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Exercise 1.1 Let a,b,c,d € R with a < b and ¢ < d and let  := ]a, b[ x ]c,d| C R
(i) Find all the harmonic functions on 2 that are of the form u(z,y) = v(x)w(y).

You may appeal to the unique continuation principle stating that if u,a € C*(2)
satisfy Au =0 = Aw and u|g = @|g for some open set @ C €, then u = @ in Q.

(ii) Prove or disprove: For every ug € C?(9Q) there is a solution of the form
u(z,y) = v(z)w(y) to the boundary value problem

Au=0 in €,
u=uy on 0f.

Solution. (i) If u € C%*(Q) is of the form u(z,y) = v(z)w(y), then

(Au)(z,y) = v"(z) w(y) + v(z) w(y).
Suppose that Au = 0. At every (z,y) € Q where v(z)w(y) # 0 we obtain

V(2) _ w(y)
ofe) ~ wly)

(1)

Since the left hand side depends only on x and the right hand side only on y,
the equation requires both sides to be constant. More precisely,

at every (z,y) €  where v(z)w(y) # 0. The resulting equations
V(@) = Ko(), w'(y) = —rw(y)

can be solved separately by distinguishing three cases.

Case 1. K = A\ for some \ > 0. Then, with constants C;, Cs, C5,Cy € R
v(z) = C1e 4 Cye ™", w(y) = Cysin(Ay) + Cy cos(Ay).
Case 2. k = 0. Then, with constants C7, Cs, C3,Cy € R
v(x) = Ciz + Cy, w(y) = Csy + Cy.
Case 3. kK = —\? for some \ > 0. Then, with constants C;, Cs, C5,Cy € R

v(x) = Cysin(Az) + Cy cos(Ax), w(y) = Cye™ 4+ Cue™.
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In each of the cases, one verifies directly that u(z,y) = v(z)w(y) is harmonic.

Are these all harmonic functions of this form? Let u(z,y) = v(z)w(y) in C*(Q)
satisfy Au = 0 in Q. If u is not identically zero, there are open set I C ]a, b and
J C |e,d[ such that v(z) # 0 Vo € I and w(y) # 0 Yy € J. Hence equation (1)
is satisfied in I x J and u|;«; agrees with the restriction of one of the solutions
@ found in cases 1-3. Since I x J is open, the unique continuation principle
yields u = @ in Q.

Let a,b,c,d € R with @ < b and ¢ < d and let Q := ]a,b[ x ]c,d[ C R?. Let
ug € C?(99) be non-constant satisfying

Vo € [a,b] wo(z,c) =1, Yy € le,d]  ug(b,y) = 1.

Then, any function u(z,y) = v(z)w(y) in Q with u|sq = e must satisfy

1
w(c)?

Vo € [a,b] 1 =up(z,c) =ulz,c)=v(@)w() = v(r)=
vy ele,d 1=uo(by) =ulby) =vdwly) = wly) =
In particular, both v and w must be constant. This however is in contradiction
to ug being non-constant.

Exercise 1.2 We have seen that every harmonic function satisfies the mean value
property. Prove that the converse is true: let Q C R" be open and let u € C*()
satisfy the mean-value property, i.e. for any y € Q and any r > 0 such that B,(y) C €,

u(y) :][ udaz][ udz.
9B (y) Br(y)

Prove that v is harmonic.

2/4
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Solution. For R > 0 so that Bg(y) C €, define ¢: |0, R[ — R by

o(r) = ]{93 w udo = ]éBl(O) w(y +rz)do(z)

and compute

d
¢ (r) = ][331(0) %(u(y - rz)) do(z) = ][831(0) z-Vu(y +rz)do(z)
_ -, o(6) ="
~fop v VUQdol) = op Audr, (1)

where the divergence theorem applies because v = 5;7y is the outward unit normal
vector along 0B, (y). If u satisfies the mean-value property, ¢ is constant. In particular,

0=¢(r)=—4 Audx. (%)

nJB, (y)

By assumption, Au is continuous. If Au # 0, there exist y € 2 and r > 0 such that
either Au < 0 in B,(y) or Au > 0 in B,(y) which contradicts () in both cases. [

Exercise 1.3 (Liouville’s Theorem)
(i) Suppose u € C*(R") is harmonic and u € L'(R™). Prove that u = 0.
(ii) Suppose u € C*(R™) is harmonic and bounded. Prove that u is constant.

Solution. (i) Let u € C?(R") be harmonic and u € L'(R"). Let B,(y) C R" be
the open ball of radius » > 0 around y. By the mean-value property implies

1
][ udx
Br (y)

| B; |
Since y € R™ is arbitrary, we obtain u = 0.

1 7—+00
lu| de < ——||ul|p1@n) — 0.
/Br(w | B, | =)

u(y)l = <

(i) Let u € C*(R™) be harmonic and |u| < ¢o. Let y, 2 € R" be two arbitrary points
and p := |y — z|. Then, for every r > p, the mean-value property implies

u(y) —u(z) = ]é.(y) udr — ][B.(z) udz
1 1

= uwdr —
| Br| /B (w)\Bx(2) |B.| JB,(2)\B.(v)

udx

2C0
< ﬁlBr(?/) \ Br(2)] <

2CO p |B£§n71‘ r—00

0
| B

i.e. u(y) < wu(z). Interchanging the roles of y and z gives u(z) < u(y), i.e.
u(y) = u(z). Since y, z € R™ are arbitrary, we conclude that u is constant.
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Exercise 1.4 (Harnack’s Inequality) Let 2 C R™ be open. Let @) C €2 be any
bounded and connected open subset such that Q C . Prove that there exists a

constant C' depending only on ) such that for every non-negative harmonic function
u € C?(2) there holds

supu < C'inf u.
Q Q

Solution. Given the open set 2 C R™ and the connected open subset ) C €2 such
that @ C Q, let r = 1 dist(Q,99) > 0. Let u € C*(Q) be harmonic. By the mean
value property and since u is non-negative,

1 1 1 1
udr > udr = 2—nu(z)

uly) = udr =
) | Bar| JBar(v) | Bar| JB.(2) 27| B,| JB.(2)

for any y,z € Q with |z — y| < r. Since Q is connected and compact, there exist
finitely many x4, ..., x,, € @ such that @ C U2, B,(x;) and such that |z; —x;41| <7
for i = 2,...,m. Consequently, for every z,y € Q there holds u(z) > 27" y(y),
and thus

(m+1) ;

supu < 2" néf u.

Q



