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Chapter 1

Riemannian manifolds

Riemannian metrics and distance functions

In the following, M will always denote an m-dimensional smooth manifold, that is,
a differentiable manifold of class C*. The tangent and cotangent bundles of M are
denoted by TM and TM*, respectively, the vector spaces of C* sections by I'(T M)
(vector fields) and I'(TM™) (1-forms). For integers r,s > 0,

hM=TM®..TM®TM*" Q... TM*

r N

denotes the (r, s)-tensor bundle of M; thus T\ oM = TM, To M = TM*, and, by
convention, 7o oM = C*(M). For p € M, the fiber

T, sMp =TMp ® ... TM, ®TM, ® ... ® TM,
will be identified with the vector space of multilinear functions

TMy X ... xTM,XTM), x...XTM, — R.

r S

With this identification, an (r,s)-tensor field T € I'(T, M) corresponds to an
R-multilinear map

T: (DTM)) x (D(TM))* — C(M)

that is C*°(M)-homogeneous in every argument. A (1,s)-tensor field T is often
viewed as the s-linear map (I'(TM))* — I'(TM), denoted again by T, such that
TO,Vi,...,Vs) =0T W,,...,Vy) forall € (TM*) and Vi, . ..,V, € [(TM).

1.1 Definition A Riemannian metric g on M is a (0,2)-tensor field (that is, g €
I'(Ty,2M)) such that for all p € M,

g :TMy, xXTM, - R



is an inner product (a positive definite symmetric bilinear form). The pair (M, g) is
called a Riemannian manifold.

For any chart ¢: U — ¢(U) c R™ of M, the restriction of g to U has a
representation of the form

glu = Z gijd90i®d90j,

i.j=1

where (d¢' ® dp/)(X,Y) = dp'(X)dy/ (Y) = X(¢)Y(¢/) for X,Y € T(TU). Note
that g;; = g(a%i,a%j) = gji € C*(U).
It is customary to just write { -,- ) in place of g.

1.2 Remark On every smooth manifold M there exists a Riemannian metric g.
This can be shown by means of a partition of unity (exercise).

If (M, ) is a Riemannian manifold and F: M — M is an immersion of another
smooth manifold M, then

(F*8)p(v,w) := Zr(p)(Fuv, Fow) = Zp(p)(dFp(v), dF,(w))
v,w € TM,,, defines the pull-back metric F*g on M.

1.3 Definition Two Riemannian manifolds (M, g) and (M, §) are called isometric
if there exists a diffeomorphism F: M — M such that F*g = g; then F is called an
isometry from (M, g) to (M,g). A smooth map F: M — M is called an isometric
immersion if F*g = g. If, in addition, F is an embedding, then F is called an
isometric embedding.

By the famous Nash embedding theorem [Nal956], every C* Riemannian
manifold (M, g) of dimension m admits an isometric C*° embedding into the Eu-
clidean space (R™, (-, )eucl) for some n = n(m) (a quadratic polynomial in m).
The (much more flexible) C! case was considered earlier by Nash [Nal1954] and
Kuiper [Kul953].

We now prove that a connected Riemannian manifold is, in a natural way, also
a metric space.

1.4 Theorem (distance function) Let (M, g) be a connected Riemannian manifold.
For every pair of points p,q € M, define d(p, q) as the infimum of L(c) taken over
all piecewise C' curves c: [a,b] — M from p to q, that is, with c(a) = p and
c(b) = q. This yields a distance function (metric) on M, and the topology induced
by d agrees with the given topology of M.

For non-connected Riemannian manifolds, the result still holds, except that
d(p,q) = oo for points in distinct connected components.



Proof: Since M is connected, any two points in M can be connected by a piecewise
C! curve c¢: [a,b] — M, and any such curve has finite length. Hence d is finite,
and clearly d > 0, d(p,p) = 0, d(p,q) = d(q,p), and d(p,q) < d(p,p’) + d(p’,q)
for all p,p’,q € M. To show that d is a metric, it remains to check that d(p,g) > 0
if p # ¢g. Given such p and g, let (¢, U) be a chart of M with p € U and ¢(p) = 0.
Let € > 0 be such that the ball B, := {x € R™ : |x|ea < €} is contained in ¢(U),
and consider the compact set K := ¢! (Be). Since M is Hausdorff, K is closed in
M, and we can fix € > 0 so that ¢ ¢ ¢~'(B.), where B, is the open ball. Let now
c: [a,b] — M be a piecewise C' curve from p to ¢, and put

s :=sup{t € [a,b] : c([a,t]) C K}.

