, y> by

1
2
dR(X) = .|
3
arw) = |* |
1
3
1
dR(H) = »
-3
As we saw in Homework [4] the relation
X,Y]=H

implies that
[dR(X),dR(Y)] = dR(H).
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It is an instructive exercise to verify this directly from as many perspective as
possible (e.g., by direct inspection of the action, by staring at the action on
basis vectors using the graph-theoretic depiction described above, by explicitly
computing the commutators of the above 4 x 4 matrices, etc.).

Theorem 96. W, is an irreducible representation of G = SLy(C).

By Theorem it is equivalent to show that W, is irreducible as a represen-
tation of g = sl5(C). There are a couple ways to show this. Firstly, given any
nonzero invariant subspace W of W,, and take a nonzero element v € W, then it
follows from the above description of the action that there is a k > 0 for which
X*+1y = 0, and moreover, that if k is the smallest integer with this property,
then X*v is a nonzero multiple of 2™; then Y™ X*v is a nonzero multiple of
" Fyk . Since W is invariant, it contains Y™ X*v, hence contains all the basis
elements for W,,, and so W = W,,, i.e., W, is irreducible.

Another way to structure part of the argument is to use the following ele-
mentary consequence of the invertibility of the Vandermonde determinant:

Lemma 97. IfV is a representation of g and W is an invariant subspaces and
v € W is a vector that may be erpressed as a sum v = vy + --- + v, where
Hv; = A\w; for some A\; € C with \; # A\; whenever i # j, then each v; also
belongs to W.

This shows that any invariant subspace W of W,, contains the components
of each of its vectors wrt the standard basis, and one can then argue as above
to get all the basis elements.

16.6 Classifying finite-dimensional irreducible representa-
tions of SL,(C)

One cares to do this because it shows up all over the place (in studying special
functions, in classifying Lie groups and Lie algebras, in studying representations
of other Lie groups thanks to the various ways that SLs(C) may be embedded
in them, in quantum mechanics, Hodge theory, etc.)

Theorem 98. Let V' be any finite-dimensional irreducible representation of
G = SLo(C). Then V is isomorphic to one of the representations W, considered
in the previous section for some n > 0.

By arguing as in the proof of Lemma [95] it suffices to show this for g-
representations instead of G-representations, which makes the problem a bit
easier.

Lemma 99. Let T be a linear transformation on a nonzero finite-dimensional
complex vector space V.. Then T’ has an eigenvector, i.e., a nonzero vectorv € V.
so that Tv = v for some A € C.

Proof. The characteristic polynomial det(x — T') is monic of degree dim(V) >
1, hence has a root A; then det(A —T) = 0, so T — X is non-invertible, so
ker(T — A) # 0, i.e., T has an eigenvector. O
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Definition 100. Let V be a representation of g = sl5(C), and let A € C. We
say that a nonzero vector v € V has weight A if v is an eigenvector for H with
eigenvalue )\, i.e., Hv = Av.

Example 101. The vector " *y* € W,, has weight n — 2k.

Remark 102. In what follows, we write (for instance) HX as an abbreviation
for dR(H)dR(X); this differs from the matrix product of H and X, which we
shall have no occasion to refer to.

Lemma 103. Suppose v € V' as above has weight \. Then Xv has weight A+ 2
and Yv has weight A\ — 2.

Proof. We will use that

[H,X]=2X, [HY]=-2Y.

We have
HXv=(HX — XH)v+ XHv
= [H,XJv+ XHv
=2Xv+ X(\v)
=(A+2)Xv,
and similarly HY v = (A — 2)Yv. O

Lemma 104. Let V be a finite-dimensional representation of g = slo(C). Then
there is a nonzero v € V and X € C so that

Hv = v,
Xv=0.

Proof. By Lemma[09] there exists some nonzero u € V with some weight u € C.
The vectors X*u have weight p + 2k. Since V is finite-dimensional, H has only
finitely many eigenvalues, so we have X**1y = 0 for large enough k. Choosing
k minimal with this property and taking v := X*u gives Hv = (u + 2k)v and
Xv =0, as required. O

Remark 105. Although Lemma is basically trivial, it is one of the most
frequently applied calculations in Lie theory, and deserves careful study.

To prove Theorem we now take for V' any irreducible finite-dimensional
representation of g = sl5(C) and let vg € V be a nonzero element satisfying

Hv = XMv, Xv=0.
Such a vector exists by the previous lemma. For k > 0, set

Vg 1= kao.
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Then v has weight \g — 2k, so the various vy are all linearly independent. Let
W := ®Cuvy be the span of the vg. We claim that W is g-invariant. To that
end, it suffices by the linearity of the action to show for each basis element
Z € {H,X,Y} of g and basis element vy, of W that Zv, € W. Clearly

Huv, = (/\0 — 2k‘)vk ew
and
Yvp = vg41 € WL

We now verify by induction on k that
Xvp, = cpvp—1 €W

with ¢ = k(A — k + 1) and (by convention) v_; := 0. When k = 0, this
is clear. For k > 0, it follows by our inductive hypothesis and using the trick
XY = (XY —YX)+YX as in the proof of Lemma [103] that

Xvgy1 = XYy
=[X,Y]vp + Y X0y,
= Hu, + Ycpvp—1
= (A — 2k + ck)vg.

We conclude by checking that cx+1 = A — 2k + k.

Since W is nonzero and g-invariant and since V is assumed irreducible, we
must have W = V. Since V is finite-dimensional, we have v,,41 = 0 for some n.
Choosing n minimal with this property implies that

v £ 0

and
Un41 = 0
whence
0=Xvnt1 = Cnt19n = (n+ 1)(Ao — n)vy,.

Since n + 1 # 0 and v, # 0, it follows that Ag = n.
In summary, we have shown that V has the basis vy, ..., v, on which the
action is given by

Ho, = (n — 2k)vg,
Yo = vy,
Xvg =k(n—k+1)vg_1.
But it is easy to check that W,, has the basis wyo, ..., w, with wy := Y*2" on

which the action is described in the same way. Thus the linear map V — W,
extending vy — wy is an isomorphism of g-representations, as required.
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16.7 Complete reducibility

It is interesting to ask whether one can classify all finite-dimensional represen-
tations of a group such as SLo(C) rather than just the irreducible ones as done
in §16.5] For example, can we break arbitrary representations up into sums
of irreducible ones? We can also ask the same question for more general Lie
groups G: how can we understand general representations R : G — GL(V) in
terms of the irreducible ones? This was a basic question of late 19th century
mathematics known nowadays as classical invariant theory; the representations
of interest were as in Example 93]

Definition 106. Let G be any Lie group and R : G — GL(V) a finite-
dimensional representation. We say that V is completely reducible if there are
irreducible invariant subspaces Vi,...,V, of Vsothat V=V @ --- @ V,.

Definition 107. Similarly, let g be a Lie algebra and p : g — End(V) a finite-
dimensional representation. We say that V is completely reducible if there are
irreducible invariant subspaces Vi,...,V, of V. sothat V=V, & --- @ V,.

Lemma 108. Let G be a connected Lie group, let R : G — GL(V) a finite-
dimensional representation, and let dR : g — End(V) be the induced representa-
tion of the Lie algebra g of G. ThenV is completely reducible as a representation
of G if and only if V is completely reducible as a representation of g.

Proof. Indeed, the invariant subspaces of G and g are the same, thanks to

Lemma [05 O
Example 109. The zero representation V := {0} is completely reducible (take
n := 0). Any irreducible representation is completely reducible (take n :=
1L,Vh =V).

Lemma 110. Let R: G — GL(V) be a finite-dimensional representation. The
following are equivalent:

1. 'V is completely reducible.
2. Every invariant subspace W of V' has an invariant complement W'.

Recall here that a subspace W’ < V is said to be a complement of a subspace
W <V itV =Wa®W’, that is to say, if every v € V may be expressed as
v = w + w’ for some unique w € W, w' € W".

Example 111. Suppose that R : G — GL(V) has the property that there is
an inner product (,) on V that is invariant by G in the sense that

(R(g)u, R(g)v) = (u,v) (71)

for all g € G and all u,v € V. (In other words, after choosing an orthonormal
basis of V' and using that basis to identify V' = C™, we are assuming that R(G) is
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contained in the unitary group U(n).) Then every invariant subspace W has an
invariant complement W': one can just take for W’ the orthogonal complement

Wt :={veV:(vw) =0 forall we W}

of W. It follows from the definition of an inner product that the orthogonal
complement is in fact a complement; what needs to be checked is that it is
invariant. Thus, let v € W+ and g € G; we want to check that R(g)v € W+,
i.e., that (R(g)v,w) =0 for all w € W. But implise that

(R(g)v,w) = (R(g~")R(g)v, R(g~")w) = (v, R(g~")w),

and the invariance of W implies that R(g~') € w, hence that (v, R(g~")w) = 0,
as required.

We turn to the proof of Lemma [I10] which we split into two parts.

Existence of invariant complements implies complete reducibility. Assume first
that every invariant subspace of V' has an invariant complement; we aim then
to show that V' is completely reducible. (In following this argument, it may
be helpful to pretend that we are in the setting of Example [L11}) If V' = {0},
then we are done. Since dim(V') < oo, there exists a minimal nonzero invariant
subspace V1 of V. If V; = V| then we are done. Otherwise, let V/ be an invariant
complement of V;; by assumption, V{ # 0 and

V=VieV.

Let V5 be a minimal nonzero invariant subspace of Vy. If Vo = V/, then V =
V1 @ V4 is a sum of invariant irreducible subspaces, so we are done. If not, let
W5 <V be an invariant complement to V5, and let Vi := Wo NV} < V{ be its
intersection with V{, which is then invariant and satisfies V{ = V5 @ V5 (check
this; it’s easy), hence

V=VieV,ael,.

By assumption, W5 is nonzero, hence Vi is nonzero. Let V3 be a minimal nonzero
invariant subspace of Vy. If V53 = VJ, then we are done as before. If not, let
V4 := V43 N W5 < V3 be the intersection with V3 of some invariant complement
W4 <V of VJ; then, as before,

V=VieV,aVsaVs.

Proceed as above, and invoke that dim(V) < co to know that the process must
eventually terminate.

(The argument just presented is “obvious” and fairly natural, but somewhat
suboptimal. T’ll leave it as an exercise for the interested reader to make it
“slicker” by considering in the first step an invariant subspace W of V that is
maximal with respect to the property of being a direct sum of irreducible invari-
ant subspaces, and deriving a contradiction if W £ V. This “slicker” formulation
of the argument has certain advantages; for instance, it works without any fuss
in the infinite-dimensional setting.) O
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Complete reducibility implies existence of invariant complements. Okay, now let’s
show that if V' is completely reducible, then every invariant subspace W of V'
has an invariant complement W’. Thus, suppose we can write V =V, ®---®V,,
as a sum of irreducible invariant subspaces. Let I be a subset of {1,...,n} that
is maximal with respect to the property that

W N (®ierVi) = {0}.

(Note that the empty set satisfies this property, and there are only finitely many
subsets, so such an I exists.) Set W’ := @;¢;V;. We claim that V =W & W',
By construction, we have WNW' = {0}, so it suffices to show that V = W+W’.
To that end, it suffices to show for each j € {1,...,n} that

V, CW+ W (72)

If j € I, then V; C W/, so holds, so suppose j ¢ I. If fails, then
V; N (W + W') is a proper invariant subspace of V;, hence

Vin(W+W') =0,

or in other words, there is no nontrivial solution to the equation v = w + w’
with v € Vj, w € W,w' € W', or equivalently (upon replacing w,v by their
negatives), there is no nontrivial solution to the equation w = w’ + v with
veV,weWw eW ie,

WnW eV;) =0,

which says that W N (©;erug;3 Vi) = 0, contradicting the assumed maximality
of I. O

Remark 112. The natural setting for Lemma [110]is the theory of semisimple
modules over a ring.

Example 113 (A representation that is not completely reducible). Consider
the Lie subgroup P of SLy(C) consisting of matricse of the form (8 Z) Let
R: P — GL(V) be the standard representation of P on V := C?, thus

w(*apG) = (")

Then V is not completely reducible. Indeed, consider the subspace W := Ce; <
V' consisting of column vectors of the form

)

It is easy to check that W is invariant, and that every complement W’ of W

has the form
W' = cy) Ty € (C}
{ ( y) Y
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for some ¢ € C. But it is equally clear that W’ is not invariant; for instance,

e (1 DEP’ G)eW, (1 })(i):(cil)%v

Thus not all representations are completely reducible.
One gets more general examples of this sort by replacing P by the stabilizer
P of any nontrivial flag of vector spaces 0 =V C V; C--- C V., =C".

Example 114. The representation
R — GLy(R)

()

is not completely reducible, for the same reason as in the previous example.
Similarly for the representation C — GLy(C) defined by the same formula.
Likewise for the representation

R* — GLQ (R)

. (1 10g1|x|> .

Likewise for the representation

GL,(R) — GLy(R)
ys (1 1og|dlet<g>|> |

Definition 115. Let G be a Lie group. We say that G is linearly reductive if
every finite-dimensional representation of G is completely reducible.

Example 116. We have seen that the groups P from Example [I13] are not
linearly reductive. Similarly, we see from Example that the real Lie groups
R and GL,(R) and the complex Lie group C are not linearly reductive.

A minor caution regarding terminology: We are working here in the category
of Lie groups over the field k = R or C. When we speak of any property of
a Lie group, it matters which we field we regard it as being defined over. For
example, we will show eventually that C*, regarded as a complex Lie group is
linearly reductive. However, if we instead regard C* as a real Lie group, then
it is not linearly reductive: the representation

C* 3z (1 10g|z|>
1

is not completely reducible. That representation is not smooth in the complex
sense (i.e., is not holomorphic), and so does not define a representation of C*
when we regard it as a complex Lie group.
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Similarly, although we are working in this course in the category of Lie
groups, we could instead work in the category of algebraic groups, which are
obtained by replacing manifolds with solution spaces to polynomial equations
(called varieties) and replacing smooth maps between manifolds with maps de-
scribed by polynomials (called morphisms of varieties). The group GL,,(R) can
be regarded either as a Lie group or as an algebraic group. In the category
of Lie groups, it is not linearly reductive. But the counter-example we gave
involved the logarithm function, which is not algebraic. It turns out that when
GL,(R) is regarded as an algebraic group, it is linearly reductive. This means
that one can’t construct non-completely-reducible representations of GL,(R)
using only polynomials; to put it another way, it turns out that any represen-
tation R : GL,(R) = GLy(R) whose matrix coefficients R;;(g) are polynomial
functions of the coordinates gy; is completely reducible.

16.8 Linear reductivity of compact groups
Theorem 117 (Maschke). Any finite group G is linearly reductive.

Proof. Let V' be a complex vector space, and let R : G — GL(V) be a repre-
sentation. We wish to show that V' is completely reducible. There are a couple
ways to phrase the argument; I’ll record both for the sake of variety.

First, by Lemma [[10] and Example [I11} it will suffice to show that there
exists a invariant inner product on V. To show this, let (,)o be any inner
product on V' (just fix a linear isomorphism V 2 C" and take the standard
one), and then define the averaged inner product (,) by the formula

1
(w,0) = 1 > (R(g)u, R(g)v)o.

geG

It is then easy to check that (,) is the required an invariant inner product.

We now phrase the argument another way by making more direct use of the
criterion of Lemma [TI0] It will suffice to show that each invariant subspace W
of V has an invariant complement. To that end, it will suffice to construct an
equivariant projection p : V. — W. (A projection from a vector space V to a
subspace W is a linear map p : V' — W whose restriction to W is the identity
map. A linear map p between representations is said to be equivariant if it
is a morphism of representations, i.e., if p(gv) = gp(v) for all v € V,g € G.)
Assuming we have constructed such a projection, we may take W’ := ker(p).
Since p is a projection, we then have

V=waeWw.

On the other hand, since p is equivariant, its kernel W’ is invariant. We thereby
obtain the required invariant complement of W, assuming the existence of an
equivariant projection.

To produce an equivariant projection, start with any projection ¢g : V.— W
(e.g., by taking a basis ey, ...,eq for W, extending it to a basis ey, ..., e, for
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V, and defining ¢ (e;) to be e; if j < d and 0 otherwise) and define the average
¢:V - W by

0(0) = g 2 Rla)on(R(a) ).
geG
Then it is easy to check that ¢ is still a projection, and also that ¢ is equivariant:
for h € G, one obtains using the change of variables g +— hg on G and the
homomorphism property of representations that

- ﬁ S R(g)60(R(g) " R(h)v)
geG

- ﬁ > R(g)oo(R(h™"g)"v)

geG

¢(R(h)v)

_ ﬁ >~ R(hg)éo(R(g) ")

geG
= R(h)¢(v),
S0 ¢ is equivariant, as required. U

Theorem 118. Any compact Lie group G is linearly reductive. More generally,
if G is a compact topological group and R : G — GL(V) is any continuous finite-
dimensional representation, then R is completely reducible.

Proof. We will use the following fact, whose proof is sketched in
there is a unique Radon probability measure p which is left and right
invariant under G in the sense that u(Fg) = u(gE) = u(E) for all Borel subsets
E C G and g € G, or equivalently,

F@ydue) = [ F(hg)dulg) = / F(gh) du(g)

geG geG geG

for all h € G and all continuous functions f : G — C. For example, if G is a
finite group, one can take for u the normalized counting measure. We may then
argue exactly as in either of the proofs of Theorem by replacing averaging
over the group with averaging with respect to u, i.e., taking

(o) = [ (Rlgu, Rig)v)oduly)
geG

or

o(v) = / _R(a)6o(Rl) ™) di(o)

instead of what we did above. O

The tools of {17 will give us a number of examples of linearly reductive
complex Lie groups (GL, (C), SL,(C), SO,,(C), etc.) and also linearly reductive
real Lie groups (SL,,(R), SO(p, ¢)° for (p,q) # (1,1)) in addition to the compact
groups (U(n),SO(n), etc.) already covered above. The following result was
established in the above, and is of independent interest:
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Theorem 119. Let R : G — GL(V) be a finite-dimensional representation of
a compact group G. Then there exists an invariant inner product on V.

The proofs given above were self-contained except that we punted the ex-
istence of the Haar measure p to §I0] Here we record a self-contained way
(learned from Onishchik—Vinberg) to “get around” constructing such a p. (I
put “get around” in quotes because the ideas here are similar to those used in
to construct such a u; however, they are somewhat simpler in the present
context.)

Theorem 120. Let S be a finite-dimensional vector space, let G be a compact
group, and let « : G — GL(S) be a representation. Let M C S be a nonempty
convex G-invariant subset. Then M contains a fized point of G.

Proof. We reduce first to the case that M is bounded by replacing M as neces-
sary by the convex hull of some orbit of G on M; such an orbit is compact be-
cause of the compactness of G. The idea is then that M has a well-defined “center
of mass” which, being canonically defined, will turn out to be G-invariant.

Turning to details, let W < .S denote the span of all differences of pairs of
elements of M. Let P denote the smallest plane containing M, or equivalently,
the union of all lines in S containing at least two elements of M. Then P is
a coset of W. Since M is G-invariant and the associations M — W, P are
canonical, we know that W and P are G-invariant, too. The vector space W
has a Lebesgue measure u. For g € G, let J(g) denote the Jacobian of the linear
transformation of W induced by R(g). Then J : G — R is a homomorphism.
Since G is compact, J is trivial. Thus the Lebesgue measure p is G-invariant.
By fixing a basepoint on P, we can transfer y to a measure v on P, which is
again G-invariant. The center of mass

Joens Tdv(z)
v(M)

of M then makes sense (because M is bounded) and is G-invariant (because v
is G-invariant). Since M is convex, we have moreover that ¢(M) belongs to M:
this is clear if M is a point, while otherwise the interior M° of M (as defined
using the topology on P) is nonempty, so if ¢(M) ¢ M, then (by the separating
hyperplane theorem, i.e., Hahn—Banach in finite dimensions) there is an affine-
linear function ¢ : S — R satisfying £(M°) C R+ but £(c(M)) = 0, which leads
to a contradiction upon applying ¢ to the definition of ¢(M). Thus ¢(M) € M
gives the required G-fixed point. O

(M) =

Example 121. Let G be a compact group, let R : G — GL(V) be a finite-
dimensional representation, let W < V be an invariant subspace, and let S
denote the set of all linear maps V. — W and M C S the subset consisting
of projections ¢ : V. — W. Then G acts on S by the rule g- ¢ := R(g) oo
R(g)~', and M is a nonempty convex G-invariant subset. A projection ¢ € M
is equivariant if and only if it is a fixed point for this action, so Theorem [120)
tells us that an equivariant projection exists. Using this, we can complete the
proof of Theorem without directly establishing the existence of pu.
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Example 122. Let G be a compact group, let R : G — GL(V) be a finite-
dimensional representation, let S be the space of hermitian forms on V', and let
M C S be the subset of positive definite hermitian forms (i.e., inner products).
Then G acts on S by (g-B)(v1,v2) := B(R(g)'v1, R(g)vz), and the subspace
M is convex, nonempty and G-invariant. An inner product B € M is G-
invariant in the present sense if and only if it is invariant in the sense defined
above, so Theorem tells us that an invariant inner product exists.

16.9 Constructing new representations from old ones
16.9.1 Direct sum

Given a pair of representations V1, V, of a Lie group G, we get a representation
on their direct sum V; @ V5 by

g(v1 B vy) := guy B gvs.
Similarly for representations of a Lie algebra. The two constructions are com-
patible under differentiation.

16.9.2 Tensor product

Given a pair of representations Vi, Vs of a Lie group G, we get a representation
on their tensor product V3 ® V5 by

g(v1 ® v2) == gu1 ® gua.

If V1, V5 are instead representations of a Lie algebra g, then the natural action
to take on their tensor product is

X(v1 @ vg) := Xv1 @ vy + v1 @ Xvs.

One of the homework problems for this week is to check that this in fact defines
a Lie algebra representation. We checked in class that if we differentiate the
first action, we get the second:

d
a(eXP(tX)Ul ® exp(tX)ve)li=0 = Xv1 @ v2 +v1 ® Xva.

16.9.3 Symmetric power representations

Given a complex vector space V and t € Z>(, the symmetric power Sym*(V) is
the space of homogeneous polynomials of degree ¢ on the dual space V*. Each
element of V' may be identified with a linear polynomial on V*. Any element
of Sym’(V') may be written as a finite linear combination of monomials vy - - - vy
with each v; € V. If eq,..., e, is a basis for V, then the polynomials e;, - - -e;,
taken over all indices satisfying 1 < iy < --- <4; < n form a basis for Symt(V).
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Given a representation R : G — GL(V) of a Lie group G, one obtains a
symmetric power representation Sym"(R) : G — GL(Sym"(V)) by setting: for
Viyeo.,p €V,

(Sym"™(R)(g))vr - -~ vr := (R(g)vr) - - (R(g)vr)-

(See Wikipedia or Google for more details on this construction.)

16.10 Characters

For each representation V of g := sly(C), define the character of V' to be the
Laurent polynomial
ch(V) € A:=7Z[z, 271
given by
ch(V) == (dim V[m])z",
meZ
where Vm] := {v € V : Hv = mw} with H = (* _;) € g as before. (By
this point in lecture, we saw that the action of H on any finite-dimensional
representation is diagonalizable, so V' = ®V[m]|.) For example, for the irre-
ducible representations W, (m € Z>() considered in lecture, we have ch(W,,) =
megjgm:jzm@) 2™ =™ 4+ 2™ 2 4 ... 4 z7™. Such functions are symmetric
(i.e., invariant under z — z~1.) The Weyl denominator is the element

D:=z—z21eA
It is the simplest example of an anti-symmetric element of A. One has
D - ch(W,y,) = 2Tt — z=(m+1),

In other words, as V' traverses the set of isomorphism classes of irreducible
representations, D - ch(V') traverses the “obvious” basis for the space of anti-
symmetric elements of A.

For a finite-dimensional representation R : G — GL(V) of G := SL3(C), one
has

0
ch(V)|,—pio = trace(R((e e_,.g))).
The character satisfies
ch(Vi @ Va) = ch(V1) + ch(V3),

ch(Vi ® Vo) = ch(V1) ch(Va).

This is easily seen by taking a basis eq, ..., e, of H-eigenvectors for V; and a
basis fi,..., fmm of H-eigenvectors for V5 and using that ey, ..., em, f1,-.., fm
is then a basis of H-eigenvectors for Vi @ Vo while e¢; ® f; give a basis of H-
eigenvectors for V; ® V5.
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If we're given a representation V' of g, we know that we can decompose
V & @ WE™

for some multiplicities p(m) > 0. We can determine the multiplicities easily if
we know the character of V', and particularly easily if we multiply first by the
Weyl denominator: we have

D - Ch(V) = Z ,u(m)D . Ch(Wm) — Z u(m)(szrl _ Z,m,l)7
m2>0 m>0

so we can read off the multiplicity p(m) of W,, inside V as the coefficient of
2™*1 in the anti-symmetric Laurent polynomial D -ch(V'). For example, in this
way (or in others) we can easily derive the Clebsh—Gordon decomposition

Wi @Wn E Wit ®Wihgn—2® -+ @ VV\mfn\ = EB|mfn|Sjngrn:VVj

j=m+n(2)
from the polynomial identity: for m > n (say),
(zm+1 _ Z_m_1>(2n 424 +Z—n) — Z (Zj-l-l _ Z_j_l).
m—n<j<m+n:
j=m-+n(2)

We can make this more explicit, e.g., the isomorphism
Wod Wy Z2W1 @ W;

can be given by identifying Wy = C[z, w2y and Wy = C and W, = Clz, ]
(where a subscripted (n) denotes homogeneous elements of order n) and the
map

Wo — W1 @ W,
is given by
Il (zey-—yea)/2
and the map
Wy — Wi @ Wy
by
22 — T,
w? =y @y,

zw— (Y +y®a)/2.

See any introductory textbook on quantum mechanics for more on the impor-
tance of these sorts of decompositions in physics.
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17 The unitary trick

Definition 123. Let g be a complex Lie algebra. Let h be a real Lie algebra.
We say that

e ) is a real form of g, or equivalently, that
e g is the complezification of b,

if b is (isomorphic to) a real Lie subalgebra of g for which

g="bhdib,

or equivalently, for which the natural map h ®g C — g is an isomorphism. In
other words, every z € g may be expressed uniquely as x + iy with z,y € h.

Example 124. sl,(R) and su(n) are real forms of sl,,(C); so(n) is a real form of
50,(C). gl,(R) and u(n) are real forms of gl,,(C). A bit less obviously, so(p, q)
is (isomorphic to) a real form of so,,(C) (try to check this!).

