D-MATH Differential Geometry II FS20
Prof. Dr. Urs Lang

Solutions 1

1. Divergence Theorem

Let M C R3 be a compact 3-dimensional manifold with boundary, N: oM —
S? the outward pointing unit normal,

T = fdy Ndz + gdz A dx + hdx N\ dy
a 2-form on R® and X = (f, g, h).
(a) Show that dr = div(X)dzx A dy A dz.

(b) Deduce the Divergence Theorem

/M div(X) dVol — / (X, N} dA

oM

from the Theorem of Stokes for differential forms.

Solution.

(a)
of

" o
_Of dg  oh
—(ax+ay+az)d1‘/\dy/\dz

= div(X)dz A dy A dz.

h
dm dx/\dy/\dz+?dy/\dz/\dang—dz/\dx/\dy
Yy z

(b) Let (U, ¢) be a chart of 0M such that for (the parametrization) ) :=
o1 o(U) € R? = OM the outward pointing unit normal is given by

Noy = O x 0y Yy Xahy  dy(er) x dip(ez)

1020 x Oyl llr x ol [ldio(er) x dip(ea)|

/UW - /<p<U> v

In order to integrate 1)*w we need to write it in the form ¥*w = adx A dy
and find the coeffiecient function a: ¢(U) — R.

Then
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Recall that for ¢ = ¢(p), a(q) = (adx A dy),(e1, e2) thus

a(q) = (Y*m)4(e1, e2)
= Tp(dipg(er), dipg(e2))
= mp(¥1(q), ¥2(q))

= s (3 43) @+aaec (] z) o) 4301 dr 1 jj)()

3

=(w1(q )><1/12(Q))1 (wl(q)xwz( )’ (v1(g i ))

= (X(p), ¥1(q) x 12(q))

%o Ui(g) X a(q) | "

= (X, N) o tb(q) - [¥1(q) x ¥a2(q)]]-

It’s a computation to see that ||11(q) X ¥2(q)|| = \/detwi(q), 1;(q))ij=1,2, SO

/U "= / R / o PN o (@) x vala)| drdy = / (X, N) dA.

Using (a) and the theorem of Stokes (together with a partition of unity) we
obtain

/dideVolz/ diV(X)dx/\dy/\dz:/ d7r:/ T = (X, N)dA.
M M M oM oM

2. De Rham Cohomology of 77

Determine the de Rham cohomology of the torus 7.

Solution. Cover the torus T? using two (sets homeomorphic to) cylinders
U,V so that they overlap slightly at the extremities. Then U and V' are both
homotopy equivalent to S!, so

R s=0,1,

Hip(U) = Hip(V) = Hip(S") =
ar(U) = Hap(V) = Hap(S7) {0 s>

the intersection U NV is homotopy equivalent to the disjoint union of two
copies of S and it’s not difficult to see (e.g by using the Mayer-Vietoris
sequence) that

s=0,1,

R2
Hip(UNV) = Hip(S' U S") = Hip(S") © Hip(S") = {O > 9
s > 2.

2
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Using that HJ5(T?) = R and, as seen in the lecture, H3,(T?) = R, the
Mayer-Vietoris sequence for this open cover is

0 = Hap(T?) = Hyp(U) @ Hap(V') — Hap(UNV) = Hp(T?)
— Hyp(U) ® Hyjp(V) = Hyp(UNV) = Hip(T?) — 0,
which amounts to
0 -R—-R* =R~ Hip(T?) - R* 5 R* 5 R — 0.
Since the alternating sum of the dimensions is 0, we conclude that —1 +

2—2+dim H}n(T?) — 142 —1 =0, and therefore H},(T?) = R

3. Tensor Fields

Let T be a (1,2)-tensor field on M™. Let (¢, U) and (1, U) be two charts on
M. Show that the component YT of T with respect to ¢ depends on the
components ‘pﬂ’; of T with respect to ¢ by the following relation:

L OYC Ot O
TS, = —TE
ab Z Dok Oupr oypb T

i k=1

Solution. For a,b,c € {1,...,m} we have

0 0
g o0

YT =T(dy° @
so by writing 7" with respect to ¢ we see that

wTacb =

0 8)

0 ) )
T e @ @ d (Ao 5w o

0k

Tl (@) - (') - (@)

0 0 .0
T}, (d@bc(a—@k)) : (dwz(awa)) : (d@](a—w))

o 00" 0" 0
4. a¢k &pa awb'