Then ¢([a, s]) € K since K is closed, and c(s) ¢ ¢~ !(Be). Hence, ¢ := poclasisa
piecewise C! curve in B, connecting 0 to a boundary point of B¢. Put g := (¢~')*g
on ¢(U). Since B, is compact, there exists a constant 1 > 0 such that |v| g = AVeua
for all v € R™ and x € B.. Now L(c) > L(clja,s]) = Lg(€) 2 A Leya(C) > A,
independently of the choice of ¢, thus d(p,q) = e > 0.

The same argument shows that if p € M, (¢,U) is a chart with ¢(p) = 0, and
€ > 01is such that B, c ¢(U), then there is a 6 > 0 such that

B(p,d) :=={p’ € M : d(p,p’) < 6} € ¢”'(Be).

Furthermore, there is a constant 6" € (0, €] such that the line segment from 0 to any
point in Bs has length < e with respect to g = (¢~!)*g, thus

¢ '(Bs) € B(p,e).

These inclusions show that the two topologies agree. O

The Levi-Civita connection

1.5 Definition Let M be a smooth m-dimensional manifold. A connection V on
TM is an R-bilinear map V: I'(TM) x I'(TM) — I'(TM), where V(X,Y) is written
as VxY, with the following properties:

(1) VexY = fVxY,
(2) Vx(fY) = X(/)Y + fVxY,
forall X,Y e T(TM) and f € C®(M).

Thus, a connection V is C*°(M )-homogeneous (“tensorial”’) in the first argument
and satisfies a product derivation rule in the second. For a given vector field
Y € I(TM), the map V.Y: I'(TM) — TI'(TM) defines a (1,1)-tensor field, thus



(VxY), depends only on X,,. On the other hand, if X is fixed, (VxY), depends only
on the restriction of Y to a neighborhood U of p. For this, it suffices to check that
(VxY), = 0if Y|y = 0. Choose f € C*(M) such that f(p) = 0 and fly\v = 1.
Then Y = fY, hence VxY = X(f)Y + fVxY by (2). Since ¥, = 0 and f(p) = 0,
this shows that (VxY),, = 0. In particular, for every open set U C M there is a
well-defined induced connection on T'U, still denoted by V, such that

VxioYlw) = (VxV)lu

for all X,Y € I'(T'M). In fact, more is true, see Remark .7 below.

We now consider the representation of a connection V in local coordinates or,
more generally, with respect to a moving frame (Ay,. .., A;) onanopenset U C M.
This means that A; € ['(T'U) for all i and (A1|p,. . .,An|p) is a basis of T M), for all
p € U. (For example, A; = a%i for a chart (¢,U).) The Christoffel symbols of V
with respect to (Ay,. .., A,,) are defined by

m
VaAj= > ThA,
k=1

k ) ..
where Fi]. e C®U)foralli,j ke {l,...,m}.

1.6 Lemma For vector fields X = 3" | X'A; andY = Z;"zl Y/AjonU,

m m
VxY = Z(X(Yk) + Z XinFi’j.)Ak.
k=1

i,j=1
Proof: By property (2) in Definition[1.5]

m

VxY = Z Vx(YjAj) = Z(X(YJ)AI +Y/ VXA])
j=1 j=1

Furthermore, by property (1) and the definition of the Christoffel symbols,
m m . m .
VxAj= D VxinAj= ) X'VaAp= > XTEAL
i=1 i=1 i,k=1

Combining these identities we obtain the result. O

This can also be written as follows. Let (o', . .., ™) be the coframe field dual
to (Aq,...,A,), thatis, o/ € T(TU*) and o/ (A;) = 6;’. foralli,j € {1,...,m}. (For
example, A; = -2+ and o/ = d¢’.) The 1-forms

Ap!
m
k ._ k i
w; 1= ZFija
i=1
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for j,k € {1,...,m} are called connection forms of V with respect to the given
frame field (Ay, ..., A,). For X and Y as above, o/(X) = X', thus

VxY = i(dYk(X) + i wa_j?(X))Ak
k=1 j=1

or, more briefly, VY = ¥, (dY* + ¥, chu;?)Ak.