Lemma 125. Let L be any complex Lie algebra. Let g be a complex Lie algebra
and B a real form of g. Then the natural restriction map

morphisms of complex Lie algebras . morphisms of real Lie algebras
®:9—-L ¢o:h—L

8 a bijective.

Proof. Given @, one defines ¢ by restriction. Given ¢, one defines ®(z + iy) :=
@(x) +ip(y). One checks that the associations ¢ — ® and & — ¢ are mutually
inverse, and that one defines a Lie algebra morphism (over the relevant field)
if and only if the other does. (One could alternatively take the conclusion of
this lemma as the definition of real form/complexification, as in the functorial
characterization of tensor product.) 0

Example 126. Suppose L = End(V) for a complex vector space V. Then
Lemma [125]says that for a complex Lie algebra g with real form b, the following
sets are in natural bijection:

1. holomorphic representations p : g — End(V).
2. representations po : h — End(V).

Moreover, the invariant subspaces W for p and py are the same. In particular,
p is irreducible if and only if pg is irreducible, and also p is completely reducible
if and only if pgy is completely reducible.

Definition 127. Let G be a connected complex Lie group. A real form of G is
a connected real Lie subgroup H < G with the property that the Lie algebra b
of H is a real form of the Lie algebra g of G.
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Example 128. GL,(R) and U(n) are real forms of GL,,(C). SL,(R) and SU(n)
are real forms of SL,(C). SO(n) and SO(p,q)° (p + ¢ = n) are real forms of
SO, (C).

Theorem 129. Let G be a connected complex Lie group. Suppose that G has
a compact (connected) real form. Then G is linearly reductive.

Proof. Let H be a compact (connected) real form of G, and denote Lie algebras
in the usual way. Let R : G — GL(V) be a finite-dimensional representation of
G. We wish to show that V is completely reducible under G. We have seen in
Lemma that V is completely reducible under G if and only if it is under g,
and likewise that V' is completely reducible under H if and only if it is under b.
By Lemma [I125] we know that V' is completely reducible under g if and only if
it is under h. In summary, V is completely reducible under any one of G, g, b, H
if and only if it is under all of them. Since compact Lie groups as linearly
reductive (Theorem , we know that V is completely reducible under H, so
we are done. O

Example 130. It follows that the groups GL,(C) (e.g., C*) SL,(C), SO, (C)
are linearly reductive.

Remark 131. Let G be a connected complex Lie group which has a com-
pact (connected) real form, then we have seen that G, as well as its compact
(connected) real form, is linearly reductive. However, it need not be the case
that every real form H of G is linearly reductive; consider for instance the case
G = C*,H = R*. (This is another example where things become nicer by
working in the category of algebraic groups; compare with Remark )

In the proof of Theorem the notion of “completely reducible” relevant
for the representation V' of b is that there exist no invariant complex subspaces.
One can ask what happens if one works instead with invariant real subspaces:

Exercise 19. Let V' be a complex vector space and End(V') the Lie algebra of
C-linear endomorphisms of V. Let h be a real Lie algebra and p : h — End(V)
a morphism.

Let W < V be a real subspace (i.e., a subspace of the real vector space
underlying V).

1. Show that if W is invariant or irreducible (under the action by ), then
so is ¢W.
2. Suppose that W is invariant and irreducible. Show that either

(a) W =W, in which case W is an invariant irreducible complex sub-
space, or

(b) W niW = {0}, in which case W 4 ¢W is an invariant irreducible
complex subspace.
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Deduce that if V' decomposes as a direct sum of invariant irreducible real
subspaces, then it also decomposes as a direct sum of invariant irreducible
complex subspaces.

Let us work out the complexification of H := SO(p, q)°. Recall that SO(p, q) =
{9 € SLy44(R) : gIp 49" = I, 4} where I, , := diag(1,...,1,—1,...,—1), thus

A B

h={X €SLyy(R): XI, 41, ,X' =0} = {(C D) eMpH(R):At:—A,Dt:—D,Bt:C}.

The complexification is given by

herC = hevih = {(é [B)) € My, o(C): Al = —A,D'=—D, B' = C’} C M,.4(C).

If ¢ := diag(¢,...,4,1,...,1), then we can check easily that

e(h @ih)e™ = 50,44(C).

Thus the complexification of so(p,q) is isomorphic to s0,.4(C). Similarly,
SO(p, q)° is (isomorphic to) a real form of SO, ,(C); just consider

£S0(p,q)°e ™" < S0,44(C) < SLy14(C).

To cook up some more interesting examples, let

H:= {(_Zw Z’) :z,wE(C} C M,(C)

denote Hamilton’s quaternion algebra over the reals. (It is an associative algebra

with center R and of dimension 4 over its center.) There is a natural involution

x — =* on H, given by 2* := &, or equivalently,

a b\° [(d —b
c d) \-c a)’
Then H* is a Lie group and
Lie(H*) = H.

The space M, (H) of n x n matrices with quaternionic entries can be regarded
as a subspace of My, (C). Set

SLy, (H) := M, (H) N SLa,,(C)

and
U,(H) :={g € M,(H) : gg* = 1}.

Recall that SU(p,q) = {g € SLy44(C) : g1, ,9" = I, 4}
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Exercise 20. Determine the complexifications of the Lie algebras of the fol-
lowing real Lie groups:

1. SL, (H)

2. SU(p,q)
3. U (H)
(Each is isomorphic to a classical complex Lie group we’re already familiar with.)

It turns out that with this exercise and the examples given previously, we’ve
found all of the real forms of the complex Lie algebras sl,,(C), s0,,(C).

Exercise 21. Let b := sl,(C), but regarded as a real Lie algebra rather than
a complex one. (Concretely, we can think of h as a real Lie subalgebra of
slo, (R).) Show that one has an isomorphism of complex Lie algebras h @g C =
s, (C) @ 51, (C).

Remark 132. Let h be a real form of a complex Lie algebra g. Then § is the
fixed point set of the automorphism o : g — g given by identifying g with h®g C
and requiring that for X € h and z € C, one has ¢(X ® z) := X ® Z; in other
words, if we identify g with h@ih, then o(x+iy) := z—iy for z,y € h. Then o is
an involution on g (i.e., o2 is the identity transformation); moreover, o is a Lie
algebra automorphism that is anti-linear with respect to scalar multiplication
by complex numbers, i.e., for all ¢ € C, Z € g, o(cZ) = ¢o(Z), and satisfies
o? =1.

Conversely, given an anti-linear involution o : g — g, we claim that its fixed
point subspace h : {X € g: 0(X) = X} is a real form of g. Well, since o is a
real Lie algebra automorphism, we know at least that § is a real Lie subalgebra.
Observe that ih = {X € g: 0(X) = —X}. Since g is the sum of the +1 and —1
eigenspaces of o, we deduce that g = b & ih. Hence b is a real form.

18 Ad and ad

18.1 Basic definitions

When one learns basic group theory (say of finite groups), one studies groups G
acting on sets X. A particularly important action is the conjugation action of G
on itself, given by (g, ) + grg~!. The orbits for this action are the conjugacy
classes in G. Much nontrivial information about G can be extracted from a
careful study of the conjugation action of G on itself. For example, the Sylow
theorems are proved in this way.

When G is a Lie group, one can again consider the conjugation action of G
on itself, but it turns out to be more useful to differentiate this action a bit, so
that tools from linear algebra become at our disposal.
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Definition 133. Given a Lie group G with Lie algebra g, the adjoint represen-
tation of G is the map
Ad: G — GL(g)

is defined by
Ad(9)X :=gXg',

where the RHS may be interpreted in various ways:

1. If G is a subgroup of GL,,(k), then g is a subalgebra of M, (k), and so we
can interpret X g~ ! as a product of matrices.

2. We can use the trick of (“pretending that every Lie group is a matrix
Lie group”) to embed both G and g inside End(C*°(G)); in that optic, the
product gXg~! is given by composition.

3. (I don’t recommend spending too much time studying this interpretation.)
In general, for ¢ € G and zp € G and X € T,,(G), we can define gX €
Tyeo (G) to be the image of X under the differential of left translation by
g, le: if Y : G — G is the map ¥(z) := gz, then gX = (T, ¥)(X)
where Ty 1 : Ty (G) — Tye, (G) is the derivative. We can similarly define
Xg € Tyy4(G) using right translations. This makes sense in particular
when zg = e is the identity element, so that T.G = g; then for X € g we
have gX € T,G and thus (¢9X)g~' € g. Alternatively, we may first form
Xg~! € T;-1G and then g(Xg~') € g. The two answers are the same
because left and right translations commute with one another. (See
for related discussion.)

4. For any g € G and X € g, the map k > t — gexp(tX)g~! is a one-
parameter subgroup, so its initial velocity is an element of the Lie algebra:

9Xg~ " = O—ogexp(tX)g".

It is clear that Ad : G — GL(g) is a morphism of Lie groups.

Note that if G is a real Lie group, then Ad is a real representation, not a
complex representation of the sort that we have primarily been considering. If
G is a complex Lie group, then Ad is a holomorphic representation.

Exercise 22. Let g € G, X € g. Show that
gexp(X)g~' = exp(Ad(g)X).
Hint: one can either
1. appeal to uniqueness of one-parameter subgroups (7 or
2. apply the result of to f: G — G given by f(a) := gag™".

Since the Lie algebra g of a Lie group is a vector space, we may form its
linear dual g* := Homy(g, k). From some perspectives (which we might discuss
eventually), the following action is better behaved than the adjoint action:
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Definition 134. The coadjoint representation of a Lie group G is the map
Ad* : G — GL(g")
given for g € G, A\ € g*, X € g by
(Ad*(9)N)(X) = A(Ad(g) ™' X).

Exercise 23. Check that Ad" is a representation, but that it wouldn’t be in
general had we omitted the inverse in the definition.

Definition 135. Given any Lie algebra g with Lie bracket g, we can define
ad : g — End(g)

by the formula
(ad(X))(Y) := [X,Y].

We usually abbreviate the LHS to ad(X)Y. We might sometimes also abbreviate
adx := ad(X), so that adx Y = [X,Y]. Recall that the Jacobi identity may be
written in the following equivalent ways:

(X, Y], 2] = [[X, 2], Y] + [X, [Y, Z]], (73)

[Xv [KZ]]:[[XvYLZ]_F[YJXvZH' (74)

The first identity may be interpreted as saying that ad : g — End(g) is a
morphism of Lie algebras, that is to say, that

ad([X,Y]) = [ad(X),ad(Y)],
since indeed ad([X,Y])Z = [[X, Y], Z] and [ad(X),ad(Y)]Z = ad(X) ad(Y)Z —
ad(Y)ad(X)Z = ad(X)[Y,Z] — ad(Y)[X. 2] = [X.[V.Z]] - [Y,[X,Z]]. The
second identity may be interpreted as saying that that adx is a derivation for
each X € g, i.e., that
adx|[Y,Z] = [adx Y, Z] + [Y,adx Z],
i.e., that ad(g) C Der(g). So in summary, ad defines a morphism of Lie algebras

ad : g — Der(g).

One can already get huge mileage out of this simple statement (see the tricky
problem on this week’s homework). Note in particular that it contains two
different interpretations of the Jacobi identity.
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18.2 Relationship between Ad and ad
The above definitions are related as follows:

Lemma 136. Let G be a Lie group with Lie algebra g. Then the differential
dAd : g — End(g) of the morphism of Lie groups Ad : G — GL(g) is the
morphism of Lie algebras ad : g — End(g), that is to say, dAd = ad, or more
verbosely, for any X,Y € g,

Os—o Ad(exp(sX))Y = ad(X)Y.

Proof. The RHS is ad(X)Y = [X,Y]. We expand out its definition and com-
pute, obtaining
[X,Y] := Os—0s—o(e™X, ™)
= Oy_oDy—ge X el =X 1Y
= Oso(eXYe X —Y)
= 0,—0 Ad(e*Y)Y,

as required. O

18.3 Interpretation of the Jacobi identity

Remark 137. Let G be a Lie group. When we defined its Lie algebra g and
defined the Lie bracket [,], we promised that the Jacobi identity followed from
the associativity of the group law on G, but didn’t prove it. We can now give a
rigorous and fairly conceptual proof: Recall that we proved that any morphism
f : G = H of Lie groups induces a morphism df : g — b of Lie algebras.
Applying this fact with H := GL(g) to the adjoint representation f := Ad
implies that ad = d Ad is a morphism of Lie algebras. But we saw above that
this last assertion is equivalent to the Jacobi identity. (Exercise: check carefully
that we haven’t used circular reasoning here.)

18.4 Ad,ad are intertwined by the exponential map
Let G be a Lie group with Lie algebra g. One has maps
exp:g— G

and also a map
exp : End(g) — GL(g)

(the matrix exponential). The adjoint maps defined above are intertwined by
these exponential maps, that is to say, Ad oexp = expoad, or more verbosely,
for each X € g,

Ad(exp(X)) = exp(ad(X)) := ) |

n=0

ad(X)"
n!
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or even more verbosely, for each X,Y € g,

ad(X)"Y = [X,[X,...,[X,Y
(n!) :Z[[ (X, Y]]]

exp(X)Y exp(—X) = Ad(exp(X))Y = ) nl
n=0 '

n=0

where there are n copies of X in the iterated commutator on the RHS. One
can prove this by writing the LHS and RHS as ®;(1) and ®5(1) respectively,
where @1 (t) := Ad(exp(tX)) and P5(t) := exp(ad(tX)) = exp(tad(X)) are one-
parameter subgroups in GL(g); by Lemma we have ®,(0) = dAd(X) =
ad(X) = ®4(0), hence by the uniqueness of one-parameter subgroups the two
sides coincide. This identity is already not entirely obvious in the matrix case
G = GL, (k); it is instructive to verify it directly in that case.

18.5 Some low-rank exceptional isomorphisms induced by
the adjoint representation

The adjoint representation Ad of the groups SLo(C), SU(2), SLy(R) induce the

exceptional isomorphisms

SU(2)/{£1} = SO(3),
PSLy(R) := SLy(R)/{#1} = SO(1,2)°.

We explained this in detail in class for the first two examples and left the third
as an exercise. The adjoint representations ad of the corresponding Lie algebras
likewise induce isomorphisms

5[5 (C) 2 s03(C),

su(2) = s0(3),
slp(R) = s0(1,2).

(Note that Lie(PSL2(C)) = Lie(SLa(C)), etc., because {1} is discrete.)
We spent some time in class introducing some terminology for interpreting
the above isomorphisms in a natural way.

Definition 138. Let k be a field, perhaps of characteristic # 2. A (non-
degenerate) quadratic space V over k is a pair V = (V, @), where

1. V is a finite-dimensional k-vector space, and

2. Q isamap @ : V — k for which the map B := Bg : V x V — k defined
by B(z,y) := Q(x +y) — Q(z) — Q(y) has the properties:

(a) Bis bilinear, i.e., B(aix14+asxs, biy1+bays) = Zi:u Zj:1,2 a;b;Bo(zi,9;)

for all a;,b; € k and z;,y; € V;
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(b) B is non-degenerate in the sense that for each nonzero x € V there
exists a nonzero y € V so that B(z,y) # 0; equivalently, the map
x — B(x,-) defines a linear isomorphism from V to its linear dual
V.

A morphism of quadratic spaces f : (V1,Q1) — (V2,Q2) is a linear map f :
Vi — V45 so that Q2 o f = Q1. Two such quadratic spaces are thus isomorphic
if there exists a linear isomorphism f : V3 — V5 satisfying Q2 o f = Q1.

Example 139. If k = C and n € Z>o, then V := C" with Qn(2) := >, 27
is a quadratic space, called the standard n-dimensional quadratic space over C.

Example 140. If k = R and p,q € Z>¢, then V := RPT? with Q, ,(z) =
- x? — ;1‘:1 xf,_H is a quadratic space, called the standard quadratic space
over R of signature (p,q).

Theorem 141. Over k =R or C, every quadratic space is isomorphic to one
of the above examples.

Definition 142. Given a quadratic space V = (V,Q) over k (take k = R
or C for the purposes of this course, although the construction applies more
generally) we may define its orthogonal group O(V) = {g € GL(V) : Q(gv) =
Q(v) for all v € V'} and special orthogonal group SO(V) = O(V) N SL(V).

If two quadratic spaces are isomorphism, it is clear that their (special) or-
thogonal groups are likewise isomorphic. The above definition thus introduces
no new groups beyond the examples O, (C), O(n), O(p,q), SO,(C), SO(n),
SO(p, q) that we have already seen, but it is sometimes convenient to be able to
refer to them in a coordinate-free manner.

Example 143. Over k = C, the space sly(C) with the quadratic form det is a
quadratic space. In fact, the linear map j : C* — sl5(C) given by
@)= (T YT o (75)
T —y+iz —ix
satisfies det(j(z,y, 2)) = 22 +y>+22, and hence induces an explicit isomorphism

of quadratic spaces

(C3,Q3) = (sI5(C), det).

Thus, in particular,

SO(sl5(C), det) = SO5(C).

Example 144. Over k = R, the space su(2) with the quadratic form det is a
quadratic space. In fact, the linear map j : R® — su(2) given by satisfies
det(j(z,y, 2)) = 2% + y? + 22, and hence induces an explicit isomorphism of
quadratic spaces

SO(su(2), det) = SO(3).
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One of the homework problems for this week is to work out something similar
for sl (R).
Consider now the adjoint map

Ad : SLy(C) — GL(s1(C)).

Since det(Ad(g)X) = det(X) for all g € SLy(C) and X € sl3(C), we have in
fact
Ad(SL3(C)) C O(slz(C), det) = O3(C).

Since (as we have shown) SLy(C) is connected, so is its image under Ad, thus
in fact

Ad(SL2(C)) € 503(C).
Similarly

ad(sl2(C)) C so(slz(C),det) = s03(C).

We may check easily that ker(Ad) = {£1} and ker(ad) = {0}; from this and a
dimensionality check it follows that ad is a linear isomorphism and hence (using
that SO3(C) is connected and that the exponential map has the properties
that it has) that Ad : SLo(C) — SO3(C) is surjective. We thereby obtain an
isomorphism

SLo(C)/{£1} = SO3(C).
Similar arguments give the other isomorphisms claimed above. The homework
problems for this week give some other interpretations.

Remark 145. One can check that the inverse isomorphism so3(C) =5 sl (©)
is not of the form df for some morphism f of Lie groups SO3(C) — sl3(C); we
shall return to this point later.

Using the above exceptional isomorphisms, together with the fact that —1 €
SL2(C) acts on the irreducible representation W, by the sign (—1)", we deduce
that the irreducible representations of SO3(C) are given by the Wa, for all
n > 0; the action of g € SO3(C) on Wy, is defined to be R(g) for some preimage
g € SLo(C). We should see next time a bit more explicitly how this goes.

19 Maurer—Cartan equations and applications
19.1 The equations
Let G be a Lie group and a smooth map

g:k* - G.

We can think of g as a smooth parametrized surface, or as a family of (possibly
disconnected) curves ¢ — g(t,s) indexed by a deformation parameter s. The
velocity of the curve with parameter s may be described by the smooth map

E:k?--5 g
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characterized by the equation

dg

ot = 9¢.
Similarly, for a fixed time ¢, the velocity of the deformation is quantified by the
map
n:k*--s g
characterized by
99
s =gn-
Since g is smooth, we have
9*g  d%
0s0t  OtOs’

Equating the two expressions obtained by expanding out the LHS and RHS
and making use of the definition of the Lie bracket give what is known as the
Maurer—Cartan equation.

For the remaining discussion, we either assume that GG is a matrix Lie group
(so that everything is a matrix for us to multiply willy-nilly) or use the trick of

Then

%9 0(gs) o€

950t~ 0s It 95
while )

d0%g  O(gn) an

oros — ot 9T I
Equating the two and using the key relation

gng — gén = gn, €]

now gives
on O
ot s I, €l (76)

which we may expand a bit more verbosely as

9, 99, 9, _,dg

109 _,0¢g
J— - — 17 17

One can rewrite everything we’ve said here in the language of differential
geometry in terms of derivatives of a certain natural g-valued 1-form on Gj see
Google for details.

19.2 Lifting morphisms of Lie algebras

Theorem 146. Let G, H be Lie groups. Consider the natural map j : Hom(G, H) —
Hom(g, ) given by f — df.

1. If G is connected, then j is injective.

2. If G is simply-connected, then j is surjective.
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We have already shown the first part. It remains to show when G is simply-
connected that for each morphism ¢ : g — § of Lie algebras that there is a
morphism f : G — H of Lie groups so that df = ¢.

To construct f, start with an element z € G. Since G is connected, we can
find a smooth curve v in G with v(0) = e,y(1) = z. This curve will satisfy a
differential equation

Oy

ot
for some £ : R --» g. We take ¢(§) := ¢o& : R --» b and consider the
curve § : R --» H satisfying the initial condition 6(0) = e and the differential
equation

=€

00

a = 5¢(f)?

this can always be solved, by an argument similar to that used to construct the
exponential map. We now attempt to define

The issue is that this definition is not obviously independent of the choice of
path ~.

However, since G is simply-connected, we can join any two such paths 7o,y
by a smooth homotopy ¢ : R? --» G satisfying

g(tao) :’Yo(t)7 g(tul) :Wl(t)7 9(078) =6, 9(178) =
It will again satisfy a differential equation

99
ot g€

now for some ¢ : R? --» g. We can take the composition ¢(¢) : R? --» b and
solve for a function h : R? --» H satisfying the initial condition h(0, s) = e and
the differential equation

oh

= ho(e). (78)

Then h(t,0) = do(t) and h(t,1) = 61(t) where dp,d; are attached to vp,v1 as
above. Our aim is to show that do(1) = 61(1). To that end, it will suffice to
show that

h(1,s) is independent of s. (79)

We can express what we are given and what we want to show more succinctly
in terms of the deformation velocities n : R? --» g of g and ¢ : R? --s b
characterized by

dg

9s an (80)
and o

Ds = g(. (81)
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With this notation, what we are given is that

n(1,5) =0 (82)
and what we want to show is that

¢(1,5) =0. (83)

The required implication will follow in a slightly stronger form if we can show
that

¢ =¢(n). (84)
We are given the compatible inital conditions
¢(0,5) = 0= ¢(n)(0,5). (85)
The Maurer—Cartan equation now gives
on 0 _
. o 99(¢)
a - s = [<7¢(£)]

By applying ¢ to and using that ¢ preserves brackets, we obtain

9¢(n)  99(¢)
Thus for each s, the functions ¢ — ((¢,s) and t — ¢(n)(t, s) satisfy the same
initial conditions at ¢ = 0 and the same differential equation. The required
identity follows finally from the basic uniqueness theorem for ODEs.

We’ve shown that the map f : G — H is well-defined, i.e., independent of
the choice of path.

Exercise 24. Show that f is a group homomorphism, i.e., f(g192) = f(g91)f(g2).
[Hint: use the uniqueness of paths involved in the definition of f.]

It’s also not hard to verify that f is smooth.

20 The universal covering group

We record the basic definitions and results from class (in the order essentially
opposite to that in which they were presented)

Definition 147. Let p; : X1 — Y and py : Xo — Y be a pair of maps. A map
f: X1 — X5 will be said to commute with p; and po if the only conceivable
condition relating the three maps is satisfied: p; = ps o f.
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Definition 148. Let Z be a manifold and let Y be a connected manifold. The
trivial fiber bundle over Y with fiber Z is the map pr; : ¥ x Z — Y given
by taking the first coordinate. More generally, a trivial fiber bundle over Y
with fiber Z is a smooth map of manifolds p : X — Y such that there exists a
diffeomorphism ¢ : X — Y x Z commuting with p and pr;.

Definition 149. Let Z be a manifold and let Y be a connected manifold. A
locally trivial fiber bundle over Y with fiber Z is a map p: X — Y, where X is
a manifold and p is a smooth map with the property that each element of Y is
contained in an open neighborhood U for which the induced map p : p~1(U) —
U is a trivial fiber bundle over U with fiber Z.

Definition 150. Let X,Y be connected manifolds. A cover p: X — Y is a
locally trivial fiber bundle with discrete fiber. This means more concretely that
every element of Y has an open neighborhood U so that p~1(U) is a disjoint
union of open subsets V,, with the property that p : V, — U is a diffeomorphism.
(A picture involving a “stack of pancakes” is appropriate here.)

Remark 151. One can speak about covers of much more general topological
spaces; we won’t ened such notions here.

Example 152. The natural map p : R — R/Z = U(1) = S! is a non-trivial
locally trivial fiber bundle over the circle S* with fiber Z.

Definition 153. A morphism f : G — H between connected Lie groups is a
covering morphism if it is a morphism of Lie groups that is also a cover in the
above sense.

Exercise 25. The following are equivalent for a morphism f : G — H between
connected Lie groups:

—_

f is a cover in the sense of Definition[150} i.e., a locally trivial fiber bundle.
. ker(f) is discrete and f is onto.

f is a local homeomorphism.

. df : g — b is an isomorphism.
(In all cases, f is surjective.)

Lemma 154. If N is a discrete normal subgroup of a connected Lie group G,
then N is contained in the center of G.

In particular, the kernel of any covering morphism is a discrete subgroup of
the center

Proof. Let n € N. To show that n belongs to the center of G, we must verify
that the set S := {gng~': g € G} C N satisfies S = {n}. Indeed, S is a subset
of the discrete topological space N that contains n, but S is the continuous
image under the map g — gng~! of the connected topological space G, so S is
connected and thus S = {n}. O
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The following key result classifies connected Lie groups as quotients of simply-
connected Lie groups by discrete central subgroups:

Theorem 155. Let G be a connected Lie group. Then there exists a simply-
connected (connected) Lie group G and a covering morphism p : G — G. The

kernel N of p is a discrete subgroup of the center of G. One has m1(G) = N.
The pair (G, N) is unique up to isomorphism.

By combining with the result from last lecture, together with the (not proved
yet and not obvious) fact that every finite-dimensional Lie algebra arises as the
Lie algbebra of some Lie group, we obtain:

Corollary 156. The category of simply-connected Lie groups is equivalent to
the category of finite-dimensional Lie algebras, that is to say:

o Fvery simply-connected Lie group has a finite-dimensional Lie algebra,
and every finite-dimensional Lie algebra arises (up to isomorphism) in
this way.

e If G, H are simply-connected Lie groups with Lie algebras g,h, then the
map f — df induces a bijection Hom(G, H) = Hom(g, 5). In particular,
G = H if and only if g = b.

In lecture we gave the following examples:

1. G=R/Z=U(1)=S",G=R, N=7

2. G =S0(3),G =SU(2), N = {+1}.

3. G=C*,G=C,p=exp: G — G, N = 2riZ

We gave a few other similar examples. See the homework for further examples.

