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Exercise 9.1 Let 2 C R” be open, 1 < p < oo and A > 0. Recall that the Campanato
space LPA(Q) is the subset of LP(Q) consisting of functions whose norm

ull zor ) = lullze) + [u]zon,

is finite, where

_A
(U] crry = sup 777 [|[U — Ugy || Lr(@NB, (20))
onQ,
0<r<ro

with 79 = min{1, diam(Q)} and u,,, = m JonB, (zg) U d.
(i) Prove that £P*(Q) is Banach.

(ii) Let now r{, > 0 be fixed and suppose that, in the definition above, ry is replaced
by (. Prove that the corresponding Campanato norm || - H’EN(Q) is equivalent
to the original one, namely that there is a constant C' > 0 so that

1
Mooy < 1 oy < Ol zmnay

where C' depends only on 7, A, p.

Solution. (i) Let (ug)ren be a Cauchy sequence in £PA(Q). In particular, (uy)ren
is a Cauchy sequence in LP(£2) which is Banach, hence there exists v € LP({2)
such that

klg&”m — V|| () = 0.

It remains to prove v € LP*(Q) and klim [up — v]gon = 0. Let zy € Q and
—00
0 < r < rp. Since by Holder’s inequality

p
|(um>ro,r - Umo,r|p =

][ Uy — vdx S][ Uy — [P dr 772 0,
QN B (z0) QNBy(zo)

we conclude that (u, — (Un)z,r) converges to (v — vy, ) in LP(Q N B, (x)) as
m — oo. In particular,

a o a
r 7 |[v = vagrllLe@nB, o)) = M 7P [ — (U )aor || Lr@n B, @0))

< lim sup|ty,) o - (1)

m—r0o0

Since (U, )men being Cauchy in £P*(Q) implies that (1) is finite, and since
z9 € Q and 0 < r < 7y are arbitrary, [v]z»x < oo follows. Hence, v € LPA(Q).
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(i)

Let e > 0. By assumption, there exists N, € N such that [u, — w2 < € for
all n,m > N. which implies that for every xy € 2 and for all 0 < r < rg and
n,m > N,

_A
77 [ Un — (Un)wor — Um + (U)ol Lr(@NB, (20)) < € (2)

As in (1), we may pass to the limit m — oo in (2) and obtain

_A
T Hun - (Un)wo,r — U+ Uzo,THLP(QﬁBr(:co)) <€ (3)

for every n > N.. Since z¢p € Q2 and 0 < r < rg are arbitrary, we conclude
[un, — V] ppr < € for every n > N.. Since € > 0 is arbitrary, ||u, — v|zpn — 0 as
n — oo follows.

We suppose that r, < ro, the other case is analogous. On the one hand, the
inequality

[u]Zpr ) < [u]errq)
is immediate, since “sup” increases as the set increases. This gives
[l o) < Nlullzra)-
On the other hand, observe first that, if w C €2 is any domain and u,, = % J,ddx

is the average of u over w, we have by Holder’s inequality

1
|ug| < mHuHLl(w) < WHUHLP(w)a
and thus by Minkowski’s inequality we can estimate

= | o) < [l o) + |l Plus] < 2llull o). ()

Notice now that we may write

_2
[umm—max{[unp,k(m, sup 7 p||u—uzO,rummBr(m»},
xo€ell,
r(’)%r<r0

and we observe that by (x) we can estimate

_A _A
sup 77 [[u = Uggpllr@nB, o) S SUP 1P 2| Ul Lo (0nB, (20))
T €, To€ES,
T‘6ST<T‘0 T(IJST<TO

2
< WHUHLP(Q)S
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hence it follows that
[l zra@) < [ulon) + Clluller @),

where the constant C' depends only on 7, A, p. This then yields
[ull o) < Cllullzes )

and the equivalence of the norms is proved. O]

Exercise 9.2 Let 1 < p < 0o and let €2 C R™ be open, connected and bounded of
class C'. Suppose u € WP(Q) is so that

L'{zx e Q|u(z)=0}) >a>0,
where L™ denotes the Lebesgue measue on R”. Prove that there holds
[ullr) < ClIVul[ Lo,

for some constant C' = C(p, o, n, ) > 0 independent of w.

Solution. Suppose by contradiction that there exists a sequence (uy,)geny in WHP(Q)
such that, for every k € N,

L'{x € Q| up(r) =0}) > a and ||ugl e > k|| Vug| rr@)- (*)

Up to replacing uy, with ||uk||zj(ﬂ)uk (an operation that preserves (*)), we may also

assume |ug||zr) = 1. As a consequence there holds |ug|lwir) < 14 ¢ for any
k € N and thus (u)gen is bounded in WP(Q).

Since W?(Q) — LP(Q) is compact for any 1 < p < oo, possibly passing to a
subsequence there exists v € LP(€2) such that

]}LIgOHUk —||r) = 0,

and so, up to extracting another subsequence, also that u;, — v a.e. in 2. Since
|Vug||r) — 0 as k — oo by (*) and since the space W'?(Q) is complete, we have
v € WP(Q) satisfying Vv = 0. This means that v is constant.

If we prove

LM'{x e Q|v(x)=0})>a>0,
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then v = 0 would follow which would contradict Vk € N : ||uy||zr(q) = 1. Let

Ap = J{z € Q| w(z) =0},

k>m

A= An.