1.7 Remark From Lemma we see that (VxY), depends in fact only on X,
and the values of Y along a curve c: (—€,€) — M with ¢(0) = p and ¢’(0) = X,
because Xp(Yk) = lef(Xp) = (Y* 0 ¢)(0).

1.8 Definition Let M be a smooth manifold with a connection V on TM.
(1) ThemapT: I'(TM)xT'(TM) - I'(TM),
T(X,Y):=VxY - VyX - [X,Y],
is called the torsion tensor of V, and V is torsion-free if T = 0.

(2) Given a Riemannian metric g = {-,-) on M, the connection V is said to be
compatible with g if, for all X,Y,Z € T(TM),

Z(X,Y) =(VzX,Y) + (X, VzY),

where Z,, acts as derivation on the function g — (X, Y;).

Note that, for any f € C*(M),

T(fX.Y) = fVxY - (Y()X + fVyX) - (fIX.Y] - Y ()X)
= fT(X.Y)

and, hence, T(X, fY) = -T(fY,X) = —fT(Y,X) = fT(X,Y). Thus the map T
defines a (1, 2)-tensor field on M.

1.9 Theorem (Levi-Civita connection) For every Riemannian manifold (M,g)
there exists a unique connection on T M that is torsion-free and compatible with g.

This connection, which we denote by D instead of V, is called the Levi-Civita
connectionof g = (-,-) and is characterized by the property that the Koszul formula

(KF) UDxY,Z) = XY, Z) + Y(X,Z) — Z(X,Y)
- <X> [Y7 Z]) - <Y’ [X’ Z]> + <Z’ [X’ Y])

holds for all X,Y,Z € I'(TM).



Proof: Suppose first that there exists a connection D on TM that is compatible
with g = (-,-) and torsion-free. Then, starting with the first three terms on the
right-hand side of (KF) and using these two properties, one finds that

X(Y,Z) +Y(X,Z) — Z(X,Y)
= (X,Dyz - DzY> + <Y,sz - D2X> + <Z,DXy + Dyx>
=(X,[Y,Z]) + (Y,[X,Z]) + (Z,2DxY - [X,Y]).

Thus (KF) holds for D, for all X,Y,Z € I'(TM), and this determines D uniquely.
For the existence, it remains to verify that the unique R-bilinear map D: I'(TM) x
I'(TM) — T'(TM) given by (KF) has the desired properties.

Toseethat DyxY = fDxY,replace X by f X in (KF). Note that f can be factored
out of the sum of the second and the last term on the right-hand side, because
Y{(fX,Z) =Y(f){X,Z)+ fY(X,Z) and (Z,[ fX,Y]) = (Z, fIX,Y] =Y (f)X). The
same holds for the third and fifth term, and the result follows.

Next, replace Y by fY in (KF). Then, as above, f can be factored out of the
term —Z(X, fY) — (X,[fY, Z]), whereas for the first and last term on the right,

X{fY,Zy +{Z,[X, fY]) = f(X(Y,Z) + (Z,[X.Y])) + 2{X(f)Y, Z).

It follows that 2{Dx(fY),Z) = 2(X(f)Y,Z) + f - 2(DxY,Z), which yields the
product rule Dx(fY) = X(f)Y + fDxY.

To verify that D is torsion-free, note that the expression consisting of the first
five terms on the right-hand side of (KF) is symmetric in X and Y. Thus

2(DxY — DyX,Z) ={(Z,[X,Y] - [V, X]) = 2{(Z,[X,Y]).

Similarly, to check that D is compatible with g, note that switching Y and Z in
(KF) does not affect the first term on the right-hand side but corresponds to a sign
change for the remaining part. Thus

2(DxY,Z) + 2(DxZ,Y) =2X(Y,Z).
This concludes the proof. O
If (,U) is a chart of M and A; := % are the coordinate vector fields, then

[Ai, Aj] = 0, hence the Koszul formula yields

Zrl]gkl (Da,Aj,Ap) =
k=1

(Aigji + Ajgu — Argij)-

l\)l>—‘

Solving this equation for Ffj, we obtain the expression

m

_1 Z ﬁg]z Bglz _08ij
2 & et )

where (g*!) denotes the matrix inverse to (g;). Note that I“i’;. = FJ’.‘i.




Vector fields along maps

Let F: N — M be a smooth map. By a vector field Y along F we mean a smooth
map Y: N — TM such that Y, := Y(p) € TMp(,) for all p € N. We write
['(F*T M) for the set of all vector fields along F. For example, if Z € T(T M), then
Z o F € I(F*TM). On the other hand, any X € ['(TN) induces a vector field

F.X € T(F*TM), F.X, := dFp(X,).