The proof of the theorem relies on the construction of the universal cover
p: X — X of a connected manifold X, which is a cover in the sense of Definition
With the property: for any cover ¢ : Y — Y and any smooth map f: X — Y
and any 2 € X,y € Y,Z € X,§ € Y satisfying the compatibility conditions
x = p(Z) and y = f(x) = q(y) there exists a unique smooth map f: XY
such that

1. f lifts f in the sense that go f = po f, and

2. f(@)=4.
The construction of p : X 5 X (which is not terribly important for our pur-
poses) is as follows: One fixes a basepoint xg € X and defines X as a set to be
the set of all pairs (z,[7]), where z € X and [7] is a homotopy class of smooth
paths v : [0, 1] — X with v(0) = 29 and (1) = 2. The map p: X — X is given
by p((z,[7])) := . We must now define a smooth structure on X and verify

that it is indeed a locally trivial fiber with discrete fiber and that the univer-
sal property is satisfied. We will content ourselves here to define the smooth
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structure; the verifications are then routine. Given a point x7 € X, there is a
small open neighborhood U of x; that is diffeomorphic to an open Euclidean
ball B. For each x € U, each homotopy class [y] of paths 7 from xg to  may
be factored uniquely as [d,, 0~1], where §,, is given by the straight line from x to
z1 (under the identification U = B) and [y1] traverses the set A of homotopy
classes of paths ~; from xy to z1. We obtain in this way an identification of
sets p~1(U) = |4 Vas where each V, identifies naturally with B. We use this
identification to define the smooth structure on p~!(U).

Given a connected Lie group G, one obtains first a cover of manifolds p :
G — G. To define the group structure on G, one first selects an arbitrary
preimage € € G of the identity element e € . Using the universal property,
one obtains unique lifts m : G x G — G and 7 : G — G of the multiplication
and inversion maps m : G X G — G and i : G — G satisfying m(é,€) = é and
i(€) = é. One can now check that the usual axioms (associativity, smoothness,
etc.) are satisfied, and that p : G — G is a covering morphism. The kernel N
of p is obviously discrete, so by Lemma [T54] it is central.

One can also check, using the universal property, that 7 (G) = N: The
isomorphism j : 1 (G) — N is obtained by defined by taking a homotopy class
[] of loops v in G with basepoint e, using the universal property to lift them
uniquely to paths 5 : G — G with 5(0) = &, and setting j([7]) := #(1). This
is well-defined. Conversely, given n € N, we can take a path 4 in G from € to
n € N and project it down via p to obtain a loop v in G based at the identity
element e € G. The maps 71 (G) = N and N — 71 (G) constructed in this way
are mutually inverse group homomorphisms.

For more details, I recommend consulting the first reference listed on the
course homepage.

21 Quotients of Lie groups

Theorem 157. Let G be a Lie group and H a Lie subgroup. There is a unique
smooth structure on the set G/H so that the natural map G — G/H is a sub-
mersion, or equivalently, a quotient map in the smooth category. If moreover
H is a normal subgroup, then G/H is naturally a Lie group and G — G/H
is a surjective morphism of Lie groups. Moreover, the map G — G/H is a
locally trivial fiber bundle with fiber H (and also what is known as a “principal
H-bundle”). Moreover, if the Lie group G acts transitively on a smooth manifold
X and if H is the stabilizer in G of some point x € X, then the natural map
G/H — X given by gH — gz is a diffeomorphism.

The final assertion that G/H = X is related to Exercise its proof in the
present setting requires the second-countability assumption on our manifolds.
We sketched the construction of the smooth structure on G/H in some detail
in lecture, leaving the verification of the properties as an exercise; see the first
reference on the course webpage for more details.

The argument here is very similar (basically “dual to”) that concerning sub-
manifolds given by Theorem[24] In this analogy, “immersion” is to “submanifold”
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as “submersion” is to “quotient manifold.”

By an argument dual to that of Corollary , we know that a smooth
surjection p : X — Y is a submersion if and only if it is a quotient map in
the category of smooth manifolds, that is to say, if and only if smooth maps
of manifolds Y — Z are in natural bijection with smooth maps X — Z that
factor set-theoretically through p. (This is easy to see in local coordinates,
using the local description of submersions as surjective linear maps.) The proof
of uniqueness of smooth structure on G/H is then dual to that given in the
proof of Theorem [24]

For existence, one first takes a small enough submanifold S of G that is
transversal to H at the identity element (draw a picture). By the inverse func-
tion theorem, the multiplication map p: S x H — G is then a local diffeomor-
phism at the identity, and is in particular injective in a neighborhood of the
identity. (In a bit more detail: the transversality assumption says that that the
derivative T(¢ ¢y : TeS X h — g is an isomorphism, hence by the inverse function
theorem, it is a diffeomorphism in a neighborhood of the origin.)

It follows that if S is small enough, then u is actually a diffeomorphism
onto its image: for else we may (as explained in more detail in lecture) find
arbitrarily small distinct s1, s2 € S for which s; lsy € H, contrary to the local
injectivity of u. In particular, after shrinking S as necessary, the map of sets
7w : S — G/H is injective. Denote by U C G/H the image of S and by gU
the image of the translate ¢S by an element ¢ € G. We equip gU with the
smooth structure transferred from ¢S. Then 7 is a submersion over gU. The
sets gU cover G/H, and the smooth structures on their overlaps are compatible
thanks to the uniqueness established before (compare with the proof of Theorem
. One can check using the definition of quotient maps that the natural
map G x G/H — G/H is smooth, and that if H is normal, then the induced
multiplication map on G/H is smooth, so G/H is naturally a Lie group.

22 Homotopy exact sequence

If G, H are Lie groups with G connected, one has an exact sequence
m2(G/H) = m(H) = m(G) = m(G/H) % H/H® — 0

where 0 sends the homotopy class [y] of a loop v : [0,1] — H based at the
identity element to §([y]) := 7(1)~!, where 7 : [0,1] — G is the unique lift of
to a path in G satisfying 4(0) = e.

Corollary 158. If m(G/H) = n2(G/H) = 0, then m(G) = m (H).
Corollary 159. If 71(G) = 0, then m (G/H) = H/H°.

We explained how this may be used to compute inductively the fundamental
groups of the classical groups; see the first reference on the course webpage for
more details.
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23 Cartan decomposition

Let G be a real Lie subgroup of GLy(C) with the property that ©(G) = G,
where © : GLy(C) — GLy(C) is the involution given by inverse conjugate
transpose:
O(g) :=="g "
Then the set
K:={geG:0(9)=g}=UN)NG

of elements in G fixed by ©, or equivalently, belonging to the unitary rgoup,
may be shown to be a real Lie subgroup with Lie algebra

t={Xeg:0(X)=X}
where 0 := dO is given by
0(X):=-X.
Set
p={Xeg:0X)=-X}.

Then g = €@ p. In words, ¥ consists of the skew-hermitian elements of g, while p
consists of the hermitian elements of g; the assumption ©(G) = G implies also
that 0(g) = g, hence (easily) that such a decomposition exists.

Example 160. If G = GL,,(C), then K = U(n) and p consists of all hermitian
matrices and exp(p) consists of all positive-definite hermitian matrices.

In particular, if n = 1, then G = C*, K = U(1), and p consists of all 1 x 1
real matrices.

Example 161. If G = GL,,(R), then K = O(n) and p consists of all symmetric
matrices and exp(p) consists of all positive-definite symmetric matrices.

Example 162. One of the homework problems this week is to verify that if
G = O(p,q), then K = O(p) x O(q).

Definition 163. We say that G is (real) algebraic if it may be defined inside
GLxN(C) by a system of polynomial equations in the real and imaginary parts of
group elements and their inverses. (Every example we’ve seen has this property.)

Theorem 164 (Cartan decomposition). Let G, K be as above. Assume that G
is algebraic. Then the natural map

Kxp—G
(k,Y) — kexp(Y)
s a diffeomorphism.

Remark 165. If G has finitely many connected components, then the assump-
tion that G is algebraic turns out to hold automatically in this setup (TODO:
double-check this), but we probably won’t have time to prove this. In any event,
it’s true in all of the examples we’ve seen.
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Example 166. In the context of Example this amounts to the “polar
decomposition” of an invertible complex matrix g as a product of a unitary
matrix k and a positive-definite hermitian matrix exp(Y’). In the special case
n = 1, this is just the polar decomposition of a nonzero complex numbers as
efr (writing r = e¥,y € R).

Corollary 167. Let G, K be as above. Then K is a deformation retract of G.
In particular, m;(G) = m;(K) for alli > 0.

(One of the homework problems involves applying this last corollary in the
special case i = 0 to relate the connected components of G and K.)

Remark 168. This corollary “explains” some of the “coincidences” such as
m1(SL2(R)) =2 Z = 71 (SO(2)),
m1(SL,(R)) =2 Z/2 = 7 (SO(n)) for n > 3,
m(SU(n)) = {0} = m (SL.(C)),
m(U(n)) = Z = m(GL,(C)),
71(504(C)) = m1(SO(n))
that we observed empirically at the beginning of the lecture.

Remark 169. Let G be a connected complex Lie group, and suppose it has
a compact real form K, so that g = ¢ @ i¢. The point of this remark is to
indicate briefly (as is evident in all examples) why the Cartan decomposition
should always apply to G and K. It turns out (as we’ll show later in the course)
that we may always realize K as a subgroup of U(N) for some N. We can
then realize G as a subgroup of GLy(C) in such a way that g = ¢ @ i¢; given
what we’ve seen in the course, we can verify this already in the special case G
is simply-connected (by lifting the inclusion map g < gly(C)), and by the end
of the course we should also be able to reduce the general case to that special
one. Then K = GNU(N).

We briefly indicate the proof of Theorem One basically takes the
proof of the special case (see Example [L66]) concerning polar decomposition on
GLnN(C) (perhaps seen in a linear algebra course?) and checks that it descends
to G. So, let’s see. There are a few things to check.

1. The map K xp > (k,Y) — kexp(Y) € G is bijective.
2. The map Y > exp(Y) is a diffeomorphism onto its image.

Using the first two assertions and the inverse function theorem, one gets that
the map (k,Y) — kexp(Y) is itself a diffeomorphism onto its image. To verify
the second assertion, we should first compute the differential of the exponential
map (a result of independent interest). The answer is that for any X,V € g,

exp(—X)% exp(X + tY)|t=o = ¥(adx)Y (87)
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where
n—1

U(z):= Z (_22! = 1- eXZp(_Z).

This is obtained by applying Homework [9] to the map f : R — g given by
f(t) := X +tY; one then has f(0) = X and f'(0) =Y, and so follows
from Homework @ It follows from the second description of ¥ that (dexp)x is
injective provided that ad x has no eigenvalues of the form 27ik with k£ a nonzero
integer. Since hermitian matrices have real eigenvalues (under the standard
representation as well as the adjoint representation), it follows in particular
that exp : p — GLx(C) is everywhere regular. Finally, we observe that every
positive hermitian matrix g may be written uniquely as the exponential of a
symmetric matrix: any such matrix is diagonal with respect to some basis and
has positive real entries on the diagonal, etc. In summary, exp : p — GLx(C)
is a diffeomorphism onto its image, as required.

All that remains now is the bijectivity. We verify first the injectivity, which
will serve as useful motivation. Suppose that g = kexp(Y). Since O(k) = k and
O(exp(Y)) = exp(A(Y)) = exp(—Y) = exp(Y)~! and © is a homomorphism, it
follows that g~10(g) = exp(2Y’). Since exp : p — exp(p) is bijective, it follows
that Y is uniquely determined by g, hence so is k = gexp(—Y).

We turn finally to surjectivity. Given ¢ € G < GLy(C), we can verify
directly that ©(g)~1©(g) is a positive definite hermitian matrix, and so we can
define Y € gly(C) to be the unique hermitian matrix for which exp(2Y) =
O(g)~1O(g). It is then not hard to verify that k := gexp(—Y) is unitary, i.e.,
©(k) = k. This gives the required decomposition in the Lie group GLy(C);
the problem is to show that in fact Kk € K and Y € p, or equivalently, that
k€ G and Y € g. Since exp(g) C G and because of the way k was defined, it
will suffice to verify that Y € g. What we know (from our assumptions g € G
and ©(G) = G) is that exp(2Y) € G. Since G is a group, we can raise the
last assertion to any integer power ¢t € Z to see that exp(2tY) € G. Since Y
is hermitian, we may choose a basis with respect to which it is diagonal and
suppose that Y = diag(y1, ..., yn) for some real numbers yi,...,yn € R. Since
G was assumed to be algebraic (defined by polynomial equations), the condition
exp(2tY) € G is then a system of polynomial equations involving the positive
real numbers exp(2ty;), . .., exp(2tyx). Since this polynomial system is satisfied
for all integers ¢, one can show (see below) that it is satisfied also for all real
numbers ¢. Thus exp(2tY') € G for all ¢ € R. By differentiating this last fact we
deduce as required that Y € g.

For completeness, we record the algebraic fact that we used in the proof:

Exercise 26. Let a1,...,a, € R and let F € R[zy,...,2,] be a polynomial
satisfying
F(e™t, ... e™) =0 (88)

for all t € Z. Show that holds also for all ¢ € R.

(We apply this with n := 2N and (a1,...,a,) == (Y1, -, YNs —Y1s---» —YN)-)
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24 BCHD

Let G1,G> be Lie groups.

Definition 170. We say that G1, Gy are locally isomorphic if there are open
neighborhoods U; C G; of the identity elements and a diffeomorphism f : Uy =
Us so that whenever x,y, xy € Uy, one has f(zy) = f(z)f(y). In that case, f is
said to be (guess!) a local isomorphism.

Example 171.
1. Any covering homomorphism f : G; — G2 induces a local isomorphism.

2. If GGy is the connected component of G5, then the inclusion G; — Gs
defines a local isomorphism.

3. The relation of being locally isomorphic is obviously an equivalence rela-
tion, i.e., is reflexive and transitive. In verifying this it is convenient to
note that one can always shrink the subsets Uy, Us suitably.

Theorem 172. G1, Gy are locally isomorphic if and only if g1, g2 are isomor-
phic.

Proof. The forward direction is easy: given f : U; — U, with inverse f~! :
U; — U;j as in the definition of “locally isomorphic,” the differentials at the
identity df : g1 — g2 and d(f~!) : go — g1 define morphisms of Lie algebras
(by the same proof as in which are mutually inverse.

The converse direction is more subtle, but follows from what . we have seen

already. Namely, let GY denote the connected component and GY its simply-
connected covering group. Then g; = Lie(G1) = Lie(GY) = Lie(GY). Let ¢ :

g1 — g2 be an an isomorphism. Then ¢ is of the form df for some f : CT? — Gha.
Since ¢ is an isomorphism, we know by (for instance) Exercise [25| that f is a
covering morphism. By Example [[71] it follows that G is locally isomorphic
to G¢ which is in turn locally isomorphic to GY which is finally (via f) locally
isomorphic to G, as required. O

It is natural to ask for a more “local” proof of Theorem that does not
require topological considerations or global constructions involving universal
covers, etc. The BCHD formula gives such a proof. To motivate that, recall
that exp : g — G is a local diffeomorphism near the origin; for this reason, it
makes sense to define for small enough x,y € g the quantity

z * y 1= log(exp(z) exp(y)).

(We explained this in somewhat more detail in class.) Thus x x y is the group
law on G expressed in local coordinates defined via the exponential map. One
has identities like
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whenever all involved quantities make sense (e.g., whenever z,y, z are all small
enough). We also have
x* (—x) =0,

etc. If G is abelian, then =z x y = x + y. In general, it is somewhat more
complicated. (See the homework problems this week for some examples where
it isn’t too complicated.)

Exercise 27. If ¢ : g — b is the differential of some morphism of Lie groups
G — H and z,y € g are small enough, then

o(x) * oy) = oz * y).

Suppose now temporarily that G = GL,,(R), so that g = M,,(R). Using the

series expansions log(z) = >, <, (=1)""*(2—1)"/m and exp(z) = > ps0 2P /D,
we obtain N -

2Pyl

exp(z)exp(y) —1= Y gl
p,q>0:
(p,q)#(0,0)

and thus

—1)m—1 Pyt ... gPmydm
pey=y E S (39)

m2>1 P1,915---Pmqm >0 prla! - pmlgm!
(p,a5)7#(0,0)
For n > 1, let z, denote the nth homogeneous component of the sum on the
RHS7 so that
TxYy = Z Zn.- (90)
n>1

If we play around for a bit (as done in class), we find quickly that

Z1=z+Y,
1
%2 = 5[9321]
where [zy] := [z, y]. The verification of this involved a “miraculous” coincidence

of the shape

2 2
1 —
(J;—I-xy—i-yQ) —i(xz—l—xy-i-yx—&-yz)zw.

We indicated that with more work one can show that
1
23 = 5 ([e[zyl] + [yly«]])

and

a1 = o2 lulelyel])
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Theorem 173 (BCH “formula”). Let G be a Lie group with Lie algebra g. Then
for small enough z,y € g, the identity holds for some degree n Lie polyno-
mial z, in x,y (i.e., z, is a linear combination of iterated n-fold commutators
as above).

There is a more explicit version of this:

Theorem 174 (BCHD formula). Let G be a Lie group with Lie algebra g. Then
for small enough x,y € g, the identity holds with

= % Z (=™t Z [2PLyds .. gPmydn] o)

plgi! - pnlgm!

m>1 P1,q1;---,Pm,qm >0
(pj,a5)7#(0,0)
p1+qi+-+Pmtgm=n

where, for instance,

[2%y?a’y'] = [wlolelylylelofelzy]]]]-

The similarity between and (91)) is no coincidence:

Exercise 28. Convince yourself that the problem involving commutators on
Homework [6] (known as something like Dynkin’s lemma) allows one to deduce
Theorem [[74] from Theorem [[73l

To prove Theorem define
f@):=x =ty
for small ¢ € R. Then f is smooth, and
1
zxy=f(1)=f(0)+ f'(¢) at.
t=0

Since exp f(t) = exp(x) exp(ty) we have Oy exp f(t) = f(t)y and thus by Home-
work [0
y = exp(—f(t))0rexp(f(t)) = ¥(ads))f'(t),

where -
LS (=)™ 1—exp(—2)
U(z) = m; = : :
We form the inverse power series
z z
V() 1=  _14Z24...
(2) 1 —exp(—2) + 2 +

We then have
F'(t) = W(adge) 'y
Using Exercise 27] we have

adf(t) = ad, * adty = 10g(ead(m)et ad(y)))7
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hence
W(ady(p) " = (e Pe W)

where )
b(w) == Ulog(w) ! = =EL =14+ (w—1)/2+ -

(whose coefficients are what are called Bernoulli numbers). In summary,

1
THxY =1+ / P(e24@ et adW)yy gy
t=0

We can now expand the integrand out into a power series and integrate term-
by-term; we then obviously get an analytic expression of the required form. (In
fact, it’s not too hard to push this analysis a bit further to derive directly,
without using Dynkin’s trick; just expand everything out.)

Remark 175. The most “conceptual” perspective on the BCH theorem in its
qualitative form may be found in Serre’s book on Lie algebras and Lie groups
in one of the final chapters on Lie algebras; see also around p72 of the book by
Onischik—Vinberg—Gourbatsevich.

Note that Theorem follows directly from the BCHD formula: if z,y €
g; are small enough then the product exp(z)exp(y) is determined entirely by
the Lie bracket on g;, so an isomorphism g; = go obviously lifts to a local
isomorphism between neighborhoods of the identity elements in Gy, Gs.

There is a lot more to say about the BCHD formula; a taste is given on the
homework set for this lecture. For some problems it may help to note that for
any fixed norm |.| on g and z,y small enough, one has

zxy = O(z[y])-

Next lecture we should state some further consequences of BCHD.

25 Some more ways to produce and detect Lie
groups

25.1 Summary

Recall that we have called a subgroup H of a Lie group G a Lie subgroup if it
is a submanifold, and that for this to hold, it suffices to verify that H is locally
a submanifold near the identity element of G. Checking this condition over and
over again eventually becomes tedious, so we ask for some more systematic ways
to detect it. Here are a few, to be developed in detail throughout this section:

1. It was observed in §IT.5] that Lie subgroups are automatically closed.
Much more interestingly and perhaps surpririnsgly, the converse is true
over k = R: any closed subgroup H of a real Lie group G is automatically
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a Lie subgroup (Theorem |176)). This is very powerful, and implies most
of the criteria discussed below.

This criterion does not apply directly to complex Lie groups: for instance a
real Lie subgroup of a complex Lie group is seldom a complex Lie subgroup
(think R < C or GL,,(R) < GL,,(C)). But it’s not hard to verify (e.g., by
inspecting the proof of what we are talking about) that if H is a real Lie
subgroup of a complex Lie group G with the property that b is a complex
vector space of g, then H is a complex Lie subgroup of G. A fairly good
rule of thumb is that if a subgroup H of a complex Lie group G has the
properties

(a) H is closed, and
(b) the definition of H does not make reference to the real numbers,
complex conjugation or similar “non-holomorphic” notions,
then H is probably a complex Lie subgroup.

Some of the methods used to prove the criteria to be given below are of
independent interest, even in the real case, because they give convenient
ways to compute Lie algebras in many common situations.

2. “Stabilizers” of any sort (of points in a manifold, of vectors in a represen-
tation, etc.) are, in practice, obviously closed, hence are Lie subgroups
by the previous item. Moreover,their Lie algebras tend to be “the obvious
thing.” Many subgroups can be somehow interpreted as stabilizers:

a) kernels of morphisms of Lie groups,

(

(b
(c
(d

stabilizers of subspaces in representations,

intersections of Lie subgroups,

)
)
)
) ete.

3. An interesting result that does not follow from the above criteria is that in
a simply-connected Lie group G, the commutator subgroup G’ := [G, G] is
a Lie subgroup. This conclusion fails in general, although it remains true
that the commutator subgroup is an immersed Lie subgroup.

4. Given a Lie subgroup H of a Lie group G, one can naturally construct the

quotient manifold G/H; if H is normal, then G/H is also a Lie group.

25.2 Closed subgroups of real Lie groups
25.2.1 Statement of the key result

Theorem 176. Let G be a real Lie group, and let H C G be a subset. The
following are equivalent:

1. H is a closed subgroup of G, that is to say,
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(a) H is a closed subset of G, and
(b) e € H, and h=, hihy € H whenever h,hy,hs € H.

2. H is a Lie subgroup of G, that is to say,

(a) H is a submanifold of G, and
(b) e € H, and h=*, hihy € H whenever h,hy, hy € H.

25.2.2 A toy example

One can already illustrate the basic idea behind Theorem [I76]in the case G = R,
where it amounts to the following:

Theorem 177. Let H be a closed subgroup of the real line R. Then exactly one
of the following possibilities occur:

e H=R, or
e H is discrete, or equivalently, one has (—e,e) N H = {0} for some e > 0.

Proof. If the second possibility does not occur, then we can find a sequence
Tn € H with z, — 0 and x,, # 0. Let x € R be given. We can find a sequence
of reals ¢, so that ¢z, — z; for instance, one can take ¢, = x/z,. But since
zn — 0, the conclusion c¢,x, — z is unaffected by rounding c¢,, to the nearest
integer. We can thus find a sequence of integers c,, so that c,x,, — x. Since H
is a subgroup, we then have c,x,, € H for all n. Since H is closed, it follows
that x € H. Since x was arbitrary, we conclude as required that H = R. O

25.2.3 Proof of the key result

Proof of Theorem[I76. Thanks to 7?7 and 7?77, all we need to show is that if H
is a closed subgroup of G, then H is locally a submanifold of G at the identity.
Let g denote the Lie algebra of g. Set

h:= {:c €g:de, Rz, € gﬁexpfl(H) so that x, — 0, ¢z, — x} .
Two quick remarks before continuing with the proof:

e If we somehow knew already that H were a Lie subgroup, then § would
of course be its Lie algebra, as any z,, in the definition would belong to b
for n large enough.

e A good “enemy scenario” to keep in mind is when G = (R/Z)? and H
is the image of the map = — (z,az), where @« € R — Q. Then H is a
subgroup (indeed, an immersed Lie subgroup), but fails to be closed. The
set b defined as above is all of g, and so has nothing to do with the Lie
algebra of H. The argument to follow will need to rule out this scenario.

‘We show now that
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b is a vector subspace of g for which exp(h) C H.
1. Tt is clear that b is stable under scalar multiplication.

2. Let x € b, so that x = limc¢,z, for some c,,z, as in the definition of
h. The condition x, — 0 implies that rounding ¢, to the nearest integer
does not affect the condition ¢,x,, — x, so we may assume without loss
of generality that ¢, € Z. Since H is a closed subgroup, we then have
exp(z) = limexp(z,) € H.

3. Let z,y € h. For n large enough, set z, := log(exp(x/n) exp(y/n)). By the
previous item, exp(z,) = exp(z/n)exp(y/n) € H. As we've seen earlier
in the course (during the discussion of the exponential map; what we need
here also follows easily from BCH), we have z, = x/n + y/n + O(1/n?),
hence z,, — 0 and nz,, — « +y. Therefore x +y € b.

Let i’ < g be any vector space complement to h), so that g = h & b’. The
map g = hdbh > (v,w) — exp(v) exp(w) has derivative 1 at the origin, hence
is a local diffeomorphism. There is thus a small open neighborhood U of the
identity element in G and a smooth chart

(a,a'): U —bhat
characterized by the identity
g = exp(a(g)) exp(a’(g)) for all g € U.
We claim that if U is small enough, then
UNH={geU:d(g)=0}.

This shows that H is locally a submanifold of G at the identity, as required.
To prove the claim, note first that if o/(g) = 0, then g = exp(a(g)) €
exp(h) C H. This establish one inclusion.
Conversely, if the reverse inclusion fails for arbitrarily small U, then we can
find a sequence h,, € U N H with h,, — 1 so that o/(h,) # 0. Set

Ty = o (hy).

Since exp(x,) belongs to the group generated by h € H and exp(a(h,)) €
exp(h) C H, it belongs to H, and so

z, €0 Nexp ' (H), x, — 0,2, #0.

By passing to a subsequence, we have |z,| "'z, — x for some nonzero x € b/,
but then also x € b; since h N’ = 0, we obtain the required contradiction. [J

A simple corollary that already illustrates the basic idea is the following:

Corollary 178. Let H be a closed subgroup of R™. Then there is a vector space
V <R™ and an open neighborhood 0 € U C R™ so that HNU =V NU.
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Proof. We take G := R™ and note that g = R™ and that the exponential map
g — G is the identity. The conclusion then follows from Theorem O

Exercise 29. Write down a direct proof of Corollary (The proof of Theo-
rem [I76] simplifies a bit in this special case while retaining its basic flavor; it is
instructive to work out exactly how it simplifies.)

