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Exercise 8.1 Let n € N.

(i) Prove that the embedding

(i)

(iii)

WP(R") — LF(R™)
is never compact for any 1 < p < oo.

Let 1 < p < nand Q2 C R" a domain of finite Lebesgue measure, possibly
unbounded. Prove that the embedding

Wo"(Q) = LP(Q)

is compact.

Is the statement of part (ii) still true if the space W, ? () is replaced by W (Q)?

Solution. (i) Let u € C°(R") satisfy ||u||w1r@ny = 1. For any k € N, let

(i)

uk(x) = u(z + key),

where e; = (1,0,...,0) € R™. Then |Jug|wirm@n) = 1 for every k € N. Assume
by contradiction that the embedding in question is compact. Up to extracting a
subsequence (uy)gen is then convergent LP(R™) to some function v, and hence,
again up to extracting a subsequence, it also converges pointwise a.e. However
for every x € R™ there always exists ky € N so that ug(z) = 0 for k > ko and
thus it must be v = 0 a.e. and this is absurd since

k—o0

L= l[ullo@ny = llusllzo@n) == [[vllr@ny = 0.

O

Let (uy)ren be a sequence in Wy (Q) satisfying ||uy||lwis) < C for every
k € N. In particular, u, € Wy?(Q) can be extended by zero to a function
up € WHP(R™). Thus, |[@g|lwremny < C for every k € N. Since 1 < p < oo, the
space W1P(R™) is reflexive and hence up to passing to a subsequence, (T )y
converges weakly to some v € W1P(R"™).

Now for any R > 0 the embedding W1?(Bg) — LP(Bg) is compact, hence
(k| )rken has a converging subsequence LP(Bpg). Restricting to nested subse-
quences for each R € N and choosing a diagonal sequence, up to passing to
a further subsequence we have that (Ug|p,)ken converges in LP(Bpg) for any
R € N. The limit must coincide with v|p, by uniqueness of weak limits: both,

weak convergence in W'? and norm-convergence in LP, imply weak convergence
in LP.
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Let us prove that then (ug)ren converges to v in LP(€2).
Note first the following:
If p < n, then Sobolev’s embedding W1P(R") < LP"(R"™) implies

!/ |aﬂp¢z:i/ (g |? d
Rn\BR Q\BR

S(/NM%VWm)le\BMi (Holder)
RTL
<C ||Vﬂk||ip(]gn) 2\ Bg|" (Sobolev)
< C|Q\ Bg|".
If p = n, then WH"(R") — L4(R") for any n < ¢ < oo, in particular for
q = 2n. Thus,
Lo mlrde= [ gl ds
R"\Bg O\Bg
< ([ fafnde) 100\ Bal? (Holder)
R?’L
< Cl[ae][fy1n@ny €2\ Brl? (Sobolev)
< C|Q\ Bglz.

The same estimates also hold for v € W'?(R") in place of u;. Let € > 0 be

arbitrary. Since Q2] < oo, the estimates above imply that there exists some
R. € N such that

VEEN: |[@lis@np,,) <& [0l e @\ Ba,) <€
By also choosing N. € N such that || —v|[7,p, ) < € for every k > N., we get
e — vllo() < Ik — vllTo@ny = 1T = VLo @m gy + 1Tk = VllTes,,)
_ P
< (Il oem Bas) + ol o@msa,)) + 1T = 00,

< (2P 4 1)e.

Hence, (ug)ren converges to v in LP(2) and so the embedding W, ?(Q) — L?(Q)
is indeed compact.
(iii) No, in general. Consider for for n > 2 the domain 2 C R™ given by

Q= J Q% with Q= Bi(ke),
k=2
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where where e; = (1,0,...,0) € R". Then {2 has finite measure:

Q] = |Bi| > k™" < o0,

k=2

and we can consider the sequence

kv in Q.
U =
0 else.

Clearly u, € WHP(Q) and
lurlliyrp o) = llukllze) = [BLIE" =B VE =2,

moreover it converges to 0 a.e. in 2. Thus, agrguing as in (i), it follows that it
does not admit any converging subsequence in LP({2).