Since we have pointwise a.e. convergence uy(z) — v(z) as k — oo for almost every
x € A and since by construction ug(z) = 0 for infinitely many &k and every = € A, we
conclude v(z) = 0 for almost every x € A. Therefore,

L'({z e Q]o(x) =0}) = p(A) = o,

and thus the contradiction is reached. O

Exercise 9.3 Given k € N, let Q, = Q, U A, UQ_ C R?, where

Q-

Denote ugq, = fo, udz and let Cy = C (%, p) € R be the best constant in the Poincaré
inequality:

-3, -1 x ]—1,1][.

/Q lu — g, |Pdz < C(Qk)/g Vul? do

for every u € WHP(Qy). Prove that C(,) — oo as k — oo.

Solution. For &k € N let 0 = Q4 U Ay UQ_ and u: 2, — R be given by

Q+:]1,3[X]—1,1[, 1, if (xl,xg) €eqQ,
Ak = [—1, 1] X ]—%, %[, U(Il,xg) =421, if (.171,]32> - Ak,
Q. —1-3,—1[x ]—1,1], 1, i (21,m) € Q.
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Figure 1: The domain € for k = 4.

Since u is Lipschitz continuous, u € W>(Q) and because  is bounded u € WP(Q)
for any 1 < p < oo. Moreover, ug, = [, udr =0 and

4
/ |u—qu|pdx:/ |ulP dx > 8, / |Vu|pda::/ ldr = —.
Qp, Qp, Qp, Ay k

Combining these two facts with the assumed Poincaré inequality, we have 8 < C’k%.
Therefore, Cy > 2k — o0 as k — oo.

O

Exercise 9.4 Let (2 be R" or a bounded domain with regular boundary. Suppose
you know the validity of the inclusions:

WP(Q)c LP*(Q) (1<p<n)
W2(Q) c C**(Q) (n<p< o),
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where p* = %’ a=1-— %, but only in a set-theoretic sense, without information on
the topologies (for the second case, we adopt the usual convention i.e. we suppose a
unique continuous representative has been identified).

Prove that this is enough to conclude that such inclusions are in fact continuous

embeddings.

Solution. We treat the first case, the second is analogous. From the assumed
inclusion W1?(Q) C LP*(2) we can consider the identity map

L WHP(Q) C LP*(Q),  u(z) =z

which is clearly linear. Since both the spaces in question are Banach, by the Closed
Graph Theorem it is enough to prove that ¢« has closed graph.

Let (ug, ux)ren be a sequence in W1P(Q) x LP*(Q) converging in the product topology
to some (u, g). If w CC Q is any bounded domain with compact closure in ©, W? and
LP* convergence imply in particular convergence in L'(w), and so by the uniqueness
of the limit, we have

u=g¢g inL'(w)anda.e. in w,

but since w is arbitrary, we deduce that f = g. Thus the graph of ¢ is closed and
hence the inclusion is actually an immersion. O]

Exercise 9.5 Let n < p < o0.

(i) Prove that for any u € WP(R"), there holds (for its continuous representative)

lim u(z) = 0.

(ii) It is possible to quantify the decay of u at infinity, namely, is it possible find
some 3 = fB(n,p) > 0 so that

1
“u(z) = O(W) as x — 00”7

(iii) How does the answer to (ii) change if we additionally suppose u € W*?(R") for
k=237
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Solution. (i) Let (u;)jen € C°(R™) be an approximating sequence for u in

(ii)—(iii)

Whe(R"):
lggo ||UJ - UHWLP(Rn) = 0;

by Sobolev embedding W*(R™) — C%*(R") it follows

]lggo |u; — ul|coamny = 0.
Fix now ¢ > 0 and let j € N be so that ||u — ;|| ~®n) < € and let R; > 0 be

sufficiently big so that supp(u;) C Bg,(0). For any x € R"\ Bg,(0) we then see
that:

u(@)| = [u(z) —u;(z)] <e,

and, since ¢ is arbitrary, this gives lim, ., u(z) = 0.

No general quantitative statement as above requested is possible, as the following
construction demonstrates. Let ¢ € C'°(B1(0)) be any smooth function with
#(0) = 1 and consider the function:

u(z) =) 2j¢<x — 2j2€1), xr e€R",
=1

where e; = (1,0,...,0) is the first vector of the canonical basis of R". This
function is smooth, vanishes at infinity and belongs to any Sobolev space
WHkP(R"), for any k € N and any p € [1,00]. However there is no 8 > 0 for
which lim,_,« |z|?u(z) is finite. Indeed, since

|x’f8¢<x - 2j2> #0 ifand onlyif x € B (2j2€1) ;

then, for any g > 0 choosing x = 27% we see that for any j € N.
2

2P o
2l u(x) = Z5-0(0) = 2%,

so in particular for no 8 > 0 it can be u(z) = O(1/]z|?) as x — . O
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Hints to Exercises.

9.2 Argue by contradiction similarly as in the proof of the Poincaré inequality for
Wy

9.4 Use a suitable theorem of Functional Analysis I.
9.5 For (i), argue by approximation and use Sobolev embedding.

For (ii), construct suitably a function consisting of infinitely many smooth
“bumps” that get smaller and smaller as you approach infinity...