25.3 Stabilizers
25.3.1 The basic result

Let M be a manifold and G a Lie group acting on M, i.e., equipped with a
smooth map G x M — M satisfying the usual requirements of an action (see
Deﬁnition. Let € M. Consider the orbit map « : G — M given by a(g) :=
gx. A crucial property of this map is that it has constant rank. Indeed, its rank
at g is the same as its rank at g; go thanks to the identity a(g192) = a(g1)a(g2)
and the fact that a(g1) is a diffeomorphism. Using the constant rank theorem
from multivariable calculus, it follows that « is linearizable in a neighborhood
of any point of GG, and in particular, near the identity element. It follows that

Stabg(z) = {g € G : a(g) = z}
is a submanifold of G, hence a Lie subgroup, with Lie algebra

stabg(z) := {X € g : do(X) = 0}.

25.3.2 Application to kernels

If f: G — H is a morphism of Lie groups, then we may regard G as acting
on H via g-x := f(g)x. The stabilizer of the identity element of H under this
action is then the kernel of f, so by the result of the previous section,

ker(f) ={g € G: f(g9) = ¢}
is a Lie subgroup of G with Lie algebra

ker(df) : {X € g:df(X) = 0}.

25.3.3 Application to preimages

Given a morphism f : G — H of Lie groups and a Lie subgroup H; of H,
the preimage f~1(H;) may be interpreted as the stabilizer in G of the identity
element in the quotient manifold H/H; under the action afforded by f. Thus
f71(Hy) is a Lie subgroup of G with Lie algebra (df)~1(h1) < g.

25.3.4 Application to intersections

If Hy, Hs are Lie subgroups of a Lie group G, then Hy N Hs is the preimage of
H; under the inclusion map H; — G, and is thus itself a Lie subgroup.
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25.3.5 Application to stabilizers of vectors or subspaces in represen-
tations

Let G be a Lie group and R : G — GL(V) a representation. For v € V', we
know by that Stabg(v) is a Lie subgroup with Lie algebra stabg(v).
For a subspace U of V', we can apply the considerations of to a suitable
Grassmannian manifold (consisting of subspaces of V' of given dimension) to see
that

{9 € G: R(g)U CU} (92)

is a Lie subgroup of G with Lie algebra
{X €g:dR(X)U CU}.

Alternatively, we can note that {g € GL(V) : gU C U} is a Lie subgroup of
GL(V) (consisting of block upper-triangular matrices); it follows then from from
the discussion of that its preimage is a Lie subgroup of G' with Lie
algebra as indicated.

25.4 Commutator subgroups

For a general Lie group G, the subgroup G’ := [G,G] of commutators need
not be closed, hence need not be a Lie subgroup. But if G is simply-connected,
then G’ is indeed a Lie subgroup. To see this, denote by g the Lie algebra of
G and by g’ := [g, g] the subalgebra generated by the commutators. Then g/g’
is an abelian Lie algebra, hence is the Lie algebra of a vector space V. Since
G is simply-connected, the natural Lie algebra morphism df : g — g/g¢’ lifts
to a Lie group morphism f : G — V. Then ker(f) is a Lie subgroup with Lie
algebra g’; moreover, it is clear that ker(f) © G’. In the opposite direction,
we can play around with commutators of paths near the identity in G and the
inverse function theorem to see that G’ contains a neighborhood of the identity
in ker(f). It follows that G’ and ker(f) coincide near the identity. In particular,
G’ is a Lie subgroup.

In fact, since G/ ker(f) = V is a vector space, it follows from the short exact
sequence - -+ — m1(G/ ker(f)) — mo(ker(f)) — 0 that mg(ker(f)) = 0, i.e., that
ker(f) is connected. So we actually have G’ = ker(f).

26 Immersed Lie subgroups

We’ve described thus far a fair bit of the basic Lie-theoretic dictionary: simply-
connected Lie groups correspond to Lie algebras, etc. We've also seen that for
a Lie group G, the connected Lie subgroups H of G are determined by their Lie
algebras h < g. It’s natural to ask which b arise in this way. The subtlety of
the problem can be seen by considering simple examples such as G = R? and
G = (R/Z)?, as in lecture.

An easier question is to ask whether arbitrary Lie subalgebras h < g of
the Lie algebra g of a Lie group G correspond to “something” involving G.
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The answer is that they are in natural bijection with connected immersed Lie
subgroups H of G (recall Definition which I've gone back in the notes and
modified since we started the course in order to make things work here). By
definition, the latter are abstract subgroups H of G with the property that there
exists a manifold structure on H with respect to which H is a Lie group and so
that the inclusion H — G is an injective (immersive) morphism of Lie groups.

To put it a bit more verbosely: a subset H of a Lie group G is an immersed
Lie subgroup if there exists a Lie group H and an injective immersion ¢ : H—G
with image H. In that case dv : Lie(H) — g is an injective morphism of Lie
algebras whose image h we define to be the Lie algebra of H. This gives one
direction of the above correspondence.

The reverse direction is more subtle: given a subalgebra h of g, one takes
for H the subgroup generated by the image of h under the exponential map.
One then attempts to define a manifold structure on H to be that generated for
small open 0 € U C h and h € H by the charts hexp(U) 2 hexp(X) — X € U.

Another part of the correspondence is that the Lie group structure on any
immersed Lie subgroup H < G is uniquely determined by the subset H.

See Chapter 1, Sections 2.4 and 5.3 of the first reference on the course page
for more details.

27 Simple Lie groups
Recall that a subset H of an abstract group G is called

e a subgroup if e € H and hy,ho € H = hiho € Hand h € H =
h~! € H, and is in that case called

e normal if gHg=' C H for all g € G,
o trivial if H = {1},
e proper if H # G,

and that G is called simple if it has no nontrivial proper normal subgroups. For
Lie theory, a slightly modified definition turns out to be convenient.

Definition 179. Let g be a Lie algebra, thus g is a vector space (over k = R
or C, say) equipped with a bracket operation [,] that is bilinear, antisymmetric,
and satisfies the Jacobi identity. A vector subspace h of g is called

e a subalgebra if [h,h] C b, and is
e an ideal if [g,h] C b.

Here [g, h] denotes the span of the commutators [z,y] with « € g,y € h. It is
clear that an ideal is a subalgebra.
We denote the relationship that h is an ideal of g symbolically by h < g.

147



Henceforth denote by G a connected Lie group and by g its Lie algebra.
Recall that there is a natural bijection

{ subalgebras § of g} = { connected virtual Lie subgroups H of G }

given in the forward direction by h — H := (exp~(h)).

Exercise 30. Let H be a connected virtual Lie subgroup of G with Lie algebra
. The following are equivalent:

1. H is a normal subgroup of G.

2. b is an ideal in g.
[Use the standard differentiation/exponentiation technique.]
Definition 180. g is abelian if [g,g] = 0.

Exercise 31. G is abelian if and only if g is abelian. [Use the standard differ-
entiation/exponentiation technique.]

Definition 181. g is simple if it is non-abelian and has no nontrivial proper
ideals.

Definition 182. G is simple if it is non-abelian it has no nontrivial proper
normal connected virtual Lie subgroups.

Lemma 183. The following are equivalent:
(i) G is simple.
(i) g is simple.
(i4i) Every proper normal subgroup of G is discrete.

Proof. The equivalence of (i) and (ii) is immediate from Exercise It is clear
that (iii) implies (i): if every proper normal subgroup of G is discrete, and if H is
a proper normal connected virtual Lie subgroup, then H is in particular a proper
normal subgroup, hence is discrete; since H is then discrete and connected, it
is trivial, and since H was arbitrary we conclude that G is simple.

The interesting implication is thus that (i) and (ii) imply (iii). To see that,
let K be a normal subgroup of G that is not discrete; we wish to show that
K = G. The closure K of K is (by continuity) a closed normal subgroup of G.
Since K is not discrete, neither is &, hence neither is the connected component
K. Since K" is a characteristic subgroup of K, it is a closed normal subgroup
of G, hence a non-discrete normal Lie subgroup of G; since G is simple, the only
possibility is that K = G, hence K = G.

In summary, K is dense in G. We claim that there is k € K and X € g
so that Ad(k)X # X. If not, then it would follow by continuity that Ad(G)
is trivial, hence that g is abelian, contrary to our assumption that g is simple,
hence non-abelian.
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Consider the curve v(t) := (k,exps(tX)), where (,) denotes the commuta-
tor. We then have v(0) = e, y(t) € K for all ¢, and Y :=+/(0) = Ad(k) X — X #
0. Since g is simple, its center 3(g) = {Z € g : [Z,g] = 0} is trivial (for else its
center would be a nontrivial ideal, hence g would coincide with its center, i.e.,
g would be abelian; contradiction). In particular, [Y,g] # 0. It follows by the
standard differentiate/exponentiate technique that the subspace a of g spanned
by Ad(G)Y is a nonzero ideal (check this). Since g is simple, it follows that
a = g. We can thus find g1, ..., g, € G, where n = dim(G), so that the elements
Ad(g1)7'(0),...,Ad(gn)v'(0) span g. Also, the curves ¢t — Ad(g;)exp(tX) all
lie in K, since exp(tX) € K and K is normal. The map

(t1,. . tn) — (Ad(g1) exp(t1 X)) - - - (Ad(gn) exp(t, X))

then has differntial at (0, ...,0) given by an invertible linear map, hence (by the
inverse function theorem) defines a local diffeomorphism; since its image lies in
K, we deduce that K contains a neighborhood of the identity in G, and since
G is connected, it follows that K = G, as required. O

Thus apart from excluding abelian examples and possible discrete normal
subgroups, the notions of a connected Lie group being simple as an abstract
group or simple as a Lie group are the same.

In the rest of the lecture, we described which classical Lie groups/algebras
are simple and what the isomorphisms between them are. This will be discussed
in subsequent lectures.

28 Simplicity of the special linear group

28.1 Some linear algebra

Let V be a complex vector space (not necessarily finite-dimensional, for now).
Given an operator € End(V) and A € C, we may define the eigenspace

VA i={veV:av= v}

Lemma 184. The spaces V* are linearly independent, that is to say, if n > 1
and A1, ..., \, are distinct complex numbers and vy € VA, ... v, € V* satisfy
v14+---+v, =0, thenvy =--- =v, =0.

Proof. We induct on n. When n = 1, the required conclusion is clear: if v; €
VAt satisfies v; = 0, then certainly v; = 0. Suppose now that n > 2, and let
vi,€ VM, . v, € VM with v1 + -+ + v, = 0. Then certainly

0=MA(v1+--+vp)

and also
0:.%‘(U1—|—..._|_Un) = A\U1 + -+ AU,
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hence upon taking differences,
()\1 — /\n)Ul + ()\2 — )\n)UQ +---+ ()\71_1 - /\n)vn_l =0.

By our inductive hypothesis, (A\; —A,)v; =0for j =1,...,n—1. Since \; # Ay,
it follows that v; = --- = v,_1 = 0 and hence also that v, = 0, as required. [J

Thus the sum Y, ¢ V* is in fact a direct sum &V*.

Definition 185. An operator z € End(V) is semisimple (or diagonalizable, or
completely reducible; depending upon my mood I alternate between the various
terminologies) if

V = @xecV?

Assume henceforth that V is finite-dimensional.

Definition 186. For z € End(V'), we say that a subspace W < V is z-invariant
if W C W.

Exercise 32. The following are equivalent:
1. x is semisimple.

2. There is a basis of V' with respect to which x is represented by a diagonal
matrix.

3. In the Jordan decomposition of x as a sum of Jordan blocks Jordan blocks

Al
A1

only 1 x 1 blocks appear.
4. The characteristic polynomial and minimal polynomial of = are the same.

5. Every z-invariant subspace W < V has an z-invariant complement W',
i.e., a subspace W/ <V for which V. =W @ W".

6. The minimal polynomial of x is squarefree, i.e., of the form (X —ay) - -- (X —
a,) for some distinct complex numbers aq, ..., ;.

7. There exists a squarefree polynomial that annihilates z.

(1) iff (2): take as the basis for V a union of arbitrary bases of V. (2) iff (3):
clear. (3) iff (4): clear. (1) iff (5): argue as in the proof of Lemma It is
clear that (4), (6) and (7) are equivalent.

Exercise 33. Suppose z € End(V) is semisimple.
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1. For each eigenvalue A of z, let W* be a subspace of the \-eigenspace V*
of x. Verify that @,\W? is an z-invariant subspace of V.

2. Let W < V be an z-invariant subspace. Show that W is of the form
@\W?, where WA = W N V? is a subspace of V*. [Hint: one can either
appeal to the previous lemma or argue as in the proof of Lemma
other arguments are probably also possible.]

3. Let W <V be an z-invariant subspace.

4. Show that x|y is semisimple.

Theorem 187. Let z1,...,x, € End(V) be semisimple commuting elements.
Then there is a basis of V' with respect to which all of x1,...,x, are diagonal-
izable.

Proof. We induct on n. For n = 1, everything is clear, so suppose n > 2. Let
V = @V? be the decomposition of V into eigenspaces for x;. For j € {2..n},
we claim that mjV’\ C V*. Indeed, for v € V*, we have TITV = T;T10 =
z;A\v = Az;v, hence z;v € V?, as required. By Exercise the restrictions to
V2 of the operators s, ..., x, are semisimple (and commuting), hence by our
inductive hypothesis may be simultaneously diagonalized; we now conclude by
taking a union over A of bases of V* with respect to which the z1,...,z, are
diagonalized. O

28.2 Recap on sl,(C)
Recall that g = sl3(C) has the basis elements

()5 () ()

which satisfy the relations
[X,)Y]=H, ad(H)X =2X, ad(H)Y =-2Y.
We can view
h=CXaeCHaCY
as the eigenspace decomposition of ad(H) with eigenvalues 2,0, —2.

Theorem 188. Let p : g — End(V) be a finite-dimensional representation.
Then p(H) is semisimple.

Proof. Since V decomposes as a direct sum of the irreducible representations
Win, we may assume V = W,,. Then the elements ™, 2™ ly,... 4™ give a
basis of V' with respect to which p(H) is diagonal. O

We record for future reference that the element

wim e~ XeY =X _ <1 ‘1> € SL,(C) (93)

has the property that
Ad(w)H = —H. (94)



28.3 Reformulation in terms of representations of abelian
Lie algebras

In this section all Lie algebras are finite-dimensional over the complex numbers
and all vector spaces are complex and finite-dimensional. Recall that a Lie
algebra b is abelian if [h, h] = 0.

Let h be an abelian Lie algebra and p : h — End(V') a representation. Let
h* := Hom(h, C) denote the dual vector space. For A € h*, define the eigenspace

VY :i={veV:Hv=)\vforal Hch}
where we abbreviate Hv := p(H)v.
Lemma 189. The spaces V* are linearly independent, i.e., 2 oxeC VA = DrecV?.
Proof. Same proof as Lemma [T84] O

Lemma 190. Let b be an abelian Lie algebra and p : h — End(V) a represen-
tation. The following are equivalent:

1. p(H) is semisimple for all H € b.

2. There is a basis of V' with respect to which every element of p(h) is diag-
onal.

3 V=aVr

Proof. Take a basis Hy, ..., H, and consider 1 := p(Hy),...,2, = p(H,) €
End(V). If each z; is semisimple, then Theorem tells us that there is a basis
with respect to which they are (and hence every element of p(h) is) diagonal.
The converse and the equivalence with V = @V are left to the reader. O

Definition 191. We say that a representation p : h — End(V) of an abelian
Lie algebra b is semisimple if teh equivalent conditions of the previous lemma
are satisfied.

Definition 192. Let p : h — End(V) be a representation of an abelian Lie
algebra b. A weight of p is an element A € h* for which V* # 0. The space V*
is then called the weight space of weight X\. (The definition is most interesting
when p is semisimple, so that V = @V?*.)

Example 193. Let V' = C", let h) be the space of diagonal matrices in M,,(C) =
End(V), and let p : h — End(V) be the identity map. Then the weights of p
are the functionals Aq,..., A\, : h — C giving diagonal coordinates on b, i.e.,

A1 (H)
H—
An(H)

The corresponding weight spaces V*i are the one-dimensional subspaces Ce;
spanned by the standard basis elements ey, ..., e, of C".
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28.4 Roots of an abelian subalgebra

Let g be a Lie algebra (always finite-dimensional and over the complex numbers,
for the present purposes) and h < g an abelian subalgebra.

Recall that adjoint representation ad : g — End(g) given by ad(X)Y :=
[X,Y]. We restrict this to h to obtain a representation

ad : h — End(g).

The set R of roots of the pair (g, h) is defined to be the set of nonzero weights
of this representation. (We might more verbosely write R = R(g,H) when we
wish to make explicit the dependence.) In other words, for A € h*, set

g :={Xcg:[H X]|=MNH)X forall Hcb}.

Then
R={aebh”—{0}:g" #0}. (95)

For a € R, we call g* the corresponding root space.

Exercise 34. Write 0 € h*. Then
hCg’
Here is a very useful general observation:
Lemma 194. For any «, B € b*, one has
[g%,0°] € g**’.

Proof. 1t is probably easier to work this out as an exercise than to read
the proof. It suffices to show for all X € g® and Y € g” that [X,Y] € g®*#,
i.e., that for all H € b, one has ad(H)[X,Y]| = (o + 8)(H)[X,Y]. This follows
from the Jacobi identity in the form

ad(H)[X,Y] = [ad(H)X, Y] + [X, ad(H)Y], (96)
like so:
DY) = ()X, Y] = DY) = (DA SUIIXY] = (DD, V)
O
More generally:

Lemma 195. Let p : g — End(V) be any linear representation. For X € b*,
set VA :={v eV :p(H)v=NH)v for allv € V}. Let a, A € h*. Then

p(ga)vz\ C Va+>‘.
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Proof. This is essentially the same proof as the previous lemma, but with the
adjoint representation replaced by p; it should also remind the reader of stuff we
did awhile ago involving raising/lowering operators acting on representations of
5[2 (C)

It is probably easier to work this out as an exercise than to read
the proof. Let X € g® and v € V*. To establish the required mem-
bership p(X)v € VoA we must verify for each H € h that p(H)p(X)v =
(o + A)(H)p(X)v. Indeed,

p(H)p(X) = p([H, X]) + p(X)p(H).

Since [H, X] = a(H)X and p is linear, we have

p([H, X))o = pla(H)X)o = a(H)p(X)v.
Since p(H)v = A(H)v by assumption and p(X) is linear, we have

p(X)p(H)v = p(X)A(H)v = A(H)p(X)v.
Summing up, we obtain

p(H)p(X) = a(H)p(X)v + A(H)p(X)v,
which simplifies to give the required identity. O

In other words, weight spaces V* are permuted by root spaces g* and root
spaces g%, g? interact nicely with respect to the commutator. Note that Lemma
is the specialization of to the adjoint representation.

28.5 The roots of the special linear Lie algebra

Let g := sl,(C). Let h < g be the subspace of diagonal matrices. One has
dim(h) = n — 1. Every element H € b is of the form

Ai(H)
H = - (98)
An(H)

with A\;(H) + -+ -4+ A (H) = 0. The functionals Aq,..., A, € b* defined by
span h* and satisfy the relation A\y +---+ A\, = 0.

For j, k € {1..n}, let E;;, € M,,(C) denote the elementary matrix with entries
(Ejk)mn = 0jmOkn. If j # k, then Ej; € g. One has in general E;; — Ey;, € g,
but E;; # g (by the trace condition). In general,

[Eij, Exi] = 0;pEa — 6uFEy;. (99)

For H € b and any j,k, we compute directly that HE;;, = \;(H)Ej; and
Eij = )\k(H)Ejk, hence

ad(H)Ej, = (\;j(H) — M\ (H))Ejg. (100)
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Thus for all j # k, we see that A\; — Ay is a root. Observe also that

g’ =b; (101)
said another way, § is a maximal abelian subalgebra of g. Since
9 =b& (8;4CEjp) (102)
we see that
R={N —Ap:j#Ek}. (103)
We may rewrite (102)) in either of the forms
g = ®recg’ (104)
or
g=b® (Dacrs”) (105)

In particular:
Lemma 196. ad : h — End(g) is semisimple.
Lemma 197. The set R of roots spans h*.

Proof. We must verify that if H € b satisfies a(H) = 0 for all @ € R, then
H = 0. Indeed, given such an H, we have (by taking a = X\; — ) that
N (H) = Ap(H) for all i # j, hence all the entries of H are the same; since H
has trace zero, it follows as required that H = 0. O

For o = A\; — A\ € R, the corresponding root space is
g% = CX, where X, := Ej;.

Note that
a€R = —a€R (106)

since indeed —a = A\, — A; for @ = Aj — A\, but that
na ¢ R for any n € Z — {£1}.
Define Y, := Ey; € g~ by , the element
H, :=[X,,Y.]
is given explicitly by H, = Ej; — Ey, € b and satisfies
a(Hy) =2

because a(Hq) = (Aj —Ap)(Ej; — Exx) = 1—(—1) = 2. (One has here that Y, =
X_ 4, but what matters most is that they both span the same one-dimensional
space.) One has

H_,=-H, for all o € R.

It is easy to see that

Z CH, =, (107)

a€ER
but that the sum is not direct for n > 2.
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Lemma 198. Each g® is one-dimensional. For all o, € R,
g*t? ifa+BER
[0%,0"] =¢CH, ifa+B8=0

0 otherwise.

Proof. This reduces to an explicit computation using (99). It is instructive to
note the consistency with the conclusion [g¢, g?] C g**# of Lemma and the

identity . O
Here are some basic consequences:
Lemma 199. 1. If o, B, + B are all roots, then the map
ad(Xp) : g* — got?
is an isomorphism (of one-dimensional vector spaces).
2. If a, B, — B are all roots, then the map
ad(Yp) : g% — g~ "
is an isomorphism (of one-dimensional vector spaces).
8. For any roots a, B, the composition
ad(Xg) oad(X,): g7 — ¢°

is an isomorphism (of one-dimensional vector spaces) if and only if B(H,) #
0.

4. For any roots «, 3, the composition
ad(Ys) oad(Y,) : g — g~

is an isomorphism (of one-dimensional vector spaces) if and only if B(H,) #
0.

Proof. The first two assertions are immediate from Lemma [I98 For the third
assertion, we factor the map of interest as

CH, 24Xe), g?

—Q

ad(Xa)
E—

and observe (using Lemma that ad(X,) : g7 — CH, is always an
isomorphism of one-dimensional vector spaces and noting that ad(Xg)H, =
—[Hq, Xg] = —(Ha)X 5, which vanishes if and only if 5(H,) = 0.

The proof of the fourth assertion is similar: we factor the map g® — g—? in
question as

o ad(Ya)

CH, 2d(Ys) — g7,

observe that the first map in this composition is always an automorphism, and
then observe that the second map sends H,, to [Yg, Hy] = —[Hq, Y] = 8(Ha)Y5.
O

156



One can check directly using (103|) that for all «, 8 € R,
B(Hy) =0 <= a(Hg) =0. (108)

Definition 200. Two roots «, 8 are called orthogonal if either of the equivalent
conditions (L08)) hold. They are called non-orthogonal if B(H,) # 0 (equiva-
lently, a(Hpg) # 0).

Explicitly, if &« = A\; — A; and 8 = Ay — A, then «, 8 are orthogonal if and
only if {i,7} N {k,1} = 0.

Lemma 201. Suppose given roots f,aq,...,ca,. € R with the property that
B4+ a+ -+ a, is a root and that for each s = 1,2,...,r, the partial sum
B4+ a1+ -+ a5 is either a Toot, or is zero, and if it is zero that the roots
s, 0541 are non-orthogonal. Then the compositions

X X Xo,
gB it TN gﬂ-i-al Zee, L Doy gB-i-ar

Yo, Ya Yo
gﬁ+ar Bl N gﬁ+a1 TN gﬂ

. X ad(X) . . . .
(where we abbreviate — for ——= etc) are isomorphisms of one-dimensional

vector spaces.

Proof. Follows immediately by repeated application of Lemma O

28.6 The simplicity of sl,(C)

Set g := s1,(C). Let b denote its diagonal subalgebra, and R the set of roots
for (g,b).

Lemma 202. Set
Amax = A1 — A, € R.

Let B € R. Then there is a nonnegative integer r > 0 and roots aq,...,q, S0
that
B+ai+- 4+ ar = Anax

and so that for s € {1..r — 1}, the partial sum B+ aq + - -+ a5 is either a root,
or zero, and if it is zero, then the roots

as+1(Has) 7é 07 aS(Has+1) 7é Oa (109)

i.e., the roots as,as41 are non-orthogonal in the sense of Definition . (We
can always take r < 2, but that doesn’t matter so much.)

Proof. Write 8 = A\; — Ar. The proof is basically to stare at the diagrams

PR VL NS VIS W N P W
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and N
YD VA N N VD W N YD

We omit £ from the above diagrams if 4 = 0. What needs to be checked is that
for each j, k, at least one of the above diagrams has the property that whenever
it looks like
YD VAR Y| R Vi W
the roots p and v are non-orthogonal, i.e., satisfy u(H,) # 0.
We turn to the details:

e If k=nand j =1, we take r = 0.

elf Kk =nand j > 1, wetake r := 1 and o := A\ — \; € R; then
ﬂ+a1:)\max-

elf k <nmnand j =1, we take r := 1 and a3 := Ay — A\, € R; then
/6+051:)\max~

elf k <nmand 1l < j < n, we take r := 2 and a3 := Ay — A\, € R
and ap := A\ — A; € R. Then 8+ a1 + as = Anax. The partial sum
B+ a1 = Aj — A, is always a root, since j < n.

o If kK <nandj=mn, wetake r := 2 and a1 := Ay — A; € R and ay :=
A —Ap € R. Then 8+ a1 + g = Anax. The partial sum S+a; = A — A\g
is either a root or zero; it is zero iff £ = 1, in which case

O‘?(HOQ) = (/\k - )\n)(Ell - Ejj) =20,

a1(Ha,) = (M — Aj)(Ekk —Epp) =2#0,

so the roots aq, o are non-orthogonal in that case, as required.

Theorem 203. g is simple.

Proof. In lecture we gave a more “brute force” proof; here we will clean it up a
bit by appeal to Lemmas and 202

Let a < g be a nonzero ideal, or equivalently, an ad(g)-invariant subspace.
We must show that a = g.

Suppose first that a C b, and let 0 # H € a be given. Since the set R of
roots spans h* (Lemma [197), we can find o € R so that a(H) # 0. But then
Xo € g% (see has the property that [H, X,] = a(H)X, is a nonzero
element of g*. On the other hand, we have [H, X,] € a C h because a is an
ideal. Since h N g* = 0, we obtain the required contradiction.