Uz

g2

X1

Exercise 8.2 (Ehrling’s Lemma)
(i) Let (X, |‘llx), (Y, lIllv), (Z, |||l z) be Banach spaces with continuous embeddings
X—=Y =27
and so that the embedding
X =Y
is compact. Prove that then for every € > 0 there exist C. > 0 so that

lz|ly <ellz|lx + Cellz|lz V€ X.
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(ii) Let now © C R"™ be a bounded, regular domain, let 1 < p < oo and let
u e W?P(Q), f € LP(Q). Suppose you know that the following inequality holds:

lullw2r) < C (I1Fllzo@ + ullwre), (*)

where C' > 0 does not depend on w or f. Use (i) to deduce that in fact there
holds

lullwzo@) < C (I lr@ + lull o).

for some constant C" = C'(C,n, ) > 0.

Solution. (i) Suppose by contradiction that there exists a sequence (zy)gen in X
and some g¢ > 0 such that for every £ € N there holds

L= |lzklly > eollzrllx + Kzl 2

Then, ||z||x < % and ||zy||z < 1 for every k € N. Thus, the sequence (zy)ren
is bounded in X and since the embedding X < Y is compact, there exists a
subsequence (xg)geacn and some y € Y such that ||zx —y|ly — 0as A 3 k — oc.
Since the embedding Y < Z is continuous, we also have ||z — y||z — 0 as
A 3 k — oo. Consequently,

L= lim_laelly = [l Iollz = Jim_loslz =0

which is a contradiction.

(ii) We have the continuous embeddings
W?2P(Q) — W'P(Q) — LP();

moreover since the domain is bounded and regular, the embedding W?F(Q) —
WP (Q) is compact as a consequence of Sobolev embedding for p < oo and of
Ascoli-Arzelé for p = co. Thus for every € > 0 from () we have

lullwesi@) < C (1l + ellullwan@ + Cellull o )-

Choosing ¢ sufficiently small so that C'e < 3, we may bring the factor Ce||ul|y2s(q)
to the right-hand side of the inequality, and thus get

1
Slulwar@) < € (Il + Cellullre).

which then yields to the thesis. O]
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Exercise 8.3 (Sobolev inequality via Potential Theory) Let u € C(R") be
a fixed test function and let 2 C R™ be a bounded, regular domain containing its
support.

(i) Prove the following representation formula:

e = [ (Vato) Ty = S [ o)

Wh_1 x —y" Wyt =] Jrr |z —y|"

where w,,_; is the area of the unit sphere S 1. Deduce that one may estimate

Vi)l e

<c [ X2 g
u) < ¢ [

(ii) Let now 1 < p < n and p* = n”—f;) be its Sobolev conjugate. Use Young’s
inequality for convolution deduce from (i) that, for every 1 < ¢ < p*, we have

HUHLQ(R") < Cﬂ,p,qHVUHLP(R")7

where Coq ), is a constant depending on €2, p and q.

Remark. The Sobolev inequality deduced in (ii) is weaker than the usual one: we
do not reach the sharp exponent p* and moreover the domain €2 has to be bounded.
However using some tools from functional and Fourier analysis, one may remove such
limitations (see e.g. the 2°¢ chapter of Stein, Singular Integrals and Differentiability
Properties of Functions. Princeton University Press, 1970).

Solution. (i) Since u is smooth, we have

r—y . =y
: dy =1 < ,>d .
/" <W(y) Ix—y|”> YT e Vely) o~y /Y

- y):Ofory%x,vveﬁndthat

|z —y[™

Integrating by parts and observing that div (
the right hand side equals

lim u(y)

——= —do(y) = wp_1u(x).
=10 JoB.(z) |$_y|n,1 (y) 1 ( )

(One may argue in different ways also. For instance, one can use polar coordi-
nates: for fixed x € R", write its polar representation = = |z|J,, where 9, € S™.
Then from the fundamental theorem of calculus we have

u(z) = /OOO 5u((|x| —),)dr = /OOO (Vu((le] = r)0,), 0, )dr,
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and now integrating with respect to ¥, over S"1, and then changing back
variables to the Eucludean ones gives the result.

One may also start from representation formula

u@) = [ (~du)p)0@—ydy = [ (Vuly), VO(a,y))dy.

and integrate by parts as above shown.)
The inequality with the absolute value is then obvious.