An important special case of this is the velocity vector field
d d
= —ci=c|— e T(c*'TM
c ci=c ( dt) (c )
of a curve c: I — M with parameter ¢.
1.10 Proposition Let F: N — M be a smooth map, and let V be a connection on
TM. Then there is a unique R-bilinear map VF : T(TN)xT(F*TM) — T(F*TM),
where VE (X,Y) is written as V;Y, with the following properties:
@) VJfXY = fV)F(Y,
@) VE(FY) = X(f)Y + FVEY,
(3) (V&(Zo F))p =Vex,Z
forall X e T'(TN),Y e I'(F'TM), f € C*°(N), Ze I'(TM), and p € N.

The map V¥ is called the connection along F induced by V. This result will
be established together with the following lemma. Consider again a moving frame
(Ay,...,A;) on an open set U C M, and let Ffj denote the respective Christoffel
symbols of V. Let V C N be an open set such that F(V) c U.

1.11 Lemma Given X € I'(TN) and Y € T(F*TM), if X',Y/ € C*(V) are such
that F.X = ¥, X'(Ajo F)andY = },; Y/(Aj o F) on'V, then

VEY = i(X(Yk) + i X'Y/(If o F))(Ak o F)
k=1

i,j=1

onV.

Proof of Proposition and Lemma [[.11} ~ Suppose first that a (possibly non-
unique) map V¥ as in the proposition exists. Like for V, any bilinear map V¥
satisfying (1) and (2) is defined locally on N. Thus, by (2),

m

VY = i VRV (A0 F)) = Z(X(Yf)(A ;o F)+ Y/ VE(A; o F))
j=1 j=1
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on V. Furthermore, by (3) and (1),
m .
(VR(Aj 0 F)), = VEx,A; = > X' (p)V(a0m), Aj
i=1

for all p € V. This gives the local representation stated in the lemma and shows
that V¥ is uniquely determined. Adopting this formula as a (local) definition of
V¥, one can then easily check that properties (1) to (3) are satisfied. O

1.12 Proposition Let F: N — M, V, and VE be given as above.
(1) For X,Y € I(TN), define
T (X,Y) := VEF.Y - VL F.X - F.[X,Y] € T(F*TM).

Then (TF (X, Y)), = T(F.X,,F.Y,) for all p € N. In particular, if V is
torsion-free, then TF = 0.

(2) IfV is compatible with a Riemannian metric g = {-,-) on M, then
X(V,W) = (ViV,W) + (V,VEW)
forall X e I'(TN)and V,W € T'(F*TM).
Proof: For (1), note that T* is a local operator, like VF'. It thus suffices to consider
vector fields X,Y on F~'(U), where U c M is the domain of a moving frame

(A1,...,Am). Then F,LX = };X"A; o F and F,Y = Y, Y/ A; o F for smooth
functions X', Y/ on F~1(U). Now

m m
VREY =) X(Y)Ajo F+ ) Y/ VE(A; o F),
J=1 Jj=1

and the second sum equals

m m
ZYj VixAj = Z XY/ (Va,Aj) o F.
=1 ij=1

The term V$ F.X is computed similarly. Furthermore, one can check that
mn . . mn . .
FIX,Y]= Y (X() = Y(X)))Ajo F+ > X'¥/[A;,Aj] o F.
j=1 ij=1

From these identities, and since 7T is a tensor field, it follows that

m
TF(X,Y) = Z XY/ T(A;, Aj) o F = T(F.X,F.Y).
i,j=1



For the proof of (2), note that the bilinear form
(V. W) = XV, W) = (VR V. W) = (V. Vi W)

is C*(N)-homogeneous in both arguments, as is readily checked. Therefore it
suffices to take V = A; o F and W = A; o F for vector fields A;,A; on an open set
U c M as above. Then

X(A; o F,AJ' oF) = X((Ai,Aj> oF) = (F*X)<A,,AJ>
Now use the compatibility of V and the relation V., x Ay = Vi (Ax o F). O

If V = D is the Levi-Civita connection of (M, g), then V' = DF is called the
Levi-Civita connection along F. The superscript F' will most often be omitted. For
X = a%i or X = % (in the case that N = I C R), we write DxY as