Suppose next that a is not contained in §. By the semisimplicity of ad : h —
End(g) (see Lemma and the fact that ad(h)-semisimplicity is preserved
upon passage to ad(h)-invariant subspaces (see Exercise , we have

a=(anh) ® (BacranNg®). (110)
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Since a is not contained in b, there is some § € R for which have a intersects
and hence contains the one-dimensional space g”.
We claim now with notation as in Lemma that g’\"‘ax C a. To see this,
let us write
B+ ai+- 4+ ar = Anax (111)

as in Lemma We know that a is an ideal, i.e., is ad(g)-invariant, and that
a contains g”, so it will suffice to show that the composition

gﬁ Koy 95—0—041 X(X?; XQT’1> gﬁ+041+'--+04r—1 X"T; g)\nlax (112)

is an isomorphism (because then a 2 g*max), which follows from Lemma

Now let B € R be arbitrary; we will show that a O g?. We again write
as in Lemma Since we already know that a O g*»=x and since a is
ad(g)-stable, it will suffice to show that the composition

Yo, ,

ghmax Yory gfrorttaoy oot RN gt You, a° (113)

is an isomorphism, which follows again from and Lemma m

In summary, we have seen that a contains g and hence X, for all o € R;
since a is an ideal, it contains also [X,,Y,] = H,. Since the H, span b (see
and surrounding), we have a 2 h. Thus a D h ® (Bacrg®), i.e.,, a =g, as
required. O

28.7 The proof given in lecture

Here are some notes indicating the more “brute force” approach to Theorem [203]
presented in lecture. It may be instructive to compare this approach to that
above (they differ primarily in notation).

With notation as in the proof of Theorem [I87] set

I''={ae€R:ang®+#0}.

Then a O @4erg®. The key step in the proof was to show that if I' is nonempty,
then
I'=R. (114)

To see this, let 3 € I' be given. Suppose that 8 = A\; — A; with ¢ > j; a similar
but slightly simpler argument applies if instead i < j. We have

E; if i #n,
[Eijan7J - . (115)
Ei — Ejj lf 1=n,
and in either case it follows that
[Evi, [Eij, Ejn]] = Ein. (116)
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Since a is an ideal, we deduce that Fy, € a, i.e.,
A — A, el (117)
Now let oo € R be arbitrary, say a = A\; — Ax. If 7 < k, then we have
[Evns Enk] = B,

hence A\; — A\ € T', and
[Ej1, Eu] = Ej

hence A\; — A € I, as required. Suppose instead that j > k. If k = 1, then we
have
[Enh Eln] == Enn - Ell

and hence
[Enh [Enh Eln” = _2En1a

hence A\, — A1 € I'; as required. In the remaining case that j > k > 1, we have
[E1rn, Enk] = Eny,

and hence
[Ejlv [En, Eng]] = Ejp,

hence \; — A\ € T, as required.

29 Classification of the classical simple complex
Lie algebras

29.1 Recap

We've seen in lecture that the Lie algebra sl,(C) is simple (n > 2), and on
the homework that sps,(C) is simple (n > 1). Similar arguments imply that
609,41 (C) is simple for n > 1 and that s09,(C) is simple for n > 3; the handout
( from lecture (available now also on the course homepage) describes the
root systems, and I'll leave it as an exercise to adapt the techniques used to
prove the simplicity of sl,(C) and sps,(C) to the orthogonal case. There is
one trick in that case which is very handy. Recall from the notion of a
quadratic space over C, and that any n-dimensional quadratic space is isomor-
phic to the standard one. It is convenient to equip C?" with the structure of
a quadratic space for which the associated non-degenerate symmetric bilinear

form (,) (denoted B in §18.5) is given by

(z,y) = Z(xzyn+z + i) (118)

i=1
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and C2"+! that for which
n

<.13, Z/> = Z(xiyn—i-i + -Tn-l—iyi) + Ton+1Y2n+1- (119)
i=1

It is then easy to see that SO,,(C) := {g € SL,,(C) : (gz,gy) for all x,y €
C™}, when defined with respect to the above inner products, contains in the
case m = 2n the diagonal subgroup H = {diag(z1,...,2n, 21 ..oy 25")
Z1y.+.,2n, € C*} and in the case m = 2n + 1 the diagonal subgroup H =
{diag(21, .+, 2,27 5oz 1) = 21,000, 2, € C*} whose Lie algebras b are
given respectively by h = {diag(Z1,...,Zn,—Z1,...,—Zn) : Z1,...,Zn € C}
and b = {diag(Z1,...,Zn,—Z1,...,—Z,,0) : Z1,...,Z, € C}. The Lie algebra

of g is described on the handout (§29.4) and will not be repeated here.

29.2 Classical simple complex Lie algebras

Definition 204. By a classical simple complex Lie algebra we shall mean a
complex Lie algebra of one of the following forms:

o A, :=5l,.1(C) for n > 1,
e B, :=509,+1(C) for n > 1,
o () :=5p2,(C) for n > 1,
e D, :=502,(C) for n > 3.

Remark 205. Dy = A; x A; is not simple (it is a direct sum of two simple Lie
algebras). D; = s02(C) is not simple (it is abelian).

Recall that our motivating goal for the past few lectures has been to prove
the following theorem:

Theorem 206. There are no isomorphisms between the classical simple complex
Lie algebras except possibly those of the form

A= B, 20, (120)
By = Cy, (121)
Ag & Ds. (122)

Remark 207. In fact, the isomorphisms (120, (121)) and (122) all hold. We
have proven that A; = B;. It is immediate from the definition that A; = C;.

We have not yet proven the exceptional isomorphisms (121]) and (122]), but they
exist, and are not inordinately complicated to establish.

Remark 208. We may reformulate Theorem[206|in terms of the simply-connected
complex Lie groups having the indicated Lie algebras.

Remark 209. We record some motivation for caring about Theorem [206]
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1. It’s interesting in its own right; it’s natural to ask for a complete list of
isomorphisms between some naturally occurring groups.

2. The techniques involved in the proof (roots, weights, reflections, Dynkin
diagrams, ...) are very important in all of Lie theory and its applications in
other fields of mathematics. The specific groups involved are also univer-
sally important. Our primary goal is really to introduce those techniques
by application to a motivating problem.

3. Theorem [206]is weaker than the full classification theorem for all complex
simple Lie algebras (not just the classical ones), which says that the above
list is complete with five exceptions, denoted Gs, Fy, Eg, F7, Eg. That full
classification is not inordinately difficult, but would probably take most of
a semester to present properly, and it’s very easy to get lost in the middle
of it and lose the big picture. On the other hand, we should be able to
complete the proof of Theorem [206]in a couple lectures.

4. Tt takes a lot of experience to gain intuition for working with roots, weights,
reflections, etc. It seems best to introduce them as explicitly as possible.
That way, many properties that would normally require laborious and
unenlightening proofs can be discovered by inspection; one can then later
learn proofs of such properties that apply more generally.

29.3 How to classify them (without worrying about why
it works)

We now outline the structure of the proof of Theorem Let g be a classical
simple complex Lie algebra. We will attach to g a certain oriented multigraph,
called a Dynkin diagram. (See the handout (§29.4) for what these look like in all
cases. We explained in class how coincidences between “small” Dynkin diagrams
explain all of the exceptional isomorphisms , and )

The procedure by which we will attach the Dynkin diagram will involve
several choices. To make the proof of Theorem [206| rigorous, we will later have
to go back and check that these choices did not affect the final result.

Let us note right away that because g is simple, its center (equivalently, the
kernel of ad : g — End(g)) is trivial. Indeed, g is non-abelian (by the definition
of “simple”), so the center 3 of g satisfies 3 # g. On the other hand, the center
is an ideal; since g is simple, we must have 3 = 0. In other words,

ad : g — End(g) is injective. (123)
1. First, introduce the following definition:

Definition 210. Let g be a simple complex Lie algebra (the case that g
is “classical” is all we will use for now). A Cartan subalgebmﬂ of gis a
subalgebra § of g for which

5 What I’ve recorded here is not the standard definition of “Cartan subalgebra,” but is
equivalent to a specialization of that definition, and is convenient for our immediate purposes;
we may return to the more general notion later.

162



(a) b is abelian,

(b) b consists entirely of ad-semisimple elements (that is to say, for each
X € b, the linear endomorphism adx € End(f) is diagonalizable,
i.e., admits a basis of eigenvectors), and

(c) b is its own centralizer: if X € g satisfies [X, H] = 0 for all H € b,
then X € b.

For example, the subalgebra h defined on the handout (§29.4)) is a Cartan
subalgebra, and it turns out that all other Cartan subalgebras are “con-
jugate” to it; we will explain this more in a bit. The following definition
thus depends only upon g, not upon h:

Definition 211. The rank of g is defined to the dimension of b.

Let R denote the set of roots for ad : h — End(g), thus R is the set
of all nonzero o € h* for which the subspace g* := {X € g : [H,X] =
a(H)X for all H € b} of g is nonzero. We describe R explicitly on the
handout (§29.4]).

For example, for g = s(,,(C), we can take for b the standard diagonal
subalgebra. We saw in the lecture on the simplicity of g that h consists
entirely of ad-semisimple elements; indeed,

g=0® (Dacrg”) (124)

where each space on the RHS is an eigenspace for ad(h). It is clear that b is
its own centralizer. Indeed, suppose Z € g commutes with every element
of h. We can decompose Z using as a sum Zo + Y cp Za, Where
Zy € hand Z, € g*. For each H € b, we have [H, Z] = 0, by assumption;
on the other hand,

[H,Z) = [H.Zo) + > _[H,Zo) = > o(H)Za. (125)
aER acR

Since the Z, are linearly independent of one another (as they belong to
distinct root spaces), we must have a(H)Z, = 0 for all H € h. Since each
root & € R is nonzero, we can find H € b so that o(H) # 0, thus Z, =0
for all & € R and thus Z = Z; belongs to h. Since Z was arbitrary, we
conclude that h C §’, as required.

More generally, one can verify that the subaglebras b defined on the hand-
out (§29.4) in the cases A,, Bn,Cyp, D, are in fact Cartan subalgebras.
One sees also that A, By, C,, D,, have rank n. This explains the index-
ing.

We observe (by inspecting each family) that the set R of roots for (b, g)
has the following properties (noted earlier for s, (C) and sp2,(C)):

(a) For o € R, one has {n € Z: na € R} = {£1}.
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(b) dimg* =1 for all « € R.
(¢) Let X, € g® be nonzero, so that g* = CX,. There exists a unique

Y, € g7 so that the element H, € b defined by H, := [Xq, Ya]
satisfies a(H,) = 2.

(d) For all o, 8 € R,

g*t? fa+BER
0% 0°] ={CH, ifa+p=0
0 otherwise.

Explicit choices for the X,,Y,, H, in all cases are given on the handout
(§29.4).

. Next, we introduce the following definition:

Definition 212. A base (or simple system or system of simple roots)
S C R is a subset with the following properties:

(a) S is a basis of h*.
(b) For each 8 € R, if one writes

B=>car (126)

a€eS

with ¢, € C (as one can, because S is a basis), then the ¢, are
integers and all have the same sign (i.e., either ¢, > 0 for all « or
co <0 for all a).

On the handout (§29.4)), an explicit choice of a simple system S is given
for each of the classical complex simple Lie algebras. There are in fact
many possible choices, and we will have to argue later that they are all
“sufficiently equivalent” for the purposes of the construction to follow.

The set of positive roots (with respect to the given simple system S) is
the set RT consisting of all 8 € R for which in the decomposition (126]),
one has ¢, > 0 for all o € S. The set R~ of negative roots is defined
analogously. One has R=RYUR™ and R~ = (—R") :={-a:a € R"}.
It’s worth going through the examples and seeing what R™ looks like. For
example, in the case g = sl,,(C) and for the standard choice of S recorded
on the handout (7 R™ consists of those « for which the corresponding
root space g® belongs to the space of strictly upper-triangular matrices;
by contrast, the negative roots correspond to strictly lower-triangular root
spaces.

. One now writes down the Cartan matric N = («(Hg))a,pes. This is
straightforward, but it’s worth working through all of the examples to
make sure you understand it. Two Cartan matrices are equivalent if one is
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obtained from the other by relabeling the indices. (There is no preferred
ordering among elements of the finite set S, so this is a natural notion of
equivalence.)

4. Finally, for convenience, one converts the Cartan matrix into a Dynkin
diagram. This is a finite graph whose vertices are given by the elements
of S. (It is convenient in practice because most entries of the Cartan
matrix turn out to be zero.) Given distinct elements «, 3 € S, one sees
by inspection that the ordered pair of integers (a(Hpg), 5(He)) is of the
following form:

(a) (0,0): in this case we draw no edges connecting a, 3.
(b) (=1,—1): in this case we draw one undirected edge between «, 3.

(¢) (=2,—1): in this case we draw a double edge directed from « to f;
see the handout

(d) (=1,—-2): in this case we draw a double edge directed from S to «;
see the handout

(e) (=3,—1): in this case we draw a triple edge directed from « to f;
this case doesn’t occur for classical Lie algebras (but does for the
exceptional Lie algebra Gs)

(f) (—1,-3): in this case we draw a triple edge directed from S to «;
same comments apply.

It is obvious that the Dynkin diagram determines the Cartan matrix (and
vice-versa, of course). Dynkin diagrams are nicer to work with because
their equivalences are easier to spot.

To complete the proof of Theorem [206] we need to check that the Dynkin
diagram (up to equivalence, i.e., relabeling of the vertices) is independent of
the choice of Cartan subalgebra h and simple system S made in the above
construction. This will occupy the next several sections.

Exercise 35. Show that if g := s0,,(C) is defined using the standard scalar
product (z,y) := > i~ x;y; on C™ (as opposed to that in 7 so that g =
{X € sl,(C) : X'+ X = 0}, then g contains no nonzero diagonal elements, but
that the following subalgebra b of g is a Cartan subalgebra (see Deﬁnition:
if m = 2n, then

0 i\
—iA 0
0 iAo
—id2 0

—ix, 0
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while if m = 2n + 1, then

0 A1
—iA 0
0 A2
—id2 0

29.4 Dynkin diagrams of classical simple Lie algebras

As an exercise, reproduce the following in private.

Ap—1:SL,(C),SU(n), g = s, (C) = {a € M,,(C) : trace(a) = 0}
& = By,

n A1 (H)
h:{Zaisi:Zaizo}:{H:( ):Al(H)+-~-+)\n(H):O}
i=1 An(H)

Cyaae---aCh, .
* = R={x(X\; — \): k
b= s R O M <)

Xa,one = Eji, Yoa,on, =By, Hy,on,=cj—er (J#F)
S:{/\l_)\2,/\2_>\3,-~-7)\n—1_)\n}7 R+:{()\j—/\k)2j<k‘}

N = (a(Hp))a,pes = -1 2 -1

(As)

eg, (N1 = A)(Hy,—n, ) = —1and (\j = A\jo1)(Hyyuy ;) = =1
B,, : Spin,,, 1 (C), Spin(2n + l)ﬂ

a bt x a,b,c € My xn(C),
g= 502n+1(C) = C —a Y| € M2n+1((C) :

b —azt 0 2,y € Mpy1(C), bt = —b,c' = —c

6 Defined via the scalar product (z,y) := Z;L:l(xjyn+j + Tyt Yj) + Tont1Y2nt1
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€ = Fy — Entinti,
MEH) 00 0 0 0 0
0 0 0 0 0 0
0 0 A(H) 0 0 0 0
h=Ceid @Ce={H=| 0 0 0 —X\(H) 0 0 0
0 0 0 0 0 0
0 0 0 0 0 —AJ(H) 0
0 0 0 0 0 0 0
Xy-ne = Eik—Eniknti, Yo, = Exj—Entjmtk, Hyon, =€j—cx (J# k)
Xnjaxne = Ejnik—Erntjs Yan = —EBngjrtEogry, Hyxoxn, =giter (<k)
X none =EBngjn—Enirg, Yor -z = —EjnirtErnyg, Hox,ox =—¢j—er (j<k)
Xy, = Ejont1 — Bonginyy Yo, = 2(Bont1j — Enyjont1), Hy, = 2¢;
X 5, = Fong1j— Engjontr Yo, =2(Ejont1 — Eongingg), Hox, = —2¢5
S={A =X, 2= A3, .., A1 — Ay An b, RT = { £ Ae) 1 g <kFu{r}
2 -1
-1 2 -1
N = (a(Hp))a,pes = -1 2 -1 (Bs)
-1 2 =2
-1 2
e.g., ()\n)(H)\nil_)\n) = —1 and (>\n—1 — )\n)(H)\n) = 2.
Cra : 993, (C),Sp(2n), g = 5p2n(C) = _l;t) € My (C) : b = b, cf = c},
g =Ly — En+i,n+i7
MEH) 00 0 0 0
0 0 0 0 0
B o 0 0 a0 0 0
h=Ca® -0t =qH=1 ¢ o o _nm o 0
0 0 0 0 s 0
0o 0 0 0 0 —A(H)
B =CA\ @ ®Chy, R= {0\ £\):J <k} U{£2)\)
Xnonm = Eje—FEnikntjs Yo-n = Evi—Enijnir, Hxox, =¢j—cx (J#F)
Xxjine = EjnirktErny, Yan, = EngjetEnirg, Hxyon, =cjter (< k)
X xjoxe = EBngjretEnyrgs Yox,-xn, = EjnirwtErnyj, Hoxoa, =—¢j—ex (J<k)
Xox; = Ejntjs Yox; = Engjj,  Hax, = ¢
Xoox; = Enyjj, Yoon, = Ejnry, Hoon, = —¢;
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S=1{M—A2, X2 = A3, A1 — Ay 2\, RT =

{()\J ) j< k‘}U{2)\j}
2 -1
-1 2 -1
N = (a(Hg))a,pes = -1 2 -1

(Cs)
-1 2 -1
-2 2

e.g., (2An)(Hx, ,-x,) =—2and (Ap,—1 — Ap)(H2y,) = —1

b

D,, : Spin,,, (C), Spin(2n) g = 502,(C) = {<Z t) € Mo, (C) : b" = —b,c" = —c} ,

g = FEy — Enyinti

MH) 00 0 0 0
0 0 0 0 0
B I I Y R R W0 20 0 0
h=Ce1®- - -®Ce,, = H = 0 0 0 -\(H) 0 0
0 O O 0 PPN 0
0 0 0 0 0 =\ (H)
h*=Ch\i@®---®&CN,, R={x(\jxX):j <k}
X)\j*Ak- = jk_En+k,n+j7 YAj7>\k = Ekj_En‘Fj’”Jrk’ H)‘J'i/\k AR ('7 ;é k)
X)\j+>\k = Ejm-{-k_Ek,n-&-ja Y/\j+/\k = - n+j,k+En+7€7j7 H/\j""\k = &jtek ('7 < k)

X xoxme = Bnje—FEnirg, Yonoa, = —EjniktErntj, Hoxn =—¢j—ex (J<k)
S={A =2 X = A3, o, 2 — Xs1, A1 — An, A1 A}, RY = {Nj £ ) - j <k}

2 -1
-1 2 -1 <
N = (a(Hp))a,pes = -1 2 -1 -1 (Ds)
-1 2 0
-1 0 2

e.g (An—2=An—1)(Hx,_,—x,) = An—2=Au—1)(Hx,_1+2,) = Qa1 =An) (Hx, _,—r,_1) =
()\n71+)\n)(H)\n727)\n71) = —land ()\nfl_)\n)(H)\TﬁH»)\n) = ()‘nfl—‘f_)‘n)(H)\n—l*)\n) =
0

29.5 Classical algebras come with faithful representations
and are cut out by anti-involutions

Let g be a classical simple complex Lie algebra. Then g comes equipped with a
defining faithful representation g < End(V), where V = C**! C?*+1 C2", C?"
according as g = A, B, Cy, Dy,

7 Defined via the scalar product (z,y) := Z;L:l(mjyn_,_j + Tyt Yj)-
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We now record a property of g that will allow us to give “ad hoc” proofs of
some assertions in the sections to follow. Set sl(V') := {x € End(V) : trace(z) =
0}. There is a linear anti-involution ¢ : End(V) — End(V) for which

trace(o(z)) = trace(z) for all z € End(V) (127)
and
g={zesl(V):0(z) = —x}. (128)
Namely:
1. If g = A,,, then we take for ¢ the identity map.
2. It g=B,,Cy, D,, we take
o(x):=J 2t

where
Onx n 1n X7 On x1

J=11luxn Onxn Onx1 ingBn,
O1xn O1xn  lix1

J — ( OnX'IL ITLXH) ifg — Cn,

*1n><n Onxn

J — (OTLX’VL 1n><n> lfg — Dn,

17L><'I'7. OTLX’I'L

By “linear anti-involution” we mean that

olax +by) = ao(x) +bo(y), olzy) =o(y)o(z), olo(r)) =

29.6 Diagonalization in classical Lie algebras

Let g be a classical simple complex Lie algebra and let ¢ < End(V') be as in
Let G denote a simply-connected complex Lie group having Lie algebra
g. (Thus G is one of SL,;1(C), Spiny,,,1(C), Spy, (C), Spin,,, (C) according as
we are in case A, B,,C,,D,.) Let x € g. We can think of it as a linear
transformation z : V — V.

Lemma 213. If x : V — V is semisimple, then there exists g € G so that
Ad(g)x € g C End(V) is diagonal, i.e., represented by a diagonal matriz with
respect to the standard basis of V.

Proof. Suppose first that g = sl,,(C). Let B = (v1,...,v,) be a basis of eigen-
vectors for z. Let g € GL,,(C) be the “change of basis matrix” from B to the
standard basis. Then gxg~! is diagonal. This conclusion is unaffected by re-
placing g with a scalar multiple; by doing so, we may arrange that g belongs to
SL,(C).

TODO (or Exercise): discussion of other cases.
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29.7 Semisimplicity of elements of classical Lie algebras

Let g < End(V) be as in We have seen (see (123)) that ad : g — End(g)
is another faithful representation. Given an element = € g, it thus makes sense
to compare properties of the linear transformation =z : V. — V with those of
ad, : g — g. The following comparison will be of particular use (see §28.1| to
refresh the terminology):

Lemma 214. z : V — V is semisimple if and only if ad, : g — g is semisimple.

For the proof, it will be convenient to recall a standard fact from linear
algebra:

Theorem 215. Let z € End(V) be a linear endomorphism of a finite-dimensional
complex vector space V. Then there exist unique s,n € End(V') so that

1. s is semisimple,
2. n is nilpotent, and
3. [s,n] =0.

Moreover, there exist polynomials S and N (depending upon x) so that S(0) =
0= N(0) and s = S(x) and n = N(x) and so that S, T are both odd (i.e., they
are sums of monomials of odd degree).

Proof. See for instance p40 of the book by Serre on the course reference. The
final condition is not stated there, but may be obtained by inspection of the
proof. (We note that the “existence” may be obtained by taking for s the
“diagonal part” and n the “off-diagonal part” of the Jordan normal form of
x.) O

We turn to the proof of Lemma (which wasn’t presented correctly in
lecture). Before embarking, we note that the same conclusion holds for any
simple complex Lie algebra but with a slightly more complicated proof; since
we are focusing on the classical case for now, we will freely make use of the
assumption that g is classical. This proof is not particularly important; I am
including it here only because it is short and suffices for our present focused
goal of classifying classical simple complex Lie algebras. (I'll also remark that
it may be possible to check it by hand more simply than how I have argued
here.)

We observe first that it is easy to see that any = € g for which z : V — V
is semisimple has the property that ad, : g — g is semisimple: we may assume
(by that x is diagonal, in which case the required conclusion is clear by
the root space decomposition as computed explicitly in the handout ( It
remains to establish the converse.

Let o be the anti-involution discussed in §29.5] that defines g. Let = € g be
any element. Consider its Jordan decomposition x = s + n in End(V). Write
s = S(x),n = N(z) as above. Since S, N are odd, we have o(S(x)) = S(co(z)) =
—S(z) and o(N(z)) = N(o(x)) = —N(z), whence s,n also belong to g.
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We've seen already that as s is semisimple, so is ads. Moreover, since n is
nilpotent, it’s not hard to see that also ad,, is nilpotent: if n™ = 0 for some
m € Zs1, then for any y € g, we have ad>"(y) = [n,[n,...,[n,y]]] = 0, since
when we expand out in terms of monomials, we always have at least m copies
of n occurring consecutievly.

Finally, since ad is a Lie algebra morphism, we have [adg, ad,] = adps n) =
ado =0.

In summary, adg, ad,, satisfy we see that the decomposition ad, = ads + ad,,
satisfies the assumptions of Theorem [2I5]

Assume finally that ad, is semisimple. Then (by the uniqueness assertion of
Theorem we must have ad, = ads and ad,, = 0; since ad is injective, we
must have n = 0; therefore z = s is semisimple, as required.

29.8 Conjugacy of Cartan subalgebras

Let g be a classical simple complex Lie algebra. Here’s the key to showing the
independence of the constructions given above with respect to the choice of b:

Lemma 216. For any two Cartan subalgebras b,b' of g, there exists g € G
so that Ad(g)h = b'. (Here we can take for G any Lie group having g as its
Lie algebra; the simply-connected one will do. One could alternatively and more
naturally take for G the inner automorphism group Int(g) := (exp(adx) : X €
g) < Aut(g) < GL(g) as defined in lecture.)

Proof. Recall from the embedding g < End(V). We have seen in
that an element x € g, regarded as a linear transformation x : V. — V, is
semisimple if and only if ad, : g — g is semisimple.

We turn to the proof. It will suffice to consider the case that h is the
standard diagonal Cartan subalgebra and b’ is arbitrary. Since the elements
of b’ are all commuting and ad-semisimple, we may simultaneously diagonalize
their adjoint action as a sum of eigenspaces, i.e., we may write down a root space
decomposition of h’; see §28.4] and recall that elements of h’ are ad-semisimple).
Let Z € i be any element with the property that o/(Z) # 0 for all roots o of
h’. (Such an element exists because each o’ is nonzero, and so its kernel has
codimension one, and a finite union of codimension one subspaces of a vector
space over an infinite field is properly contained in that vector space.) Then the
only elements of g that commute with Z are those in b’ (compare with discussion
surrounding ) By there is an element g € G (the simply-connected
complex Lie group having Lie algebra g) for which gZg~! := Ad(g)Z € h. Thus
every H € h commutes with gZg~!. It follows that Z commutes with g~ Hg for
all H € h. By the property of Z just mentioned, it follows that Ad(g=1)h C b/,
hence h C Ad(g)h’. By the maximality condition in the definitino of “Cartan
subalgebra,” it follows that h = Ad(g)h’, as required. O
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29.9 Interpretation of Cartan matrix in terms of inner
products

Let g be one of A,, B,,,C,,D,. We can think of h* as a subspace of C" by
writing each A € h* in the form A = 3\ + --- 4+ [, A\, and associating to A the
element (l1,...,1,) € C". In the case g = A,, we have \y +---+ A, =0, so
there is some ambiguity in this assignment; we pin it down by requiring that
l1+---+1, =0. Using this assignment, we can define an inner product by the
formula

Aop) = limy + - Lomy X =D LA =Y myh;.
By inspection of the formulas on the handout (§29.4), we have
(. B)
(8,8)

(We will explain this properly later; for now, we stick to the narrow goal of
classifying the classical simple complex Lie algebras.) Thus the Cartan matrix
can be described in terms of inner products involving the simple roots.