(ii)) We only need to prove the case ¢ > p, the other ones are true by Holder’s
inequality. As is well-known, the function

L1
|y |t

isin L
write

|Vu(y) |Vu(y) B 1
I T Arer = LA () )

and thus, from Young’s inequality, we may estimate the right-hand side as
1 1
o (1perne) o (o)

where for any fixed p < ¢ < p* we choose 1 < r < -5 so that

foc(R™) for every 1 < r < —2-. Hence, it suffices to note that one may

< [ Vull o
La()

:CQ,

LT (R™)

1 1 1
I1+-=-—+-
qg p T
which is possible since
1 1
1>1+—>1+(—>—
q p

In particular then

ullra@) < Capgll VulLe@)
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Exercise 8.4 Let () C R" be a domain and 1 < p < co. By definition the dual of
WyP(Q) is denoted as

W (Q) = (W ()7,

where p’ is the conjugate exponent of p.

(i) Prove that any (n + 1)-tuple of functions in L” (1)

= o, 1, ..., 0,) € LP(Q)" = LP(Q) x --- x LF(Q)

can be identified with an element of W~=1%(Q) via

(f,0) = /Q (@bo@o + g% 0¢§0,~>da7.

(ii) Prove the converse, namely that to every functional f € W~1F'(Q) it is possible
to associate a (n + 1)-tuple as in (i).

(iii) Let
C: LF ()" - W (Q),

be the correspondence found in (ii). Then C' is linear and surjective but not
injectve i.e. ker C' # 0.

Find the condition for two (n + 1)-tuples that define the same functional in
W= (Q).

Solution. (i) By Holder’s inequality we have

(00 < (X Wil ) llhwisiey Vo € W),
1=0

and hence the linear functional f so defined is bounded with

1l < D ll e
1=0

(ii) Through the isometric immersion

L WRT(Q) = LX) i) = (9,01, -+, )
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(iii)

we may identify any element of W~1*'(Q) as a continuous linear functional over

LWy P(Q)) € LP(Q) .

Recall now that by Riesz repserentation theorem, the dual of LP(Q)"! is
canonically isomorphic to LP'(Q)"*! by means of integration Then, using the
Hahn-Banach theorem, if g € (¢(Wy*(2)))*, then there exists a linear and
continuous extension G € L¥' (Q)"! of g, with the same norm.

This means that there exists a unique (n + 1)-tuple of functions v¥; € L” (Q) so
that

G(u) = / <Zwiui>dm for every (ug, ... uUni1) € LP(Q)",
QN3
With the identification given by ¢, we get the representation

=(9,¢) = S ap)de for o € WE(Q).
g(e) = (g,0) /Q<¢o¢o ;@D @):v or p € WyP(Q)

Since the map C' is linear it is enough to identify its kernel. Namely, if the zero
functional is represented as in (ii) we have

/ (wo 3w aisoi)dx —0 Yoe W),
=1

a condition that, if we set J = (Y1, ...,1%,), we write concisely as follows:
“Gho = divey in Q7

(note that this is true in the usual sense if the functions v’s are regular enough).
With this convention, it is

ker C' = {(vo,¥) € L¥(Q)"" : “ghg = dive) in Q7).

Thus, two (n + 1)-tuples (1, J), (X0, X) € L¥ (Q)"! represent the same element
in W=1?(Q) via the map C' if and only if

“Po — X0 = div(ﬂj— X) in Q7
that is

/Q <?/)0900 + Z;/}i @goi) dr = /Q <X0<p0 + in ﬁiapi)dx Ve WolvP(Q).
i=1

=1

]
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Hints to Exercises.
8.1 For (ii), recall that

— any function v € WyP(Q) can be extended by zero to a function @ €
WP (R);

— the space WP(R") is reflexive for 1 < p < oc;
— the embedding W1?(Br) < LP(Bg) is compact for any R > 0.
Distinguish the cases p < n and p = n and apply Sobolev’s embedding.
8.2 Argue by contradiction.

8.3 For (i), you may argue similarly as in the proof of the representation formula
with the fundamental solution of the Laplace equation, u = (—Au) * ® or use
polar coordinates and write u as the integral of its radial derivative.

For (ii), apply carefully Young’s inequality for convolution, using the fact that
Q2 is bounded.

8.4 For (i), embed isometrically, W, ”(Q) into LP(€2)™*!, then use the well-known
characterization LP(Q)* = L7 () and the Hahn-Banach theorem.

For (iii), compute the kernel of C.