D y DY
—Y or —Y,
0y dt

repectively. A vector field Y along a curve c: I — M is called parallel if

DY—DCY—O
dt™  dt

Inachart (¢,U),ifc: I - U c Mand goc =: (x!,...,x™), then (poc) =Y, i'e;

and ¢ = 3; )'cia%,- o ¢. Hence, for a vector field Y = Zj Y/ 2

g7 O € along c,

D < % 0
— 7k clyJ(rk
th— (Y +‘E xY(Fijoc))a‘pk oc
k=1 i,j=1

by Lemma|[I.T1] ThusY is parallel if and only if
ok iy Tk _
Ve Y iy oc)=0
i,j=1

for k = 1,...,m. This is a linear system of ordinary differential equations of first
order for Y!,... Y™,

1.13 Proposition Let c: [a,b] — M be a C'-curve. Then for every v € TM(q)
there exists a unique parallel vector field Y along c with Y, (a) = v.

Proof: This follows from the existence and uniqueness of solutions for ordinary
differential equations. O



The map P¢: TM.q) — TM. @) defined by P¢(v) := Y, (b) is called parallel
transport along c. This is a linear isometry, since for all v,w € TM(4),

% YEXE) = <§YVC,Y‘§> + <Y§,£Y;> =0
on [a,b]. In general, P¢ depends on ¢ and not only on the end points of ¢. The
holonomy group Hol,, of (M, g) at p is the group of all isometries of TM,, of the
form P€ for a piecewise C' curve c: [a,b] — M with c¢(a) = ¢(b) = p. Most often,
Hol,, acts transitively on the unit sphere S(1) c TM,. This statement is made
precise in Berger’s holonomy theorem [Bel9535]].

Geodesics and the exponential map

1.14 Definition A curve c: [ — (M, g) with %c’ = 0 is called a geodesic.

In particular |¢| is constant, thus geodesics are parametrized proportionally to
arc length. If t — ¢(¢) is a geodesic and @, 8 € R, then s — é(s) := c(as + B)isa
geodesic.

Let now c: [a,b] — M be any smooth curve. Consider a smooth variation
v:(—€,€) X [a,b] > M of ¢ = y(0,-). WeletV := y*% € I'(y*TM) denote the
variation vector field, and we put yg := y(s,-) and Vy := V(s,-).

1.15 Theorem (first variation of arc length) If |¢()| = A # 0 for all t € [a,b],

then
d

1 b b D
ds oo 1) = z(<V0(f>7c'<f>>|a— [ {wiZe) dt).

Proof: By the second part of Proposition|1.12] for all ¢ € [a, b],

o 1
.01 as OO =5

0
2 3.0 - (535(0.750),

D._D_ 8 _D_ d _D
and, by the first part, 5.7 = 55 ¥«5; = 5; ¥x5; = 5, V- Hence,

0

o] L) = % /ab < % Vo(1), c-(t)> dr.

Since the integrand equals %(Vo(t), () — <V0(t), %é(r)), the result follows. O
The variation vy is called proper it ys(a) = c(a) and y4(b) = ¢(b) for all 5. It
follows that a C* curve c: [a,b] — M is a geodesic if and only if |¢| is constant

and %L:O L(y,) = 0 for every proper variation 7y of c.

10



In a chart (o, U),ifc: I - U c M and p o c =: (x!,...,x™), then

D, Xk, N i d
Eé = Z(xk + Z x xf(l"l]-‘j OC))(?(,O" oc.

k=1 ij=1

Thus c is a geodesic if and only if

m
# 4 3 wH([Toe)=0
ij=1
for k = 1,...,m. This is a non-linear system of ordinary differential equations of
order two for x!, ..., x™, called the geodesic equation.

1.16 Proposition (1) For every v € TM there exists a geodesic ¢, : (ay,w,) —
M defined on a maximal interval (@, w,) around 0 such that ¢,,(0) = v.

(2) The set W :={(v,t):v e TM, t € (ay,wy)} is openin TM X R, and the map
W — M, (v,t) > (), is C*™.

If W = TM x R, that is, (a,,w,) = (—oo,00) for all v € TM, then (M, g) is
called geodesically complete.

Proof: This follows from existence, uniqueness and smooth dependence of solu-
tions on initial conditions for ordinary differential equations. O

Note that (v,7) € W if and only if (v, 1) € W, because ¢, (¢) = ¢;,(1). The set
Q:={veTM:(v,1)e W}
isopenin TM.