Oz(HB) =2

29.10 Independence with respect to the choice of simple
system

In the context of suppose S, S’ C R are two simple systems. We want to
know that the Cartan matrices N, N’ that they define are equivalent (i.e., that
they coincide after relabeling the indices).

We will do this as follows:

Proposition 217. Let S,S’ C R be simple systems. There is a linear trans-
formation w : h* — h* that is orthogonal with respect to the pairing (,) on bh*

defined in and for which wS = S’.

Assuming Proposition [217] we may complete the proof of Theorem [206] as
follows: We need to check that N, N’ are equivalent. Let o, 8 € S. Then

(a. )
3.5)

. (wa, wp)
= % (wB, wh)
= (wa)(Huyp).

Oé(HB) =2

Since wa traverses S’ as « traverses S, we deduce that N and N’ are equivalent,
as required.

To complete the proof of Theorem [206] it remains only to prove Proposition
217 i.e., to produce w. We do so as follows. For each o € R, let s, : h* — b*
denote the linear transformation given by

Sad = A — (Aa)a,
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where
(A @)

(o) = AHa) = 22505

Geometrically, s, is a reflection with respect to the hyperplane orthogonal to
a. Tt follows by inspection of the formulas on the handout (§29.4]) that

sa(R) = R for all a € R. (129)

We will see that this is an astonishingly powerful condition; we will explain it
properly in due course.
The s, may be described as follows, as detailed in lecture:

o If @ = \j — A, then s4 1 Aj = Ag, A = A (with all other A; left fixed)
Here and henceforth we assume that j # k.

o If v = \j + A, then s4 0 Aj = =g, Ay — —\; (with all other A; left
fixed).

o If a = \j or 2);, then s, : \; = —\; (with all other A; left fixed).

Definition 218. Let W be the group generated by the root reflections s,
for « € R; it is called the Weyl group and is finite, as it is a subgroup of
the permutation group of the spanning set R for h*. Since it is generated by
reflections, it consists of orthogonal transformations.

As we explained in lecture, it is described as follows:

e A,: one has [W| = n!; for each permutation j — j' of (1,2,...,n), one
has the element w € W given bye A\; — Aj.

e B,: one has [W| = 2"n!; for each permutation j — j’ of (1,2,...,n) and
collection of signs + (indexed by j), one has the element w € W given by
)\j — i)\j/.

e (,: same description as for B,,.

e D,,: same description as for B, C,, except require that the product of all
signs be +1 (i.e., that the number of minus signs be even).

Now let S C R be a simple system. Let hi denote the R-span of R, or
equivalently, the R-span of the elements Aq,..., A,; it is a real vector space of
dimension dimg(h*).

Definition 219. An element A\ € hj% is said to be S-nonnegative (or simply
nonnegative when the simple system S is clear by context), denoted A > 0, if
when we write A = ) acs Cal with each ¢, € R, then we actually have ¢, > 0
froall « € S.

Given A, u € hy, we say that X is S-higher than p (or simply higher than p
when S is clear), denoted A > p, if A — p is nonnegative.

We write A > p if A > g and A # p, ete.
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Remark 220. Note that A > p defines a partial order on bhi: there are plenty
of pairs of elements that are incomparable. On the other hand, for any A € by
and a € R, the elements A and s, \ are always comparable: one has A > s, A if
and only if (A\|a)ar > 0.

Example 221. R™ is precisely the set of S-nonnegative elements of R.

Definition 222. An element A\ € b is said to be S-dominant (or simply
dominant, when the simple system S is clear by context) provided that any of
the following evidently equivalent conditions are satisfied:

1. M(Hy) >0forall v € S.
2. (Ma)>0forallaeS.
(A, a) >0 for all « € RT.
M H,) >0 for all « € RT.
(Ma)<Oforalla € R™.
AHy) <0forallae R™.

N ook W

A>s Aforalla e S.
8. A>s A\ forall € R.

[The following equivalences are clear: (1) < (2),(3) < (4),(5) < (6).
We have (2) <= (3) <= (5) by linearity of the inner product. We have
(1) < (7) and (4),(6) < (7) by definition of s, and the partial relation
442.77]

Definition 223. An element A € b is regular if (A, ) # 0 for all « € R.

It is easy to see that regular dominant elements exist: they are just those el-
ements belonging to a suitable “upper-right quadrant” (TODO: explain better).

Example 224. Supopse S is the “standard” simple system described on the
handout (§29.4). Then it’s easy to see that the elements A = 3 [;\; € bj that
are S-dominant are precisely those satisfying the following conditions in the
respective cases:

(Ap) >l >lg > >y >y
(Ba) i 21213 > > lpy > 1, >0
(Cn) h>la>13> - >1h 1 >1, >0
(D) >l >3 > > 1h1 > |l

The regular dominant elements are those for which every “>” is actually a strict
inequality “>.”
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Lemma 225. Let S be a simple system with associated set Rt of positive roots.
Let X be regular and S-dominant. Then RT = {a € R: (a,\) > 0}. Moreover,
S is the set of elements o € RT that are indecomposable in the sense that one
cannot write a = 31 + - - + By for some B1,..., B € RT with k > 2.

In particular, S is determined by any regular S-dominant element \.

Proof. The first assertion is clear: if o € R satisfies (o, A) > 0, then in the
decomposition o = ZﬁES cgf (where the cg are integers all of the same sign,
and (8,) > 0) we deduce that each cg > 0, etc. The second assertion follows
immediately from the definition of “simple system.” O

We can now prove Proposition Let Sy, S1 be two simple systems; we
want to show that there is w € W so that wS; = Sy. Let A be regular and
S1-dominant. Choose w € W so that wA is maximal with respect to the partial
order given by Definition 219] with respect to the simple system Sy. Thus, in
paricular, s,w\ < wA for all @ € R (cf. Remark . Actually, we must have
sqwA < w: for if instead we had s,wA = wA, then we’d have A = w™ s, wA =
Sw-1a) and so (w™la, \) = 0, contrary to the assumption that X is regular. It
follows from the equivalence of the various conditions in Definition 222] that w\
is Sp-dominant.

In summary, A is Sj-dominant and w is Sp-dominant. Using Lemma
it follows easily that wS; = Sy, as required. TODO: explain more.

We record a few other facts of independent interest. (Most of these assertions
can be deduced by inspection for the “standard” simple system and then deduced
for general simple systems from the fact that the Weyl group acts transitively
on them; there are also more natural but lengthier proofs that apply more
generally.)

1. Let S be a simple system. Then the Weyl group is generated by the root
reflections s,, a € S.

reg ,_

2. A Weyl chamber is a connected component C' of the set hp® := {\ € b :
(o, A) # 0 for all « € R} of regular elements. The set of simple systems S
is in natural (W-equivariant) bijection with the set of Weyl chambers:

(a) Given S, one takes for C the set C := {\ € hr : (a, ) > 0 for all @ €
S} of regular S-dominant elements; that set is called (naturally) the
S-dominant Weyl chamber. (The S-dominant Weyl chamber is, of
course, a Weyl chamber: it is connected, or even path-connected by
straight line segments; it is also maximal among connceted subsets,
by (say) the intermediate value theorem.)

(b) Given C, one takes for S the set of indecomposable elements in RT :=
{a € R:(a,)) >0}.

3. The Weyl group acts simply transitively on the set of Weyl chambers, for
each pair S, 5" of simple systems there exists a unique w € W for which
wS = S’. In particular, if w € W satisfies wS = S for some simple system
S, then w = 1. (This follows from the argument given above, together
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with the empirical observation that the only w € W which stabilizes the
“standard” Weyl chamber is w = 1.)

4. The Weyl group acts simply transitively on the set of simple systems, for
each pair S, 5’ of simple systems there exists a unique w € W for which
wS = S’. In particular, if w € W satisfies wS = S for some simple system
S, then w = 1. This follows from the previous few points.

5. Let S be a simple system. For each A € b there exists a unique w € W
so that w is S-dominant.

In lecture, we presented (some of) the above material in a slightly different
order; namely, we first stated the bijection between simple systems and Weyl
chambers (after working out enough examples to make it seem obvious).

30 Why simple Lie algebras give rise to root sys-
tems

30.1 Overview

In the previous section, we explained how Dynkin diagrams may be used to clas-
sify the classical complex simple Lie algebras A,,, By, Cy,, D,,. That explanation
involved a fair number of “empirical observations:”

1. We observed (without “explanation”) that Cartan subalgebras b of g exist
and are unique.

2. We observed that the root spaces g of b are one-dimensional and satisfy
a€R = {ne€Z:nac R}={£1}.
We observed also that there exist X, € g%, Y, € g~ and H, € h so that
[(Xa,Ya] = Ha

and
a(Hy) =2

and
g*t? a+BER

[0°,0°] =¢CH, a+B8=0
0 otherwise.

3. We observed the relation

(Bla) := B(Ha) =2

for any «, 8 € R.
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4. We observed that the root reflections s, : h* — bh* defined for @ € R by

sa(B) =0 — (Bla)a,
satisfy so(R) = R.
We would like now to go back and “explain” the above observations a bit more
“conceptually.” This will involve an application of some properties of represen-
tations of sl3(C) that we established long ago.

For the remainder of this section, “Lie algebra” always means “over the com-
9
plex numbers.”

30.2 The basic theorem on Cartan subalgebras
Recall Definition it applies to any simple Lie algebra g.
Theorem 226. 1. There exists a Cartan subalgebra b < g.

2. Any two Cartan subalgebras b, b’ are conjugate in the sense that for any
Lie group G with Lie(G) = g (such as the inner automorphism group G =
Int(g) as defined in Lemma @, there exists g € G so that Ad(g)b’ = b.

3. There is a scalar product (,) on g (i.e., a non-degenerate symmetric bilin-
ear form g®g — C) and a real form hr < b with the following properties:
(a) The roots o of ad : h — End(g) satisfy a(hr) C R.
(b) The restriction of (,) to bgr is real-valued and positive-definite.

(c) (,) is g-invariant, i.e., for all x,y,z € g,

([z;2],y) + (, [2,9]) = 0.

(Think of this condition as the “t = 0 derivative” of a condition like
(e%x,e*y) = (2,7).)

Example 227. 1. One can take g = sl,,(C), h < g the diagonal subalgebra,
br < b the real Lie subalgebra consisting of elements with real entries,
and (z,y) := trace(zy) for xz,y € g. Similar choices apply for all of the
classical simple algebras.

2. For any simple g, it turns out that one can take (z,y) := trace(ad, ad,)
(which is called the Killing form).

As noted earlier, Theorem [226] is easy to establish for the classical simple
algebras. We will not prove it in general for the following reasons:

1. The proof might take a couple weeks, and I think that it is not as inter-
esting or useful as the other topics that I plan to cover in the remaining
time.
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2. The conclusion is not difficult in the primary examples of interest (the
classical families). We may thus interpret it as telling us that we might
as well have defined a simple Lie algebra to be a simple Lie algebra in
the ordinary sense with the additional property that it possesses a Car-
tan subalgebra satisfying the above properties; such a definition would
apply to the primary examples of interest, and the above theorem may be
interpreted as giving a weaker condition under which it holds.

A good reference for the proof of Theorem is Chapter 3 of Serre’s Complex
semisimple Lie algebras.

In the following sections, we will include in some hypotheses phrases like
“Let g be a simple Lie algebra (that satisfies the Cartan subalgebra theorem).”
Theorem [226] says that the parenthetical hypothesis is unnecessary; we include
it only to keep track of what we have actually proven in the course.

30.3 Abstract root systems

Definition 228. Let V be a finite-dimensional real inner product space. A root
system is a subset R of V such that

1. R is finite;
2. R does not contain 0;

3. for any «, 8 € R, the quantity

(8, a)
=2
(Blo) =277
is an integer;
4. for any a € R, the map
So V2V

Sa(N) = A = (Aa)a
satisfies s, (R) = R.
We say that R is reduced if for all o € R,
{n €R:na € R} ={+£1}. (130)
The notion of an isomorphism of root systems is clearﬂ

In we saw several examples of root systems (without referring to them
by that name).

8 A morphism is a map that preserves all relevant structure. An isomorphism is a morphism
with a two-sided inverse morphism.
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Example 229. Let Ry C V3, Re C V5 be two root systems. We may regard
V1, V5 as being embedded in the direct sum inner product space V := Vi & Vs
by the maps v1 — (v1,0), va — (0,v2). We may then define their disjoint union
Ry U Ry C V to be the set of images of Ry, Ry under such maps. It is easily
seen to define a root system.

Definition 230. A root system R is irreducible if it is not isomorphic to a
disjoint union of nonempty root systems.

30.4 Illustration of the root system axioms

The root system axioms have a number of consequences; we illustrate a few of
them here, referring to the second reference by Serre on the course homepage
for details and further discussion.

As illustration, let us first verify that the axiom ([130) can be weakened
(assuming the other axioms) to

a€R = 20 ¢R. (131)

To that end, suppose a,ca € R for some nonzero scalar ¢ € R. Then the
quantities
(cala) = 2¢, (alea) =2¢7!

are both integers, hence
ce{£l1/2,£1,4+2}. (132)

It is clear that (131)) and (132) imply (130).

As our next illustration:

Lemma 231. Let a, 3 be non-proportional roots (i.e., elements of the given
root system R that are not multiples of one another). Then the unordered pair
of integers {{a|B), (Bla)} is of the form {0,0} or {e,en} for some e € {£1} and
n € {1,2,3}; in other words, it belongs to the following list:

e {0,0}

e {11}

e {1,2}

e {1,3}

e {_L _1}’

e {_L _2}

e {_1’ _3}
Proof. By elementary geometry, we have (a|B)(B|a) = 4cos?(¢), where +¢
denotes the angle between the vectors «, 5. Since a, 5 are non-proportional, we
have cos?(¢) < 1. If cos(¢p) = 0, then «, 3 are orthogonal and so both quantities
are zero. Otherwise (a|8) and (f|a) are integers whose product belongs to
{1,2,3}, for which the only possibilities are those listed. O
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Lemma 232. Suppose that a, 8 are non-proportional roots.
e If (o, 8) <0, then o+ f is a root.

e If (a,8) >0, then o — B is a root.

Proof. In the first case, we see from Lemma [231] that after possibly swapping
a and B, we have (8|la) = —1 (and (a|8) = —n for some n € {1,2,3}). Then
3q4(B8) = B—{(Bla) a = B+« is a root thanks to the axiom s, (R) = R. A similar
argument applies in the second case. O

We may define a base (or simple system) exactly as before to be a subset S
of R that is a basis for the underlying inner product space V' with the property
that for each o € R, the coeflicients cg in the expansion a = Z,@es cgf3 either
all belong to Z>( or all belong to Z<y. One can show directly from the root
system axioms that bases exist and have the properties established previously
for the classical families and on the homeworks; see the second reference by
Serre on the course webpage for more details. We note for now just that the
observation from the homework that («, 8) < 0 for «, 8 € S follows from Lemma
if otherwise («, 8) > 0, then o — 8 would be a root, contrary to the defining
property of the simple system S.

One can likewise define the Weyl group W of a root system to be the sub-
group of the orthogonal group of V generated by the root reflections s,; the
properties we established previously for the root systems arising from classical
families can also be established directly from the root system axioms (see Serre
for details).

Finally, one can attach to each reduced root system a Cartan matrix and a
Dynkin diagram; the diagram turns out to be connected if and only if the root
system is irreducible, and one can show (by elaborate application of the root sys-
tem axioms) that all irreducible reduced root systems belong either to the classi-
cal families A,,, By, Cy,, D,, or belong to an exceptional set {Ga, Fs, Fg, E7, Es}.

30.5 Simple Lie algebras give rise to root systems

The “unexplained observations” recorded in §30.1] are all contained in the fol-
lowing result, which is our next target:

Theorem 233. Let g be a simple Lie algebra (that satisfies the Cartan subal-
gebra theorem). Let h be a Cartan subalgebra. Let R C bk be the set of roots
forad : b — End(g). Then R is a reduced root system. Moreover:

1. For each oo € R, one has dimg® = 1.

2. For each o € R there is a unique H, € hr with «(H,) = 2 so that for
each nonzero X, € g* there is a unique Yy, € g% so that Hy = [X4,Ys].

3. One has
g*t8 a+pBeR

[0°,0°] ={CH, a+B=0

0 otherwise.
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Remark 234. We will discuss the proof of Theorem in detail for the fol-

lowing reasons:

1. Although the proof gives us nothing “new” for the classical families (we
have already checked all of the conclusions by hand), it tells us why they
are true, gives a less computational explanation, etc.

2. The techniques involved in the proof of Theorem [233] are of general use.

3. The proof of Theorem [233] will give us the opportunity to apply some
properties of representations of sly(C) that we established earlier in the
course.

Remark 235. One can also establish the following complements to Theorem
1259

1. The root systems arising from simple Lie algebras are irreducible.

2. Two simple Lie algebras are isomorphic if and only if their associated root
systems are isomorphic.

3. Every irreducible reduced root system arises from a (unique) simple Lie
algebra.

We might discuss the first couple of these if we have time; see the second refer-
ence by Serre on the course homepage for further discussion of the final point.

30.6 Some stuff about scalar products and inner products

Let g be a simple Lie algebra (that satisfies the Cartan subalgebra theorem). Let
b be a Cartan subalgebra, and let (,) be an invariant scalar product on g that
is real-valued and positive-definite on hg. Since (,) is nondegenerate, it induces
a linear isomorphism g — g* given by x — (z, ). We can thus transfer (,) to an
scalar product (also denoted (,)) on g* by requiring that ((z,-), (y,)) = (z,y)
for all z,y € g. We may restrict the scalar product (,) on g* to

b, := Homg (hr, R) = {\ € b* : A(hg) € R}.

Since the scalar product that we started with on g has positive-definite restric-
tion to hr, we know also that the scalar product on g* that we just defined has
positive-definite restriction to by, hence defines an inner product on that space.

In what follows, we shall always regard hj as an inner product space with
respect to an inner product as constructed above.

30.7 Some recap on SL(2)

Let’s recall a few facts we learned long ago. Recall the standard basis elements

() e () ()



of g := sl3(C), and that any finite-dimensional representation V' of g breaks
up into weight spaces V = @®,ecV[m] where Vm] := {v € V : Hv = mv}.
(In other words, H acts semisimply in any finite-dimensional representation.
We proved this awhile ago. Another quick proof: we can first decompose with
respect to the action of the diagonal subgroup of SU(2), since the latter is
compact; the Lie algebra of that subgroup is generated by H, so we get a
decomposition with respect to H.)

Recall that the m for which V[m] # 0 are called the weights of V; the spaces
V[m] are then called weight spaces.

The set of weights of the irreducible representations W,,, of dimension m + 1
is

{-m,—m+2,...,m—4,m—2,m}.

The set of weights of a direct sum of several copies of W, is the union of the
sets of weights of the W,,, that occur. Since any such V is isomorphic to such a
finite direct sum, we know a lot about the set of weights.

Lemma 236. The weights are integers. An integer m is a weight if and only
if —m is a weight.

Proof. This follows (among other ways) from the classification: V is a finite
direct sum of copies of the W,,, and each of those irreducible representations
has the above property. O

Lemma 237. If the weights of V' all have the same parity (i.e., are all even or
all odd), then the set of weights is of the form

{-m,—m+2,...,m—4,m—2,m}

for some m € Z>y.
In that case, let £ be any weight of V.. Let p,q > 0 be the largest positive
integers for which £ — 2p and £ 4+ 2q are weights. Then

L=p—q. (133)

Proof. The first assertion follows from the classification. For the second asser-
tion, we must have ¢ — 2p = —m and £ + 2¢ = m, whence 2¢ = 2(p — q), as
required. O

Lemma 238. If m,m+2 are weights of V', then the maps X : V[m] — V[m+2]
and Y : V[m + 2] — V[m] are not identically zero.

Proof. Again follows by reducing to the irreducible case and then inspecting. [
Lemma 239. Suppose V' has the following properties:

1. The weights of V' are all even.

2. V[0] is one-dimensional.

3. V[2] is nonzero.
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4. There exists a nonzero element v € V(2] such that Xv = 0.
Then the set of weights is {—2,0,2} and each weight space is one-dimensional.
Proof. The first three conditions tell us that we must have V' = W, for some
even integer m > 2. The fourth condition implies that m = 2. O
30.8 Proof of Theorem 233

Let notation and assumptions be as in the statement of that theorem. Let (,)
denote a g-invariant scalar product on g whose restriction to hg is real-valued
and positive-definite. (We will only use this final property of the inner product
at one point in the proof to follow, and it could be avoided at the cost of a
bit more work.) As in let (,) denote also the inner product induced on
g* by duality, whose restriction to by is then real-valued and positive-definite.
(Revisit the examples of classical families.) Since § is a Cartan subalgebra, we
have a root space decomposition

0=bO (Pacrg”)

for some finite set R C hj — {0} of roots. Here [H, X]| = a(H)X for all H €
h, X € g~
We verity first that

Cg*tP ifa+peER
5% 0”1 {C b if o+ =0 (134)
= {0}  otherwise.

This is the same verification we’ve done by now many times: for z € g%,y €
g®, H € b, we have by the Jacobi identity

[H, [z,9]] = [[H, 2], y] + [, [H,y]] = a(H)[z,y] + S(H)[z,y] = (a + B)(H)[z, ],

giving what we want.
We show next that

(g%, %) = 0 unless a + 5 = 0. (135)

Indeed, assume a + (3 # 0. We must show for z € g,y € g° that (z,y) = 0.
Choose H € b so that (a+ 5)(z) # 0. By the g-invariance of (, ), we then have

0= ([, z],y) + (z,[H,y]) = (a+ B)(H) - (z,y),

hence (z,y) = 0, as required.
As a consequence, we see that the decomposition

g=0® (Pracrg" ®g ) (136)

is orthogonal with respect to (,). In particular:
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1. (,) has non-degenerate restriction to h x b, although this follows already
from our assumptions.

(e

2. (,) induces a duality between g* and g~—*.
only if —a € R.

In particular, @ € R if and

Let b* > A — uy € b denote the isomorphism induced by (,), so that
p(ux) = (A, py for all 4 € h*. We claim next that

[z, 9] = (z,y)ua- (137)

For the proof, let H € b; since (,) has nondegenerate restriction to b, it will
suffice to verify that
(Ha [J?,y]) = (Ha (x7y)utx)

Since the g-invariance gives (H, [z,y]) = ([H, z],y) = a(H)(z,y) and the linear-
ity gives (H, (x,y)uq) = (H,uq)(z,y) = a(H)(z,y), we are done.
Note in particular that for o € b — {0}, one has

0 < (o, ) = alug).
Hence for each a € R C b — {0}, it makes sense to define

H, =22 cpp.
(o, )

With this definition, we then have
a(Hy) = 2.

Moreover, let us fix a nonzero element X, € g*. Since g~¢ is in duality with

g%, there then exists Y, € g~* so that (X,,Ys) = 2/(a, ). By (137), it follows
that
[Xaa Ya] = Ha,,

which is consistent with what we stipulated in the classical examples.
Now let s, < g denote the three-dimensional vector subspace

s5q :=CX, & CH, & CY,.

Recall that [Xo, Xo] = [Ya, Ya] = [Ha, Ho] = 0and [Hy, Xo| = 2X,, [Ha, Ya] =
—2Y,, [Xa, Ya] = H,. Tt follows that the map

Ga :50(C) =5, Cyg

given by sending the standard basis elements

() e () ()

in the evident way (H,X,Y — H,, X,,Y,) is an isomorphism of Lie algebras.
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Lemma 240. Let « € R. Then dimg® =1 and {n € Z: na € R} = {£1}. In
particular, 2a ¢ R.

Proof. Set
V.= CH@ (&) (@nEZ;gogna)a

where by convention g"® := 0 if na ¢ R. Observe that V is stable under s,;
this follows from what was shown above, together with the observation that
H,, € CH, for all n. We may thus regard V as a representation of sly(C) via
the map ¢,. Equivalently, the map p : sl5(C) — End(V) is given for z € sl5(C)
and v € V by

p(x)v = [¢a(x), v].

The possibly nonzero weight spaces are V[0] = CH,,, which is one-dimensional,
and V[2n] = g"* for n # 0. We observe that V[2] is nonzero (since it contains
X,) and that there exists v € V[2] for which p(X)v =0 (take v := X, and use
that [X,, Xo] = 0). Lemma applies, telling us that V' = W5. The various
conclusions follow from the description of the weight spaces of Ws. O

For a € R and A € h*, set
(Ale) == A(Ha)
and define the root reflection
St h* — b*

by
Sa(A) == A = (Na)a.
Observe that sq4(sqa(A)) = A.

Lemma 241.

—~

A a)

(o) =251

~—

Proof. Well, by definition, we have

If we apply A to both sides, we get

A(H,)
(@, )

N a) =Auag) =2

)

which rearranges to

as required. O
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Lemma 242. Let o, 3 € R. Then B(H,) € Z and s4(8) € R. Thus so(R) = R.

Moreover, let p,q > 0 be the largest nonnegative integers for which 5 — qa
and B + pa are roots. Then 8+ ko is a root for all integers k € {—q..p}, and
we have B(H,) =p—q.

Proof. We argue as in the proof of Lemma [240] but now with
V = Gpezg” e,

regarded as an sly(C)-module via ¢, as before. The element H € sl3(C) acts on
g1tk by the eigenvalues (8 + ka)(H,) = B(H,) + 2k; in particular, 8(H,) is
an H-weight of V. By Lemma [237| (applied to £ := 8(H,)), we have (H,) =
p—q € Z. The H-weight of g°~PHs) is p(H,,) — 23(H,) = —B(H,), which
shows that g#~PHa)e £ (), or equivalently, that s, (3) € R. O

Lemma 243. Let o, 8 € R such that a + B € R. Then [g*,g°] = g**h.

Proof. Since the root spaces are all one-dimensional, it suffices to show that the
map ady, : g° — g**? is nonzero. This follows from Lemma upon taking
V = @g’tke as above. O

All assertions in Theorem have now been established. (The uniqueness
of Y, follows from the one-dimensionality of g—.)

