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Exercise 7.1 Let 1 < p < co. Consider the open set
Q= (-1,1) x (-1,1) \ ([0, 1) x {0}) C R*.
Prove that there is no extension operator E: W'?(Q) — Wr(R?).

Solution. Let u: 2 — R be given by

( ) r1 ifx;y>0and xy > 0,
u(xy, xo) :=
b2 0 otherwise.

be the function as in in Exercise 5.2. We showed there that u € Wh*(Q). Since
Q) is bounded, u € WHP() for any 1 < p < co. Suppose, there exists an extension
operator E: WhP(Q) — WP(R?) such that (Eu)|g = u almost everywhere in Q. Let
Q:=(—1,1) x (=1,1) and v := (Fu)|g. Then Eu € W'P(R") implies v € W?(Q).
Consequently (as shown in Exercise 6.2) (23 — v(x1,22)) € WH((—1,1)) for almost
every z; € (—1,1). Moreover, since [0, 1) x {0} has measure zero, v(xy, z2) = u(xy, )
for almost every (z1,z5) € Q.

Hence, there exists some fixed 2y € (3, 1) such that (g: z — v(z1, 22)) € WHP((—1,1))
and such that g(x2) = u(xy, z2) for almost every o € (—1,1). By Sobolev’s embed-
ding in dimension one, g and hence x5 — u(z1, z2) has a representative in C°((—1,1)).
However, since we chose x; > %, this leads to a contradiction since

1 for T > 0,
0 for x5 < 0.

To > u(xy, T9) = {

is not continuous. O

Exercise 7.2 In this exercise we want to prove that, for every bounded, C! domain
Q C R™ and every 1 < p < co, W, ?(Q) consists ezactly of those functions in W?(Q)
with vanishing trace, similarly to Remark 7.5.1 in the 1-dimensional case or Corollary
8.4.3 for the case p = 2.

Let u € WhP(Q).
(i) Prove that for every ¢ € C®°(R") and every i = 1,...,n there holds

/&-ugodac:—/u@igodmjt/ uloq @ V' do,
Q Q BYY)

where v = (v',..., ") denotes the outer unit normal of 9Q and u|sq € LP(0N2)

denotes the trace of w.
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(i)

(iii)

Consider the extension of U by zero to R™:

fi Q
Ulx) = u(z) forxz € Q,
0 for x € R™\ Q.

Prove that, if the weak derivative of U exist, they are necessarily given by

Oiu(z) for x € Q,

n ()
0 for z € R"\ Q

fori=1,...,n.
Prove then that u|sg = 0 if and only if U is in W'P(R™).

Prove that, for every v € W'?(R") so that v|gm\q = 0 then v|q € Wy *(Q) and
conclude.

Solution. (i) For u € C*(R") it is the classical integration by parts formula. For a

general u € W1P(Q), since ) is a regular domain we can argue by approximation:
let (u;); C C°(R™) be a sequence of smooth functions so that u; — u in WP(Q)
as 7 — oo. Then we have

/&ujgodx: —/ 8iujg0d:p+/ ujlog p V' do.
9) Q o0

We may now pass to the limit in this expression: this follows from definition of
WP_convergence for the integrals over 2, while for the boundary integral we
have that u;|aq converges to u|gq in LP(€2) since the trace operator is continuous
from W'?(Q) to LP(Q).

If the weak derivatives of U exist, then they must be the functions given (x)
above, since 02 has zero measure.

Consequently, on the one hand if u has vanishing trace, then the formula in
(i) is telling us exactly that the weak derivatives of U exist, and thus also that
Ue Whr(R").

Vice versa, for every ¢ € C°(R"), by (i) we have
/ Uoypdr = / u O;p dx
Rr Q
:—/ @-ugpdm—l—/ u|oq @ Vido
Q o0

= —/ @-Uqbdx—l—/ ulaq @ Vido.
Rn o9
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(iii)

Thus, for U to have weak derivatives it is necessariy that, for every ¢ € C°(R"™),
i€ {1,...,n} there holds

/ ulpq @ v'do =0,
89

and so u|gq must vanish.
Step 1. The problem can be reduced to the following model case. Let
Q={r=(2",2,) eR" ' xR |]2/| <1and |z,| <1},
Q—i— = {[L': (IE/,an) € Q | Ty > 0}7
Qo ={z = (¢',x,) € Q | w, = 0}

Let u € W'(Q) satisfy u = 0 in Q \ Q4. Then we claim au € W,?(Q) for
any a € C}(Q). Note that since a is compactly supported in @, (cu) extends
to a function in W'?(R") which allows mollification. Let 0 < p € C°(B;(0))
satisfy

supp(p) C {(z',z,) € By(0) | L <z, < 13, /B o Pdr=1
1

and let pp,(x) := m"p(mzx) for m € N. Then, ||p, * (cu) — (au)||wrr — 0 as
m — oo. Moreover, if = (2/,z,) € Q4 with x, < ;- then (au)(z —y) =0
whenever y,, > ﬁ because u vanishes outside ). Hence, by choice of supp(p,),

(Pm * (au)) (z) = /Rn pm(y) (qu)(z —y)dy =0 ifx, < 7~

which implies pp, * (au) € C°(Q) and therefore au € Wy (Q.).