1.17 Definition The C* map exp: Q — M defined by exp(v) = ¢, (1) is called the
exponential map of M. For p € M, we put Q,, := QN TM, and

exp, :=explo,: Q) = M.

Note that exp,,(tv) = crv(1) = ¢,(7) for all 7 € (ay, wy).

Regarding the terminology, note that if M = S' is the unit circle in C with the
induced metric, then TSI1 = Ri, and exp, (ti) = cos(t) + sin(¢)i = €' for all 7 € R.
More generally, suppose that (G, -, ¢) is a Lie group with a bi-invariant Riemannian
metric (-,-), and X,Y are two left-invariant vector fields. Then the corresponding
Levi-Civita connection satisfies DxY = %[X, Y] (exercise). Thus the integral curve
¢: R — G of X with ¢(0) = e is a geodesic:

D D
Ec’=E(Xoc)=DC-X=(DXX)oc=O.

Therefore the Lie group exponential map X, +— ¢(1) agrees with the Riemannian
exponential map, and for any subgroup G c GL(n,C), the former is given by the

matrix exponential function A — e4.

11



1.18 Remark For every p € M, the differential d(exp,)o is the identity map on
TM,, (where T(T M,,), is identified with TM),): for all v € TM,,,

d d
d(exp,)o (v) = = tzoexpp(tv) == t:OCV(t) =v.
In particular, there exists an open neighborhood V,, € Q,, of 0 in TM,, such that

exp, |v, : Vp = exp,(V,,) =: U, C M is a diffeomorphism.

For alinear isometry H: (TMp,g,) — (R™,(-,-)), this yields so-called normal
coordinates
-1
@:=Hol(exp,lv,) :U, > HV,) cR"

around p.

1.19 Lemma [In normal coordinates ¢ around p € M™,

0gij
gij(p) = 6ij 3 /

—(p)=0, and Tf(p)=0
@
foralli,j, k € {l,...,m}.

Proof': Since d(exp,,)o = idonT M), it follows that a%i’p =d(¢ Vo (e;) = H (e;),
thus g;;(p) = 6;;. If ve TM,,t € R, and tv € V), then

(! (D), X)) = en()) = @(exp,, (1v)) = H(tv) = t H(v),

and the geodesic equation for 7 — ¢, (?) reads

m . .
Z )'cl)'cj(l“fj oc,)=0
ij=1
(k=1,...,m). Fort =0andv = H™!(e; +¢;), this gives Ffj(p)+l"J’.‘i(p) = 0. Since

D is torsion-free, F{‘j = FJ’.‘I., ) Ffj(p) = 0. Furthermore,

08ij _ Xl !
Aok Z(rkiglf + gitly )
=
because D is compatible with g, hence also %(p) =0. O

1.20 Proposition (Gauss lemma) Suppose that v € TM), and q := exp,(v) is
defined. The differential

T, :=d(expp,)v: T(TMp)y =TMp — TM,

has the property that (T,,(v),T,(w))q = (v,w), for allw € TM),,.
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Note that 7,,(v) = %L:l exp,(1v) = ¢y (1).

Proof: Suppose thatv # 0. Givenw € TM),, choose € > 0 such that exp, (v +sw) is
defined for all s € (—¢, €). Consider the family of radial geodesics y;: [0,1] — M,

¥s(t) := exp,(t(v + sw)), where yo = cyljo,1- By the first variation formula,
Theorem[I.13]

d 1/d 1

ds ls=0 (7s) [v| \ds s:OYS( ), ¢v(1) |v|< yw), T, (v))

Since L(ys) = |v + sw| and

d

1
%'S:O —{(w,v),

Iv]

this gives the result. ]

v+ sw| =

1.21 Propeosition Let p € M, and suppose that r > 0 is such that exp,, is defined
on B, :={v € TM), : |v| <r} and exp,, |, is a diffeomorphism onto exp,(B;).

() If v € B, and y: [a,b] — M is a piecewise C' curve from p to
exp,(v) = cv(1), then L(y) > L(cvlo)) = [vl, and equality holds only
if y is a reparametrization of c,|jo,1)- In particular d(p,c,(1)) = |v|.

(2) If 0 € (0,r), and q € M is a point with d(p,q) > o, then there isav € B,
with |v| = o such that o + d(c,(1),q) = d(p, q).