Remark 244. Lemma [232| was proved using only the root system axioms. It
may be alternatively deduced “directly” from Lemma [242}

31 Serre relations and applications

31.1 Generators and relations for simple complex Lie al-
gebras

Recall from and following that one can’| attach root systems to simple Lie
algebras over C. We also mentioned briefly that root systems can be classified
in terms of their Cartan matrices, or equivalently, their Dynkin diagrams.
Conversely, it turns out that one go the other direction: if the root systems
of a pair g1, g2 of simple Lie algebras over C are isomorphic, then so are g; and
g2. One can prove this fairly directly (see p184 of Onishchik—Vinberg), but a
particularly convincing way to see it is via the following theorem of Serre:

Theorem 245. Let b be a Cartan subalgebra with associated root system R,
let S be any simple subsystem, and let N = (Nug)a,ges be the Cartan matriz
(thus Nog := a(Hg), say). Then g is generated as a Lie algebra by the symbols
H,,X,,Y, (e €S) subject only to the relations: for all o, 5 € S,

[HOMXB] = NopgXp, [HO“Y@] = Nap¥s, [X(mYoz] = H,;

9 We have only proved this for those that satisfy the Cartan subalgebra theorem.
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for distinct o, B € S,

[Xa, V5] =0, ady " (Xp) =0, ady " (v5) =0.

The meaning of this is hopefully clear by analogy to presentations and rela-
tions for groups; for a more precise statement, see either Onishchik—Vinberg or
Serre.

Theorem [245] immediately implies that the isomorphism class of a simple
Lie algebra over C depends only upon its Cartan matrix. It has many other
applications to be discussed shortly.

31.2 Semisimple complex Lie algebras

These play a central role in the theory. They admit several equivalent defini-
tions. The most convenient one for our immediate purposes is the following:

Definition 246. A Lie algebra g over C is semisimple if it is isomorphic to a
finite direct sum of simple Lie algebras, or equivalently, if g is the direct sum of
some finite collection of simple ideals.

We can define Cartan subalgebras b of semisimple Lie algebras g over C just
as we did in the simple case. Moreover, if g = ®g; with g; simple and containing
a Cartan subalgebra bh;, then we can take h = ®h;. We can likewise associate
root systems in the semisimple case just as in the simple case. The only differ-
ence is that now the root systems we obtain are not irreducible; instead, they
decompose as finite disjoint unions (in the sense of Example of irreducible
root systems, corresponding to the decomposition of the semisimple Lie algebra
as a finite direct sum of simple Lie algebras.

The bijection between:

e simple Lie algebras over C

e irreducible reduced root systems

e connected Dynkin diagrams
induces one between:

e semisimple Lie algebras over C

e reduced root systems

e Dynkin diagrams

The Serre relations apply just as well in the semisimple case.
There is a nontrivial equivalence which seems worth mentioning up front:

Theorem 247. g is semisimple if and only if g contains no abelian ideals.
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Thus being semisimple is in some sense the “opposite” of being abelian.
There are other nice criteria for checking semisimplicity of g that one can read
about in any of the course references (e.g., either by Serre). One says that there
should exist a bilinear form on g that is adg-invariant and non-degenerate. For
the classical examples, the trace form (x,y) := trace(zy) is easily seen to have
such properties. Using this criterion, one can give “another” proof that (say)
s, (C) is simple (see by computing the Cartan matrix and checking that
the Dynkin diagram is connected.

31.3 Reductive complex Lie algebras

Here is another definition which admits many equivalent characterizations; we
again give that which is more convenient for our immediate purposes.

Definition 248. Let (g;);c; be a family of Lie algebras. The direct sum Lie
algebra is the direct sum vector space g := ®;crg; equipped with the Lie bracket
characterized by:

o fori eI and z,y € g; — g, one has [z,yly = [z, y]g,;
o fori#jeland x € g,y € g;, one has [z,y|y :==0.

It has the universal property: Hom(®g;, h) = [[ Hom(g;, h) for all Lie algebras
h.

Definition 249. A finite-dimensional Lie algebra g over C is reductive if it is
a direct sum of an abelian Lie algebra and a semisimple Lie algebra.

For example, gl,,(C) is reductive (it is the direct sum of ,,(C) and the central
subalgebra 3 consisting of scalar matrices), but not semisimple (it contains the
abelian ideal 3).

Abelian Lie algebras over any field are classified by their dimension, so the
classification of semisimple Lie algebras readily induces a classification of reduc-
tive Lie algebras.

Here’s a handy and clarifying lemma, proved in lecture and left here as an
exercise (ask me if it’s unclear):

Lemma 250. A complex Lie algebra g is reductive if and only if its adjoint
representation ad : g — End(g) is completely reducible.

We can define Cartan subalgebras h of reductive Lie algebras g just as we
did in the semisimple case. (They always contain the center 3.) We can also
define the set R of roots. The only difference with the semisimple case is now
that the roots R need not span h*. For example, if g is abelian, then R = .
31.4 Compact complex Lie groups

We don’t talk about these much. There’s a good reason:

Theorem 251. Any compact connected complex Lie group G is abelian.
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Proof. Consider Ad : G — GL(g). It is a holomorphic matrix-valued function.
Since G is compact, it is bounded. By Liouville’s theorem, it must be constant.
But it preserves the identity, and so must be trivial. Since G is connected, we
conclude that it must be abelian. O

Such G typically go instead by the name “abelian variety” and have an
interesting theory orthogonal to the primary aims of this course.

31.5 Compact real Lie algebras

From now on, when I write “compact Lie group,” I mean “compact real Lie
group.”

Think of your favorite compact Lie group K (e.g., K = U(n)). Consider its
Lie algebra €. How would you go about telling just from € that K was compact?

Definition 252. Let ¢ be a real Lie algebra. (Every Lie algebra here and for
the rest of the course should be assumed finite-dimensional.) We call £ compact
if it admits an ad(€)-invariant inner product, that is to say, a positive definite
symmetric bilinear form (,) : € ® ¢ — R with the property that

([Za x]ay) + (iL’, [Zay]) =0
for all z,y, z € ¢.
Lemma 253. Let K be a compact Lie group. Then € is compact.

Proof. Start with any inner product (,)o on €. Average it under Ad(K) with
respect to an invariant measure, as in the discussion of the unitary trick earlier
in the course. Call (,) the averaged inner product so obtained (it is still an inner
product). Then (,) is Ad(K)-invariant, by construction. By differentiating, we
see that it is ad(€)-invariant, as required. O

Example 254. If ¢ is an abelian real Lie algebra, then it is compact. This is
easy to see directly. Alternatively, we can write £ = R™ and apply the Lemma
to K = (R/Z)".

31.6 Complex reductive vs. compact real Lie algebras

Recall our discussion of complexifications and real forms from §I7}
We include the following mainly as a bridge from our discussion of complex
simple Lie algebras to our next target (compact Lie groups).

Theorem 255. 1. Let € be a compact real Lie algebra. Then its complexifi-
cation tc := € ® C is a reductive complex Lie algebra.

2. Let g be a complex reductive Lie algebra. Then it has a compact real form
t.
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Proof. 1. By Lemma [250] we have to show that the adjoint representation
ad : ¢c — End(¢) is completely reducible. By linear algebra (cf. Example
[126), it suffices to show that ad : € — End(£) is completely reducible. To
that end, we make use of the existence of a ¢-invariant inner product and
argue using orthogonal complements as in Example [TT1]

2. Note first that if result holds for g; and gs, then it also holds for their direct
sum (take & @ & C g1 @ g2). Since g is reductive, it suffices to consider
separately the case that g is abelian and the case that g is semisimple (or
indeed, simple). The abelian case is easy (see Example , so we focus
henceforth on the semisimple case.

Think of the prototypical example g = sl5(C). How would one go about
“discovering” the compact real form ¢ = su(2)? Well, we have

t={Zecg:0(2) =72},

where 0(Z) := —Z'. On the standard basis elements X ,Y, H this involu-
tion is given by

o(X)=-Y, o(Y)=-X, o(H)=-H.
It is anti-linear in the sense that
o(tZ)=to(Z) forallt € C,Z € g. (138)
Also, let’s note in this case for the modified Killing form
(z,y) := — trace(ad(z) ad(o(y))) (139)

on g, the basis X,Y, H is orthogormal (i.e., (X,Y)=(X,H)=(Y,H) =
0), and also (X, X) = (Y,Y) = (H,H) = 2. Thus (,) is positive-definite;
it is also clearly ¢-invariant. (Note: I defined (,) incorrectly in lecture.)

This suggests the general strategy. Let g be a semisimple Lie algebra.
We use the Serre relations. It thus has generators X,,Y,, H, (o € S)
satisfying some explicit relations. We try to define an anti-linear involution
o on g by requiring that hold and that on the generators, one has

0(Xa)=-Ys, o0(Yo)=-Xa, o(Hy)=—-H,.

To check that this definition makes sense (i.e., extends from the generators
to a real Lie algebra automorphism), we just need to check that it preserves
the Serre relations, which is clear. By Remark we know that ¢ :=
{X €g:0(X)=X}is areal form. We now define (,) on g by and
check that it is positive definite on £ to see that £ is compact.

O
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32 The center and fundamental group of a com-
pact Lie group

We spent most of the lecture stating and motivating the truth of one theorem.

We record the key definitions here for now; we will have more to say about
them later.

Let K be a compact Lie group. Let ¢ := Lie(K); it is a compact real Lie
algebra. Let g denote its complexification; it is a reductive complex Lie algebra.
Let h < g be a Cartan subalgebra, and suppose that t = €Nt is a real form
of b, thus dimg(t) = dimc(h); we can arrange this using the presentation given
by the Serre generators, for instance. Define hg := it and bz := ker(e), where
e:br — K is the map e(x) := exp(2miz). Let R be the root system of h. Then
R C b%. Set R" :={a” : a € R}, where o = H,. Set

f]ﬂi = HomR(hR,]R) = {)\ S h* : )\(f)R) - R}
and
b5 == Homy (2, Z) = {\ € b : A(hz) C Z} = {A € b* : A(hz) C Z).

We then have
ZR C b3 C (ZR")* (140)

(called respectively the root lattice, the integers, and the weight lattice) and
ZR" C bz C (ZR)*, (141)

(called respectively the coroot lattice, the integers, and the coweight lattice),
where ZR denotes the Z-span of R, ZR" denotes the Z-span of R",

(ZRM* :={N e by : M(R") CZ}
and
(ZR)* :={H € br: R(H) CZ}.

Pontryagin duality for finite abelian groups give us non-canonical isomorphisms
bz/ZR" = (ZR)" /by, (ZR)"/bz = b3 /LR. (142)

Theorem 256. The induced map e : (ZR)*/bz — Center(K) given by e(x) :=
exp(2miz) is a well-defined isomorphism.

The map f : bz /ZR" — 71 (K), sending H to the homotopy class [y] of the
path ~ given by v(t) := e(tH), is a well-defined isomorphism.

We then explained in detail how this “recovers” the fact that 71(SU(n)) =
{1}, Center(SU(n)) = Z/n.

The theorem will take a bit of preparation to prove; we start in the next
section.
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33 Tori in compact Lie groups

33.1 Basic definitions

Definition 257. A torus is a Lie group isomorphic to T* := (R/Z)* for some
ke Zzo.

Lemma 258. Let G be a Lie group. The following are equivalent.
1. G is a torus.
2. G is connected, compact and abelian.

Proof. The forward direction is clear. Conversely, suppose G is connected, com-
pact, and abelian.

Since G is connected and abelian, we know (by part of Homework |3) that
exp : g — G is a surjective homomorphism with discrete kernel I', thus G =
g/T. Since G is compact, the subgroup I' is discrete and cocompact. Fix
an isomorphism g =2 R*¥. One can show easily that every discrete cocompact
subgroup of R* is given by Z* after a change of coordinates. Thus G = T*. O

Definition 259. Let G be a Lie group. A torus in G is a closed subgroup
T < G (hence a Lie subgroup) that is a torus.

Remark 260. Let T be a torus, let G be a Lie group, and let j : T — G be a
morphism of Lie groups. Since T is compact, connected, and abelian, so is its
image under T. Thus j(T) is a torus. In particular, immersed Lie subgroups
that are isomorphic to tori are in fact closed subgroups. This explains why we
restrict to closed subgroups in the previous definition.

Hence let K be a compact connected Lie group with Lie algebra ¢.

Definition 261. A mazximal torus in K is a torus T' < K that is not properly
contained in any torus in K.

Exercise 36. The following are equivalent for a closed connected subgroup T'
of K:

1. T is a torus.
2. t:= Lie(T) is an abelian subalgebra of .

Recall from a long time ago that if Hy, Hy are two connected Lie subgroups
of the same Lie group, then

e h; = by if and only if H; = Ho,
e h; C by if and only if Hy C H,
ete.

Lemma 262. The following are equivalent for a closed connected subgroup T
of K:
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1. T is a maximal torus.

2. t:= Lie(T) is a mazimal abelian subalgebra of £ (i.e., an abelian subalgebra
that is not properly contained in any abelian subalgebra.)

Proof. Suppose T is a maximal torus. Let t' D t be an abelian subalgebra that
contains t. Suppose there exists X € t' —t. Since t' is abelian, we have [X, ] = 0.
Since T is connected, it follows (by the usual differentiation/exponentiation
technique) that the group

H:={e"*t:ycRtcT}

is abelian. It is also connected. Hence its closure H is abelian, connected, and
closed inside the compact Lie group K, hence compact, hence a torus (Lemma
258)). By Theorem m H is a Lie subgroup, so we may consider its Lie algebra
h; clearly b contains X and t. Therefore the torus H has Lie algebra h properly
containing t. By the old result recalled above characterizing containments be-
tween closed Lie subgroups in terms of containments of their Lie algebras, we
deduce that H is a torus properly containing 7', which contradicts the assumed
maximality of T'.

Conversely, if t is a maximal abelian subalgebra and T” is a torus prop-
erly containing 7', then (by the same old fact recalled above) its Lie algebra
t' properly contains t and is abelian, contradicting the assumed maximality of
t. O

Corollary 263. Let T < K be a mazximal torus in a compact Lie group. Let
t < ¢ be the induced inclusion of Lle algebras. Then t is self-centralizing: {X €
g:[X, =0} =t

Proof. Otherwise there is X € g so that [X,t] = 0, hence t' := RX + t is an
abelian subalgebra of £ that properly contains t. By Lemma [262] this does not
happen. O

33.2 Characters of tori

Definition 264. Let T be a torus. A character of T is a continuous homomor-
phism y : T — CW := {z € C* : |z| = 1}. The character group of T is the
group X(T') consisting of all characters; the group law is given by multiplication.

Lemma 265. Let T be a torus and let R : T — GL(V) be a representation on
a finite-dimensional complex vector space. Then V decomposes as a direct sum
of invariant one-dimensional subspaces on which T acts by characters of T.

More precisely, one has V = @, VX, where x traverses the set of characters
of T and VX := {v € V : R(t) = x(t)v}. Any subspace of VX is invariant;
by choosing a basis for each VX, we obtain a decomposition of V as a sum of
one-dimensional invariant (irreducible) subspaces.
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Proof. By the representation is completely reducible. To complete the
proof, we just need to show that any irreducible representation V of T is one-
dimensional. To that end, it suffices to show that each ¢t € T" acts on V' by some
scalar A.

Indeed, let ¢y € T be given. Since R(tp) € GL(V) is a cmoplex matrix, it
has some (nonzero) eigenvector vy € V and some eigenvalue A\ € C. Consider
the eigenspace W := {v € V : R(tg)v = Av}. Our goal is to show that W = V.
Since V is irreducible and W is nonzero (after all, it contains vy), it sufficse
to show that W is invariant. Here we use the commutativity of T: if ¢t € T,
then R(to)R(t) = R(tot) = R(tts) = R(t)R(tg), hence for v € V, we have
R(to)R(t)v = R(t) v = AR(t)v, hence R(t)v € W, and so W is R(t)-invariant,
as required. O

Lemma 266. Any continuous homomorphism x : R — CW) is of the form
x(z) = e(éx) := 2™ for some unique & € R.

Proof. One can certainly do this directly, but we might as well deduce it from
stuff we’ve seen in class:

It is clear that x — e(£x) is a character for each £ € R, and that for & # &,
the characters obtained in this way are distinct.

Conversely, recall that shortly after we proved the “closed subgroups are
Lie subgroups” theorem, we indicated in class and assigned on the homework
that continuous homomorphisms between Lie groups are automatically smooth,
hence determined by their differentials. In particular, xy : R — CM) is deter-
mined by

dx : R = Lie(R) — iR = Lie(C(V),

which is then of the form 27i¢ for some £ € R, etc. O

One obtains an analogous classifciation of the characters of R* by taking
products. From this we deduce:

Lemma 267. The character group of T* is isomorphic to ZF: to each & =
(&1,...,&) € ZF one associates the character TF = (R/Z)* > x = (z1,..., ) —

e(d &x;) € cw,

Proof. A character of T% pulls back under the surjective homomorphism RF —

T* to a character of R¥, which is in turn classified by real numbers (&1, ..., &);
conversely, such real numbers induce a character of T precisely when they are
all integers. O

Let T be a torus. Let t denote its Lie algebra and h := t®rC the complexifica-
tion thereof. Set hg := it < h. The map e : hr — T given by e(X) := exp(27iX)
is a surjective homomorphism with discrete cocompact kernel.

Let x : T — CM) be a character of T’; as discussed above, it is smooth, so
we can consider its differential dx : t — ‘R, which identifies with a linear map
dx : br = R. x(e(H)) = e(A(H)) for some A € h%. Conversely, such a A defines
a character x if and only if it vanishes on bz := ker(e : hg — 7)), i.e., if and only
if it belnogs to h; as defined earlier. In summary:
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Lemma 268. Let T' be a torus. Let hg :=it, as above, so that e : br/bz — T
is an isomorphism.

Then X(T) = b} via the bijection x — A characterized by 2\ = dx and
x(e(H)) = e(A(H)) for all H € b5.

Definition 269. For A\ € b, denote by e the character of T associated to it
by the above bijection, so that for all H € b,

eMe(H)) = e(A(H)).

This definition applies in particular to each o € R C bj,.

33.3 Topologies on character groups

Let’s talk briefly about topology. Let G be a topological group. Let X(G)
denote the set of continuous homomorphisms x : G — C*). (The notation is
consistent with that used above when G is a torus.) We equip X(G) with the
“compact-open” topology. This means that a subbasis for the open sets in X(G)
is given by cosets of sets of the form V(C,U) := {x € X(G) : x(C) C U}, where
C C T is compact and U C CV) is open. Equivalently, a net x(*) € X(G)
converges to some x € X(G) precisely when it converges uniformly on compact
sets in the ordinary sense. We may define on X(G) the binary operation - given

by (x1 - x2)(9) == x1(9)x2(9)-

Exercise 37. Show that X(G) is a topological group with respect to this oper-
ation.

Lemma 270. Suppose that G is compact. Then X(G) is discrete.

Proof. Take C' := G and let U C C™V) be an interval of length 1/10 with center
1€ CY. Let xo € X(G) denote the trivial character xo(g) := 1. We claim
that V(C,U) = {xo}. Clearly xo € V(C,U). Conversely, let x € X(G) — {xo}
be a nontrivial character, so that there exists g € G for which x(g) # 1. Since
x(g) € CM — {1}, we can find some power of it, say x(g)" = x(g"), which has
negative real part. But then x(¢™) ¢ U, hence x ¢ V(C,U). We now use that
a topological group is discrete if and only if the set consisting of its identity
element is open (if this wasn’t an exercise before, it could be now). O

The lemma applies notably to the case that G is a compact torus T =
(R/Z)*. We saw above that X(T) & Z* as groups. Lemmatells us moreover
that X(7") and ZF are isomorphic as topological groups, each equipped with the
discrete topology.

33.4 Maximal tori give rise to Cartan subalgebras

Theorem 271. Let T be a maximal torus in the compact connected Lie group
K. Let t <t denote their Lie algebras and

h=teC<g:=txC

195



the complexifications. Then § is a Cartan subalgebra of g. The roots are purely
mmaginary on t.

Proof. According to our definition, we must check that b is abelian, ad-diagonalizable,
and self-centralizing.

1. Since T is abelian, so is t, hence b is abelian.

2. Consider the adjoint action Ad : K — End(f). Restrict it to obtain
Ad: T — End(#). Extend it complex-linearly to obtain Ad : T'— End(g).
Since T is compact, this complex linear representation of it is completely
reducible. By the previous lemma, it decomposes as a direct sum of one-
dimensional invariant subspaces. Differentiating this fact, we see that
ad(t) and hence (by linearity) ad(h) is diagonalizable.

The functionals A € h* for b acting on g by the adjoint map correspond to
the characters x of T' occurring in the decomposition described above. It
follows from our earlier discussion that each such A is real-valued on bg.

3. Let Vo :={X € g:Ad(t)X = X for all t € T} be the subspace on which
Ad(T) acts trivially. By the usual differentiation/exponentiation trick, we
have

VWw={X€eg:[X,t] =0}

and
Vo={X eg:[X,h] =0}

. From the first of these last two equations and linear algebra, we have
Vo={Xet:[X, =0}xC.

By Corollary 263] we see that V5 = h. This gives the required self-
centralizing property of b.

O

In general Lie groups, nontrivial tori (let alone maximal ones) need not exist.
But in compact Lie groups, things are better:

Lemma 272. Let K be a compact connected Lie group. For any torus S in K,
there is a mazimal torus T in K that contains S. (Note that the trivial torus
S = {1} always exists.)

Proof. If S is not maximal, then it is contained in some strictly larger torus
S’, which then (by consideration of Lle algebras) has strictly larger dimension.
Iterating the procedure S — S’ finitely many times, we wind up with a maximal
torus. (We can’t iterate forever, because £ is finite-dimensional. O
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33.5 Some notation involving roots

So now we have the full theory of roots at our disposal. Let’s set up some
notation. Let K be compact connected, and let 7' < K be a maximal torus.
Let b, g be as above. We can then decompose

g="0® (Pacrg®) (143)

where R is a finite subset of b — {0}. In fact, the discussion above implies that
R C b7 —{0}. For each H € bg and X € g*, we have

[H, X] = a(H)X,

For \ € b, let e* € X(T) be as in Definitnio This applies in particular to
o € R C b7, and the above identity translates to: for ¢t € T and X € g¢,

Ad() X = e*(t) X. (144)
Note also that if ¢ = e(H) with H € bg, then e*(t) = e(a(H)), hence

Ad(e(H))X = e(a(H))X. (145)

33.6 The automorphism group of a compact torus

Let T be a compact torus. Fix an identification T = (R/Z)* for some k € Zx.
Then T is a compact Lie group. We may speak of its automorphism group
Aut(T). By definition, this consists of continuous homomorphisms ¢ : T'— T
that admit continuous inverse homomorphisms. We may identify t := Lie(T)
with R¥. Since T is connected, any such ¢ is determined by its differential do :
RF — R*, which is a linear map, call it A. Since the exponential map t — T is
given with respect to our identifications by the natural projection R¥ — R¥ /ZF,
we see that ¢ is the map induced by a linear map A : R¥ — R*. For ¢ to be
well-defined, we must have A(Z*) C ZF. For o to be an isomorphism, its inverse
o~ ! should exist and be well-defined, and so we should have A(Z*) = Z*. But
{A € GLL(R) : AZF = Z*} = GL1(Z). We may thereby identify

Aut(T) = GLi(Z).

We define the topology on Aut(7T) in this case to be the discrete topology.

There’s another “transposed” way to make the above identification. Given
an automorphism o of T, we can attach the induced automorphism ot of X(T),
which sends a character x of T to the new character o'y € X(T) given by
otx(t) := x(ot). The map

Aut(T) s oot = (o)t = (o7 € Aut(X(T))

is an isomorphism. Since X(T) = Z*, we have Aut(X(T)) = GLx(Z).
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33.7 Generators

Recall that an abstract group G is said to be cyclic if it admits a generator,
i.e., an element g € G for which G = {g" : n € Z}. There aren’t so many cyclic
groups; they are all isomorphic either to Z or Z/n for some n € Z>;.

Given a topological group G, one says that G is topologically cyclic if it
admits a topological generator, i.e., an element g € G for which G = {¢g™ : n € Z}
where = denotes closure. For example, any abstract cyclic group (equipped with
the discrete topology or any other topology, for that matter) is topologically
cyclic, and any generator in the group-theoretic sense is a topological generator,
but there are more interesting examples of topologically cyclic groups than just
those that are cyclic in the ordinary sense. (For example: the profinite integers
7, the p-adic integers Z,, etc.)

For our purposes, it will be useful to know that compact tori are topologically
cyclic:

Lemma 273. Let T = RF¥/Z* be a compact torus. Then the set of topological
generators of T is dense; in particular, it is nonempty.

Proof. We presented the simple pigeonholing argument in lecture. Fix a count-
able basis By, Bs,... for T. Take any open subset U of T. We want to show
that we can find g € U so that for each i € Z>; there exists an n € Z so that
9" € B;. (Then we’re done.)

We now aim to construct such a g. For convenience of notation, let us realize
T as the additive group R*/Z*. We aim to find for each i € Z>4

e a nonempty open set U;, and
e an integer N;

so that U D Uy D Uy D Us D --- and so that the set N;U; := {n;c; : n; €
Ni,c; € U;} is contained in BY, where BY denotes an open subset of B; for
which BY C B;. To do this, set Uy := U. For each i = 1,2,3,..., choose N;
large enough that N;U;_; = T. This is possible because U;_1 is open. Then set
U, := {U ceU;_1:Nyue B?}

The set N;U; is nonempty by the finite intersection property. Any element
of it is easily seen to be a generator. O

Since we are primarily interested in topological groups here (or indeed, in
Lie groups), we henceforth abuse terminology slightly by saying generator when
we really mean “topological generator.”

Generators are nice. For example, suppose g € K satisfies gtg~! = ¢ for
some generator t of T. Then also gt"g~' = t" for all n € Z. Since the set of
all z € K for which gzg~! = z is closed, we deduce that grg~! = z holds for
all x € T, i.e., that g centralizes T. We shall use arguments along these lines
repeatedly.
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33.8 A maximal torus is the connected component of its
normalizer

Let T be a torus in a compact connected Lie group K. Let N(T) := {g €
K : gTg~! = T} denote its normalizer. The condition defining N (7T') is closed,
so N(T) is a closed subgroup of K, hence is a Lie subgroup of K. (One can
also show this more directly along the lines of ) We can thus speak of
the connected component N(T)g. In general, N(T)y can be quite large. For
example, if T'= {1} is the trivial torus, then N(T') = N(T)o = 0. However:

Lemma 274. Suppose T is mazimal. Then N(T)o=T.