Step 2. Let Q C R™ be open and bounded with boundary of class C'. Since
01 is compact and regular, there exist finitely many open sets Uy, ..., Uy C R”
and diffeomorphisms Hy: Q) — Uy, such that for every k € {1,..., N}

N
Hp(Q4) = U N, Hi(Qo) = U N 09, o c | Us.
k=1

Furthermore, there exists an open set Uy C R” such that Uy C € and Q C

,,,,,

of smooth functions such that for every k € {0,..., N}

N
0<¢r <1, supp () C Uy, Y wrlo=1.
k=0



ETH Ziirich Functional Analysis Il D-MATH
Spring 2020 Exercise Sheet 7 Prof. M. Struwe

Let v € WP(R™) satisfy v(z) = 0 for almost every x € R™\ Q. By Satz 8.3.3,
voH; € WI(Q) for k € {1,..., N} and it satisfies vo Hy = 0 in Q\ Q. By Step
1, choosing a = ¢, o Hy, we have (pxv) o Hy, € WiP(Q,) Let w(™ € C>(Q,)
be such that ||w,(€m) — (prv) o Hi|lwirg,) — 0 as m — oo. Moreover, since

supp(yo) C Uy C 2, we can approximate pgv by v(()m) € C°(Q) directly using
mollification. Then, we have

w™ g: ) € CF(Q)

and since v = Y0, v in Q by partition of unity,
lot™ —v]lwrae)

< ™ — prllwisey + 3™ 0 Bt — g

k=1 whe(@)
(om) S
m m—0o0
< o™ = povllwroe + 3 Clluf™ = (oww) o e, | 22250
k=1
which concludes the proof of v]g € Wy (). O

Exercise 7.3 Show that the assumption that € is of class C'!' cannot be dropped
in the characterization of W,”(Q) given in Exercise 7.2: find a bounded, connected,
open set Q C R? and w € H'(R?) satisfying w(z) = 0 for almost every z € R? \
such that wlg ¢ Hy ().

Solution. Let Q = (—1,1)?\ ([0,1) x {0}) and let u € C*(R") satisfy u(z) = 1 if
lz| < 3 and u(z) = 0 if |2| > 2. Then u € H'(Q) and u(z) = 0 for almost every
x € R"\ Q. Suppose by contradiction that there exists a sequence of functions
U, € C2(Q) such that |lu, — ullgi@) — 0 as m — co. Let @ := (0,1)* and
Qo = (0,1) x {0}. By Lemma 8.4.2 the trace operator T: H(Q) — L?(Qy) mapping
T': u+ u|g, is linear and continuous. In particular,

| T, — Tu|| 12(Qg) < Clltm — ullm1(g) 20 ).

Since Qo C IQ implies Tu,, = uplg, = 0, we obtain u|g, = 0 in L*(Q). This
however contradicts the fact that u(z) =1 for |z| < 3. O
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Exercise 7.4 (Hardy’s inequalities)

(i) Let 1 <p < oo, let f e LP((0,00)) and define

]_ x
g(x) = */ f(y)dy, for x> 0.
T JO
Prove that g € LP((0,00)) with
91l ze(0.00)) < Cllf Nl zr((0,000)

for some constant C' > 0 depending only on p.

(ii) Let n > 2,1 <p < n, Q C R" be an open subset and let u € Wy (). Then
the function x — % is in LP(§2) with

I

for a constant C' > 0 depending only on n and p.

< CHUHWW(Q)u
Lr(Q)

Solution. (i) With a change of variable 3’ = ¥ we may write

g(z) = /01 f(xy)dy.

Consequently, using Minkowski’s inequality for integrals and the change of
variable z = xy, we have

[e%s} 1/p
9l zr((0,00)) = (/0 |g(x)|pdx>
oS 1 p 1/p
(][ renras] as)
00 1/p
< [ 1)
1

1/p
1 oo D

— - p __p

= ; yl/p <~/O |f(2)| dZ) dy p— 1Hf||LP((O,oo))-

(ii) Let us first prove the inequality for u € C2°(R™). Using polar coordinates, each
x € R" = # 0 can be uniquely written as x = |z|,, where 0, = é—| e S

5/7
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By the fundamental theorem of calculus, since v vanishes at infinity we may
represent u as

ul(z) = —/lx g;f(re )dr, xR\ {0},

where then % is the radial derivative. Thus, with a change of variable p = ﬁ,
Minkowski’s inequality for integrals and again a change of variables z = px, we

see that
U au p 1/P
— = rf,)dr| dx
- | o) (/]R" |J:| /x| 87"( ) )
8u P 1/p
(L)
P 1/p
<
[lLgers
_/00 1 Ou dp: P ‘au
p"/p (B") or ]R”)

It now suffices to recall that gradient in polar coordinates is expressed as

ou
or

1{0u

|Vu| = el

hence [|0yullpr@ny < ||Vulrr@n) and this implies in particular the desired
inequality in the case u € C2°(R").

Now if u € Wy (), we may argue by approximation, noting that if (uj); C

uj (@)

C>(R™) is a sequence approximating « in W'?(Q), then x “h[ converges

a.e. to x +— “|(x|) and thus, since the sequence is also convergent in LP, so is its
pointwise limit. O
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Hints to Exercises.

7.1 Recall Exercise 5.2.

7.2 For (iii), deal first with the basic case on cylinders.
7.3 Compare with Exercises 5.2 and 7.1.

7.4 Minkowski inequality for integrals: || [ f(z, )dz|» < [ f(x,)||zrdz will be
useful.

For (ii), argue first for u € C2°(R™) and write u as integral of its radial derivative
u(r) = — [i3) Opu(rt,)dr.



