D-MATH Differential Geometry II FS20
Prof. Dr. Urs Lang

Solutions 7

1. Jacobi fields in space forms

Let M be a space form with curvature £ € R. Furthermore, let ¢: R — M
be a geodesic which is parametrized by arc length and Ny € T M) with
|No| =1, (No, ¢(0)) = 0. Determine the Jacobi field Y along ¢ with starting
conditions Y (0) = aNy and Y (0) = bN, for a,b € R.

Solution. From Exercise 1 in Sheet 5, we know that
RX, Y)W =k (g(Y, W)X — g(X, W)Y)
and thus the Jacobi equation is
V +k(gle,e)Y —g(Y,e)e) = 0.

Consider now an orthonormal basis ¢(0), No, X¢, ..., X{" of TM.q) and
the corresponding parallel vector fields ¢, N, X3 ..., X" € I'(¢*TM). We
make the Ansatz Y = fé+ gN + >0, h; X" and get

Y =fet+gN+> hiX
=3

V=Fet+gN+ > hX'
=3

If we insert it into the Jacobi equation, this yields

fc+gN+Z'hiX"+n(fc+gN+ZhiXi—fc> =0,

1=3 =3
which is
J=o. f(0) =0, f(0) =0,
§+rg=0, 9(0) = a, 9(0) =,

First, we note that this implies f = 0 and h; = 0. Hence, we have Y (t) =
g(t)N(t). Finally, we distinguish three cases to determine g:

o If Kk <0, we get g(t) = acosh(y/—kt) + bsinh(y/—kt),
o if Kk =0, we get g(t) = a+ bt, and

e if k>0, we get g(t) = acos(y/kt) + bsin(y/kt).
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2. Trace of a symmetric bilinear form

Let (V,(-,-)) be a m-dimensional Euclidean space and let 7: V' x V' — R be
a symmetric bilinear form. Furthermore, let S™ ! = {v € V : |v| = 1} be the
unit sphere. Prove that

m—1
/ r(v,v)dvol®" " = vol(S™™)
Sm—1

m

tr(r) = wy, tr(r),

where dvol®™ " denotes the induced volume on S™ ! and Wy, 1s the volume
of the m-dimensional unit ball.

Solution. Let eq,..., e, be a ({-,-)-)orthonormal basis of V' such that r is
diagonal, that is, 7(v,v) = >_™ | Ajui. Moreover, let 7o, ..., 71 € SO(m, R)
be the isometries defined by 7;e; = €;4; mod m- Then we have

m—1
Z/ r(v, T7v) dvol®™
i=0 /5™

/ r(v,v) dvol®" =
Sm—1

m—1
/ tr(r) dvol®" " = vol(s™™) tr(r),
S

m—1 m

1
m

1
m

since
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3. Small balls and scalar curvature

Let p be a point in the m-dimensional Riemannian manifold (M, g). The goal
is to prove the following Taylor expansion of the volume of the ball B,(p) as
a function of r:

1

vol(B,(p)) = wpr™ (1 — m

scal(p)r® + O(r3)) :

a) Let v € TM, with |v| = 1, define the geodesic c(t) := exp,(tv) and let
er1 =v,€es,...,e, € T'M,bean orth@nprmal basis. Consider the Jacobi
fields Y; along ¢ with Y;(0) = 0 and Y;(0) = ¢; for i = 2,...m. Show
that the volume distortion factor of exp, at tv is given by

J(v,t) = \/det ((Tywei, Troej)) = t=(m=1, /det (Y;,Y)),

where Ty, = (dexp,,) -

b) Let Es, ..., E,, be parallel vector fields along ¢ with F;(0) = e;. Then
the Taylor expansion of Y; is

Yi(t) =tE; — i (%R(ei, v, ex,v) + (’)(t4)> E;.
k=2

¢) Conclude that J(v,t) =1 — %ric(v, v) + O(t1).
Hint: Use det([,, + €A) = 1+ etr(A) + O(e?).

d) Prove the above formula for vol(B,(p)).

Solution. a) As we have seen in the proof of Proposition 3.6, the Jacobi fields
Y; are given as variation vector fields along c of a;(s,t) := exp,(t(v + se;)),
ie.

Yi(t) = —

P a;(s,t) = Ty (te;)

s=0

and therefore T},e; = %Yi(t).
Furthermore, we have (T;,v,Ty,e;) = (v,e;) = 0 by the Gauss Lemma.
Then the volume distortion is given by

J(v,t) = \/det ((Ttvei,Ttvej» =t~ (=D /det ((YZ,Y]))
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b) We check that the derivatives coincide. Clearly, we have Y;(0) = 0, Y;(0) =
e; and Y;(0) = —R(Y;(0),¢(0))¢(0) = 0. Furthermore,

Yi(0) = —=(DeR)(Y;(0),¢(0))e(0) — R(Y:(0), ¢(0))2(0)

m m

= —R(e;,v)v = — Z(R(ei,v)v,ek>ek =— ZR(ek,v, €i,V)ek.

k=2 k=2

c) With the above, we get

<YL7}/;> = t2<Ei7 E]) - %Z R(eiv v, €k, U) <Ek:a Ej>

k=2
— 5" Rlej, v, e,0) (Eiy Ex) + O()
k=2
- t261] %R(ez,v,ej,v) + O(t5)

and thus

d)First, we use polar coordinates:

vol(B:(p)) :/ J(v,t) dz' ... dz™ :/ / t" 1 J (v, t) dvol®™ " dt.
+(0) o Jom

Then, using exercise 2 and the above, we get
vol(B,(p)) = / / "1 (1 = Lric(v,v) + O(()t%)) dvol®" " dt
0 Sm—1

= / gmt <V01(Sm_1) - %/ ric(v, v) dvol®™ " + (’)(t3)) dt
0 gm—1

m m—+2

6(m + 2)

2

= W™ (1 - 6(mr——|—2) scal(p) + 0(r3)) .

r

= —mw,, — scal(p)wy, + O(r™+?)
m