Proof. Consider the map f : N(T)o — Aut(T) given by f(n) := [t — ntn~1].
The domain N(T)g is connected, and the target Aut(T) is discrete. Assuming
for now that f is continuous, it follows that its image must consist of a point, and
so N(T)o actually centralizes T. Suppose that N (T strictly contains T". Since
they are both connected Lie groups, this implies that we can find X € ¢, X ¢ t
that commutes with all of t. But this contradicts Corollary

It remains to verify that f is continuous. Let xi,...,xx be a Z-basis for
the character group X(T') = Z*. As in the discussion at the end of we
can think of f(n)~™* € Aut(X(T)). Suppose that (n;);cz., is a sequence of
elements in N(T) tending to some limit n € N(T). Then we have to check
that f(n;)~" — f(n)™* € X(T) with respect to the discrete topology. This
means that we have to show that for 4 large enough, one has f(n;)~* = f(n)~".
Equivalently, we have to show for each j € {1..k}, one has f(n;) " *x; = f(n) 'x;
for i large enough. Since the character group X(7T') is discrete (see , it
suffices to show that f(n;) "y, converges to f(n) 'x; as functions, uniformly on
compact sets. This follows immediately from the continuity of the conjugation
action of N(T) on T and the compactness of T.

(There are probably simpler or slicker ways to write this proof; I hope in
any event that it’s clear.) O

Corollary 275. Let T be a mazimal torus. Then the quotient N(T)/T is finite.

Proof. Indeed, that quotient identifies with the set N(T')/N(T)o of connected
components of N(T'). Since K is compact and N(T) is closed, we see also that
N(T) is compact, hence has only finitely many connected components. O

33.9 Conjugacy of maximal tori

Let K be a compact connected Lie group K. Note that if T is a maximal torus
in K, then so is its conjugate gT'g~! for any g € K. Here’s the big theorem on
maximal tori in compact Lie groups:

Theorem 276. Let T be a mazximal torus in a compact connected Lie group K.
Then K = UgexgTg™'.
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The (standard) proof we’ll record uses the Lefschetz fixed point theorem.
That theorem (or one variant of it) says that for a compact manifold M, one
can attach to each continuous map f : M — M an integer A(f) with the
following properties:

1. A(f) only depends upon the homotopy class of f.

2. If f has isolated simple fized points, that is to say, if the set Fix(f) :=
{zr € M : f(z) = x} is finite and if for each x € Fix(f), the linecar map
Tof : ToM — TyyM = T, M satisfies det(1 — 7% f) # 0, then

AH = 3 )

zeFix(f)

where €, (f) € {£1} denotes the sign of the nonzero real number det(1 —
T.f) e R*.

In particular, if Fix(f) = 0, then A(f) = 0. This is a theorem from algebraic
topology that we won’t prove. We record the definition anyway:

A(f) = Y (1) trace(f*|H'(M,Q))

iGZZO

where the RHS involves singular cohomology groups with rational coefficients.
For the identity map 1: M — M, one writes x(M) := A(1). The quantity

X(M) =Y (1) trace(f*|H (M, Q))

iGZzo

is called the Euler characteristic of M.

Anyway, back to our goal. We want to show that for each x € K, there exists
g € K so that x € gT'g™!, or equivalently, so that xg € ¢gT', or equivalently, so
that z¢gT = ¢T'. In other words, we want to show that the map

fo: KT — KT

fu(gT) := xgT

has a fixed point. The manifold K/T is compact (since K is), so we can apply
the Lefschetz theorem. Assuming for the sake of contradiction that f, had no
fixed point, we’d deduce from the Lefschetz that A(f;) = 0. Let’s note that
since K is a connected manifold, it is path-connected. For any z,y € K, we can
find a path connected them; that path induces a homotopy between the maps
fz and fy, and in particular between them and the identity map fi, for which
A(f1) = x(M). So we're done if we can show that x(M) # 0. We'll actually
show more precisely that

X(M) = #N(T)/T. (146)

As noted above, we can compute x(M) as A(f;) for any « € K. It is convenient
to take for x a generator (see §33.7) of the torus T. What, then, are the fixed

200



points of f,? Well, gT € Fix(f,) if and only if xgT = ¢T, i.e., g lag € T;
but since x generates T, it follows then that g~'Tg C T. One can then see in
many ways that ¢g~1Tg = T. (For example, they are both maximal tori.) Hence
g € N(T). Thus Fix(f,) = N(T)/T.

Henceforth abbreviate f := f,. For each g € N(T')/T, we have a commu-
tative diagram as drawn in class which shows that det(1 — Ty f|T,7(G/T)) is
independent of g, so we henceforth focus on the case that g7" = €T is the identity
coset.

We can then identify

Tur(G/T) =/t

and hence
TeT(G/T)(C = g/b = @aERga'

with the usual notation. Let’s write x = e(H) for some H € hg. Our assumption
that x is a generator entails in particular that e(a(H)) # 1 for all « € R, as
otherwise x would belong to the codimension 1 submanifold of T consisting
of elements e(H) for which e(a(H)) = 1. By linear algebra, we can compute
determinants after complexifying. We can also write

T.f : Ter(G/T)c = Ter(G/T)c

as
Ad(z) - g/b — a/b
because, since x € T', one has

xgT = xgz 'T.

Thus
det(1 — Tor f|Ter (G/T)) = ] det(1 — Ad(x)[g*).
aER

On the other hand
det(1 — Ad(z)|g®) =1 — e(a(H)).

We can split the product into a product over pairs +a € R/{+£1} taken up to
sign, giving

det(l = Tor f|Ter(G/T)) = ] (1= e(a(®)))(1 — e(~al(H))).

+a€R

For each o € R, write 6 := 2mwia(H). Then
0# (1 —e(a(H)))(1 —e(—a(H))) = (1—e")(1—e ) =2—2cos(h) > 0.

We conclude that
det(l — TeTf‘TeT(G/T)) >0
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hence that (as explained more carefully in class via a commutative diagram)
det(1 — Tyr f|Ter(G/T)) > 0 for each g € N(T')/T
hence that f has isolated fixed points g7 with signs e,7(f) = 1. Therefore
A(f) = #N(T)/T,

as required.

33.10 Basic consequences of the conjugacy theorem.

Let K be a connected compact Lie group, and let all other notation be as usual.
For now, we indicate some consequecnes relevant for answering the questions
raised last time.

Corollary 277. The center Z of K is the intersection NT of all (maximal)
tort.

Proof. Let z € Z, and let T be a maximal torus. By the theorem, we may write
z = gtg~! for some t € T. But then t = g~'zg = 2, because z is in the center.
Hence z belongs to T

Conversely, suppose z € K belongs to NT. Let x € K; we must show that x
and z commute. To that end, we apply Theorem [276] to find a maximal torus T
that contains z. Then T contains z and x; since T' is commutative, the elements
x and z commute, as required. O

Theorem 278. Let T be a maximal torus in the compact connecteed Lie group

K. Let g := it and e : hr/hy =5 T be as usual. Let R denote the set of roots
for h:=1® C acting on g := t® C by the adjiont representation. Let Z denote
the center of K. Then e induces an isomorphism

(ZR)* by, = Z.

Proof. By Corollary 277, Z is contained in T, hence the image of e contains
Z. To complete the proof, all that remains to be showed is the following: for
H € bg, we have e(H) € Z if and only if H € (ZR)". This equivalence
is demonstrated by noting that each of the following assertions is evidently
equivalent to the next:

1. e(H) € Z.
2. e(H) € ker(Ad) (using here that K is connected)

3. e(a(H)) =1 for all @ € R (use (143) and (145]), and note that Ad(e(H))
acts trivially on h because t is abelian)

4. a(H) € Z for all a € R (because Z = {x € R : 2™ = 1})
5. H € (ZR)* (by definition of the latter).
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Lemma 279. Let T1,T> be maximal tori in K. Then Ty, Ts are conjugate.

Proof. Choose a generator t; for T;. By the cnojugacy theorem, we may find
g € G so that gt;g~ ' € T». Since t; is a generator, it follows that ¢TIy g~ C Tb.
Since T}, T, are both maximal, we conclude that ¢Tig~! = Tb, as required. [

Definition 280. Given an element u € K, the centralizer Z(u) := Zk(u) is
defined to be Z(u) := {g € K : gug™* = u}.

Similarly, for any subgroup U < K, the centralizer Z(U) := Zi (U) is defined
tobe Z(U) = NuevZ(u) ={g € K : gug~t = for all u € U}.

Lemma 281. Let T be a mazimal torus. Then Z(T) =T.

Proof. This is a tricky argument, so I've spelled the proof out a bit more ver-
bosely. (This one is worth studying and rewriting on your own, I think.)

Since T is abelian, we have T'C Z(T'). Conversely, let g € Z(T). Let H be
the closure of the subgroup of K generated by T and g. Since g commutes with
T and T is abelian, we know that H is abelian.

If we were lucky enough that H happened to be connected, then we’d be
done: H would then be connected, compact, and abelian, hence a torus, but
since T is a maximal torus, the only possiblity is H =T, and thus g € T'.

Unfortunately, there is no obvious reason for H to be connected. We are led
to consider its connected component Hy. Since T is connected, we know that
H contains T'. Since Hj is connected, abelian and compact (being closed inside
K), it is a torus; since T' is maximal, we must have Hy = T.

If we were lucky enough that g happened to belong to Hy, then again, we’d
be done. But there is no obvious reason for that be the case. (Think about it.)
Fortunately, as we now explain, H/Hj is not too complicated, so we can make
the argument work anyway.

Let’s see. Since Hy C H is open, the quotient H/Hj is discrete; it is also
compact, hence finite. Moreover, by construction of H, that quotient is gener-
ated by the image g € H/Hj of g. Let m € Z>1 be the smallest natural number
for which g™ = 1, or equivalently, for which ¢™ € Hy =T. Let t € T be a
generator of the torus. The torus is a divisible group, so we can find s € T for
which s™ =tg=™.

Set u := sg. We claim that u is a generator of H. To see that, we must check
that the powers of u are dense. We have u” = t, and t is a generator of T, so
the closure of the set of powers of u contains T'. The full group H is the union
over j € Z/m of the cosets g’ Hy = ¢g’T. The set of powers u™"*J = 4" € ¢T
(n € Z) are dense in that coset. Hence u generates H.

Now we use the big theorem on conjugacy of maximal tori to deduce that
u is contained in some maximal torus S of G (e.g., a conjugate of T)). Since
u generates H, we must also have H C S. So now we have the following
containments:

TCHCS.
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Since T is a mazimal torus, the only possiblity is that T'= S, hence that H = T,
hence that g € T.

Since g € Z(T) was arbitrary, we conclude finally that Z(T) = T, as re-
quired. O

34 Regular and singular elements

34.1 Definitions and basic properties
Recall that every element of K is contained in some maximal torus.

Definition 282. We say that an element g € K is regular if it belongs to
exactly one maximal torus; if otherwise it belongs to at least two maximal tori,
then we call it singular.

Introduce the superscript reg, as in K8 or 7" (for a maximal torus 7)),
to denote “subset of regular elements.”

Being regular is a property of conjugacy classes: if € K is regular, then
so is grg~! for any g € K, and vice-versa. Since every element is conjugate
to some element of any given maximal torus 7', we can understand the regular
elements pretty well if we understand which elements of T" are regular.

To that end, let R denote the set of roots of T'. For each a € R, set

T, :=ker(e®) <T

where e® : T — C() is the character T 3 e(H) + e(a(H)) (here H € bg). We
refer to §33.5] for any unexplained notation.
More verbosely, since a(H) € Z iff e(a(H)) = 1, one has

T,={e(H): Hebr,a(H) € Z}.

T, need not be connected, but its connected component (7)o is easily seen to
be codimension one subtorus of T with Lie algebra t, = ker(a : t — iR).

Proposition 283. An element of T' is reqular if and only if it doesn’t belong to
any the Ty, i.e.,
T =T — UyerTw-

Proof. For t € T, let Z(t) := {g € K : gtg~! = t} denote its centralizer. It
is a Lie subgroup of K with Lie algebra 3(¢) = {X € ¢ : Ad(¢t)X = X} whose
complexification is in turn

Vi=3t)c={Z€g:Ad(t)Z =7},

where g := €¢ as usual. It is clear that Z(¢) D T, hence that 3(t) D t, hence
that V' O b := tc. Consider the root space decomposition g = h @ (Dacrg?®). If
Z € g has the form Z = Zy + Y Z, with Zy € h and Z,, € g%, then

Ad(t)ZO = Zo, Ad(t)Za = ea(t)Za,
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hence
Ad(t)Z = Z < e*(t) = 1 whenever Z, # 0.

We deduce that the following are equivalent:
1. V properly contains §.
2. There exists a € R so that e*(t) = 1.
3. t € UgerT,.

We now prove the required equivalence. Suppose first that ¢ is not regular.
Then it is contained in some maximal torus 7" other than T', hence Z(t) 2 T”,
and thus 3(¢) D ¥ := Lie(T"); consequently 3(¢) properly contains t and so V
properly contains bh; by the above, this is equivalent to ¢ belonging to UserThy -

Conversely, suppose t is regular. We claim then that Z(t)o = T. Clearly
T C Z(t)g. Conversely, let g € Z(t)o. By the main theorem on maximal tori
applied to Z(t)p, we can find a maximal torus S of Z(t)y containing g. Since
t belongs to the center of Z(t)g, we know also that S contains t. Let S’ be a
maximal torus of G that contains S. Then S’ contains ¢; since ¢ is regular, this
implies that S’ = T. Consequently g € S € S’ = T. Since g was arbitrary, the
claim that Z(t)o = T is proven. Consequently V' = § and thus ¢ ¢ UycrTa, as
required. O

34.2 Singular elements have codimension at least three

We know that K = UyergTg~". In other words, the well-defined map
[ K/TxT—=K

flg.t) :==gtg™"

is surjective. By the discussion above, the subset K*"& of singular elements is
the union over a € R of the images of the well-defined maps

fa : K/Z(T,) x Ty — K.

Set n := dim(K) and k := dim(7T). Clearly dim(7,) = k — 1. On the other
hand, as discussed more leisurely in class, Z (T, )c contains h @ g* & g~*. Thus
dim(Z(T,)) > k + 2, and so

image(fo) < (n—(k+2))+(k—1) <n-3.

Therefore the subset of singular elements in K has codimension < 3.

It is a general fact that given a manifold M with submanifold Mj for which
M — My has codimension > 3, the natural map 71 (Mg) — 1 (M) is an isomor-
phism.

A simpler example: if M — M, has codimension > 2, then the connected
components of M and My are in natural bijection (i.e., mo(My) — 71 (M) is a
bijection).
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34.3 The key covering morphism

We have a well-defined surjective map
f:K/T x T — K*8.
The following was explained in lecture, and is not so difficult:

Lemma 284. This map is a covering map, i.e., a locally trivial fiber bundle
with discrete fibers. The fibers have cardinality |[N/T|, where N := N(T) :=
{ge K :gTg 't =T}.

34.4 The affine Weyl group and the components of the set
of regular elements

Let
re:={Hechr:a(H)¢Zforal a € R}.

Equivalently, by “® is the preimage under e : hg — T of T"°8.

The open subset h“® of br is a union of complements of hyperplane. Each

connected component P of h® is convex, and admits a definition of the shape

P={Hecbr:ny <a(H)<ng+1foral aec R}

for some system of integral parameters n, € Z attached to the roots a € R.
It is worth trying to draw some pictures of hr® in all the rank 2 classical Lie
algebras (as attempted in lecture for Bs).

The group (ZR)* acts on {H € bhgr : a(H) € Z} by translation: for Z €
(ZR)*, one has a(Z) € Z, hence o(H + Z) € Z precisely when o(H) € Z.
Consequently (ZR)* acts also on hy %, by translation.

Recall that the Weyl group W is generated by the root reflections s, : by —
hi defined for roots & € R by so A := A — A(Hqy)a. Recall also that so(R) = R.
For each s € W, we may define the transpose element 's, which acts now on
the space hr dual to the domain b} of s; the action of s is characterized by
requiring that for H € hg, one has for each A\ € bj that A\(*sH) = (s\)(H).
This relation might be more pleasantly written

(\,'sH) = (sA\, H).
Exercise 38. Show that for « € R and H € bhg, one has
tso H = H — a(H)H,.

From now on we might abuse notation slightly by writing simply s, := ‘sq
and identifying W with the subgroup {s :=‘s:s € W} of GL(hg). In this way,
we regard W as acting on hg.

This action of W preserves ZR". Indeed, for each s € W, one has s(R") =
R”, so the generators get permuted.
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For this reason, we can form the semidirect product ZR" x W. It is the
group consisting of all pairs (H, s), where s € W, Z € ZR". The multiplication
law is

(Zl, 51>(227 82) = (Zl + 5122, 5152).

This group acts naturally on hg by the formula
(Z,s)-H:=Z7Z+ sH.

For each a € R and n € Z, consider the linear map s, : hg — hr given by
reflection in the hyperplane {H : a(H) = n}; explicitly,

San(H) = H — (a(H) — n)H,.

Clearly sq0 = Sq € W. On the other hand, it is easy to check (either by
straightforward algebra or by drawing a picture) that

Sal © SaO(H) =H+ H,
and more generally for n € Z that
Sa,n+1 © Sa,n(H) =H+H,.

From these and the identities s2 , = 1, we see that the following subgroups of
GL(br) coincide:

1. The image of ZR" x W.
2. The group generated by the sq ,, for « € R and n € Z.

Either group is called the affine Weyl group. I'll denote that group W,.
By the above discussion, W, acts on the hyperplanes {H : a(H) = n} and

hence on their complement b “®.

Lemma 285. W, acts transitively on the set of connected components of h 5.
Lemma 286. Given two such connected components Py, Py, take some base-
points H; € P; and draw a path Hy from Hg to Hy that crosses at most one of
the hyperplanes {H : a(H) = n} at a time. One obtains in this way a sequence
of pairs (a1,n1), ..., (g, ng) so that ast goes from 0 to 1, the point Hy crosses
the planes {H : o;(H) = n;} in order fromi =1 toi = k. Then the composition
Sagng © 0 Say,m, maps Py to Pp.

35 The distinguished SU(2)’s

Let notation be as in previous sections: K is a compact connected Lie group, T'
is a maximal torus in K, plus all the other usual notation.

Let ¢ := Lie(K) and g := ¢¢ := £ ®g C, as usual. Let 0 : g — g denote the
involution given by complex conjugation on the second factor of ¢ @g C, so that
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when we identify € with a real Lie subalgebra of g, we have t = {X € g: §(X) =
X}. (In typical examples such as ¢ :?n), g = s0,,(C), the operator 6§ is given by
X + —tX.) Then 6(H) = —H for all H € bg = it, t := Lie(T).

Let a belong to the set R of roots for T'. Recall that g contains the subalgebra
5o = CH, ® CX, & CY,, which is isomorphism in the evident way to sls(C).
The subalgebra £(®) := {X € 5, : §(X) = X} is a real Lie subalgebra of 5,. We
can easily work out a basis for it. Since H, € hg, one has §(H,) = —H,. One
has 6(g®) C g~ and 0(g~%) C g%, and 6% = 1. It follows that the trace of ¢
acting on s, = 0, so it has the same number of +1 and —1 eigenvalues, hence
dimg (£(®)) = 3. If we let 2,y be any R-basis of the 1-dimensional C-vector
space g%, then it follows easily that {iH,,x + 0(x),y + 0(y)} given an R-basis
of (@), Using the existence of a positive-definite K-invariant inner product
on £, we can show that £ = su(2). (TODO: explain more.) Since SU(2) is
simply-connected, we get from this a morphism

F,:SU@2) = K

so that (dF,)c is the natural map sly(C) — s,. (Compare with homework [17} )
The image of F, is contained in Z(T,)°. We get an element

Wa := Fa((—o1 (1)))

for which Ad(w,) gives the root reflection s,.

We (mostly) explained in lecture how we can use this to identify N/T with
the Weyl group W (as defined using root reflections). One of the key steps was
to show that if an element w of N/T stabilizes a Weyl chamber C, then it is
the identity (i.e., w € T'). For this we reduced by an averaging trick to the case
that w actually fixes some element H € C. (TODO: explain more.)

36 Proofs regarding the basic homomorphism de-
scribnig fundamental groups of compact Lie
groups

36.1 Definition

Let notation be as usual. Recall that we initially define
[ bz — m(K)
by taking for f(H) the homotopy class [y] of the path ~ : [0,1] — K given by

~v(t) :=e(tH) := exp(2mitH).
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36.2 The basic homomorphism: checking that it’s a ho-
momorphism

Given Hy, Hy € bz, we obtain paths 1,72 : [0,1] — K as above. Their compo-
sition in the fundamental group is the path (with domain [0, 1])

Y1 (2t) t<1/2
" {mzt— ) t>1/2

which we can rewrite as

R m(2t) t<1/2 1 t<1/2
1 t>1/2 Y2t —1) t>1/2)°
Introduce a deformation parameter s € [0,1]. Choose a continuous monotoni-

cally decreasing function ¢ : [0,1] — [1,2] for which ¢p = 2 and ¢; = 1. The
above path is then homotopic to

0

0./

T(est) st <1 1 1+ cs(t—1)
e <{1 cst > 1) ' ({72(1+c3(t—1)) 14+c¢s(t—1)

At deformation parameter s = 1, the above path is given by

(AVARVAN

t= i (t)y2(t) = e(t(Hr + Ha)).
Therefore f : bz — 71 (K) is a homomorphism.

Exercise 39. Use an argument similar to that above to show that the funda-
mental group of any topological group is abelian.

36.3 Checking that some stuff is in its kernel

We now show that for H € ZR" one has f(H) = 0. Since f is a homomorphism
and R" gives a basis for ZR", our task reduces to verifying for each o € R that
the path

[0,1] >t e(tH,) € K (147)

is null-homotopic.
To that end, observe first that e(%Ha) € T,; indeed, since a(H,) = 2,

ea(%Ha) = e(a(%Ha)) =e(l) =1.

Recall from that there exists w, € Z(T,)? for which Ad(wy)Hy = —H,.

For s € [0,1], let ¢s € Z(T,)° be such that ¢y = 1 (the identity element) and
c1 = wy. We then have

cse(3Hy)e, ! = e(3H,) for all s.
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For this reason, the path (147) may be continuously deformed to

_, [eltH) t<1/2
cse(tHy)egt t>1/2.
After we deform to s =1, we get

wee(tHy)w, ' = e(t Ad(we)Hy) = e(—tHy) = e((1 — t)H,),

so we deduce that the path (147) is homotopic to

6(tHa) t S 1/2
" {B(U —t)H,) t>1/2. (148)

Now introduce another deformation parameter r, starting at » = 1/2 and de-
forming to r = 0. The path (148)) is then homotopic to

e(tHy) t<r
t—qe((2r—t)H,) r<t<2r (149)
1 2r < t.

When r = 0, we get the trivial path ¢ — 1. Thus the path (147) is nullhomotopic.

36.4 The basic homomorphism: checking that it’s surjec-
tive

We now argue that f is surjective. Recall that 7! (K) = 7!(K*8). Let Hy be a
small element of h3°%, so that e(Hp) is a small element of 77°¢. Any element of
7m1(K) can be deformed a bit to start and end at e(Hy), and then deformed a
bit more so that it lies entirely in K*¢. Using the covering morphism of §34.3]
we can then uniquely lift our path to K/T x T"°8; this means concretely that

we may express our path uniquely in the form
[0,1] 3t c;exp(Hy)e; b,

where ¢; € K/T satisfies ¢cg = €T, where H; belongs to the same connected
sreg

component P of by *® as Hy and satisfies Hy|;—o = Hy, and finally
crexp(Hy)ep' = exp(Hy). (150)

This last condition says in particular that s := ¢; satisfies sts~! € T%°8 for some
t := e(Hy) € T"8; since t is regular, it belongs to exactly one maximal torus,
and so since t € T and t € s~1T's we deduce that T = s~ !T's, i.e., that s belongs
to the normalizer N := Nk (T) := {g € K : gTg~* = T} of T. We may also
rewrite the condition in the form

s-Hy + Hy € bz :=ker(e: bg = T, (151)
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where we abbreviate s - Hy := Ad(s)Hj.

We now want to deform our path so that it is obviously in the image of f.
To that end, let us first translate it by e(—Hp) so that its basepoint is at the
origin again. We are then left to stare at the path

t s e(—Ho)cie(Hy)ey .

Since P is convex and Hy, H; € P, there is no harm in assuming that H; is the
straight line path from Hj to Hy, given by Hy = Hy + t(H; — Hyp). Using ((151)
and the fact that s and s~! preserve hz, we may write

Hy=s"'"Hy+Z
for some Z € hz. We are thus looking at the path
t e(—Ho)cie(Hg +t(s™' - Ho + Z — Hp))e; *.

In the above path, we may continuously deform Hy to 0. This gives a family of
loops based at the origin. When we reach Hy = 0, we end up with the path

ts ce(tZ)e; . (152)

Since Z € bz, we have e(0Z) = e(1Z) = 1. So we can now deform every element
of ¢; to the identity element and get a homotopic path. In other words, we can
replace the above path by t — c.e(tZ)cz, for 0 < e < 1; we start with e = 1,
giving , and then deform to € = 0, giving the path

t—e(tZ),

which is obviously in the image of f.

36.5 The basic homomorphism: pinning down the kernel

We’ve seen that we have a well-defined surjective map
f:bz2/ZR" — 1 (K).

We want to show that it’s actually injective. Let’s observe first also that for
any Z € hz and s € W = N/T, we have

f(sZ) = f(2).

Indeed, sZ — Z belongs to ZR" (check this on the generators s = s, of W, using
that H, € R"), and f is a homomorphism. So this tells us that f(Z) doesn’t
change if we replace Z with anything in the same orbit under the affine Weyl
group W, := ZR" x W (see . Fix some Hy € hy® and let P denote its
connected component. Since W, acts transitively on the connected components
and since the union of their closures is all of hr, any Z € bz is in the W,-orbit of
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some element of the closure of P— Hy; since Z € by, it can’t lie on the boundary
of P — Hy (check this; it’s easy), and so must lie in P — Hy itself.

What we want to show now is that the above map is an isomorphism. This
means we should show that if Z € bz has the property that the path t — e(tZ)
is nullhomotopic, then Z belongs to ZR". By the above discussion, we may
assume that Z € P — Hy. Since P is convex, there is then no loss in shifting
basepoints a bit to suppose that we are considering the path in K™® given by

v(t) = e(Ho +tZ).
Under the covering map K/T x T™8 — K'& the above path lifts uniquely to
A(t) — (eT, Hy + tZ).

The endpoint (1) = tZ of this lifting is moreover invariant under base-and-
end-point-preserving homotopies of v. So if v is nullhomotopic, then we must
have Z = 0. The proof is now complete.
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