Note that exp,(B;) ¢ B(p,r) := {g € M : d(p,q) < r} whenever exp, is
defined on B, C TM,,. The second part of the proposition shows in particular that
if exp,, |g, is a diffeomorphism, then for every ¢ with d(p,q) = o0 < r there is a
v € B, with ¢,(1) = g, thus exp,,(B;) = B(p,r).

Proof: Letv € B, and y: [a,b] — M be given as in (1). There exists a maximal
s € (a,b] such that y([a,s]) C expp(E |v|) (compare the proof of Theorem ,
and the piecewise C! curve f: [a,s] — B|,| defined by S(r) := exp),' (y(1)) for
all 1 € [a,s] connects 0 to a boundary point of B lv| € TM,,. There is no loss of
generality in assuming that 8(¢) # O for t > a. Then, for all but finitely many ¢,
the derivative B’(¢) exists and can be written as B’(t) = A(¢)B(t) + w(t) for some
A(t) € R and a vector w(r) € TM,, orthogonal to 3(r). By Proposition for

Tp(r) = d(exp,)p(r)»

Y OF = [Ta (B @) = 1AOBOI + |Tseyw)[ .

It follows that .
uwzumwpz/wammL
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On the other hand,
S
Lievlo) = Iv] = 1B(s)] = / B d,
a

where |B()|” = m(ﬂ’(t),ﬂ(t)) = A)|B(1)| < |A@)B(t)]. We conclude that
L(y) > L(cv|jo,17)- If equality holds, then s = b, and w(t) = 0 and A(z) > O for all
but finitely many #; thus v is a (piecewise C!) reparametrization of cvljo,1)-

We prove (2). Suppose that o < d(p,q) < 0. Choose v with |v| = o such that
q" := exp,(v) minimizes the distance to g. Let € > 0, and let y: [a,b] — M be a
piecewise C! curve from p to ¢ of length L(y) < d(p,q) + €. Since g ¢ exp,(Bpy),
it follows as above that there is an s € [a, b] such that y(s) = exp,,(v’) for some v’

with |[v'| = 0. By (1), d(p,y(s)) = 0 = d(p,q’), hence
d(p,q) + € > L(y) 2 d(p,y(s)) + d(y(s),q) = d(p,q") + d(q’. q)

by the choice of ¢’. Since € > O was arbitrary, it follows by the triangle inequality
that d(p,q) = d(p.q") + d(q’.q) = ¢ + d(c\(1).9). O

1.22 Corollary Every geodesic c: I — M is locally length minimizing, that is, for
all t € I there exists § > O such that if t',t” € IN[t —06,t + 6] andt’ < t”, then

L(clyrim) = d(c(@’), c(t”)).

Proof: Suppose that ¢ is parametrized by arc-length, and put p := c(¢). Let again
Q c TM denote the domain of exp. Note that (7|q,exp): Q — M X M is regular
at 0, € TM,, because the projection 7: TM — M maps 0, to g for all g, and by
Remark It follows that there is an € > 0 such that exp,, |, : Be — exp,(Be)
is a diffeomorphism for every g € B(p, €). Now, for any ¢ < €/2, the result follows
from the first part of Proposition [[.21] o

The Hopf-Rinow Theorem

The following fundamental result was established in [HoR1931] for surfaces, and
the generalization to higher dimensions is immediate (compare [My1935])).

1.23 Theorem (Hopf-Rinow 1931) Let (M, g) be a connected Riemannian mani-
fold. Then the following are equivalent:

(1) (M,d) is complete.
(2) (M, g) is geodesically complete, that is, exp is defined on TM.
(3) There exists a point p € M such that exp,, is defined on T M,,.

(4) (M,d) is proper; that is, all bounded closed subsets are compact.

14



Ifthese properties hold, then for every pair of points p,q € M there exists a geodesic
from p to q of length d(p, q).

A Riemannian manifold (M, g) is called complete if M is connected and prop-
erties (1) to (4) hold. Notice that every compact connected Riemannian manifold
is complete.

Proof: Part L. Suppose first that (3) holds. We show that for every g € M there
is a geodesic from p to g of length d(p,q). Let r > 0 be such that exp,, |5, is a
diffeomorphism onto exp,,(B,), and suppose that ¢ € (0,r) and d(p,q) > o. By
Proposition there exists a geodesic of length o from p to a point ¢’ such that

o+d(q’,q)=d(p.q).

Then, since exp,, is defined on TM),, there is a geodesic ray c: [0,00) — M
emanating from p such that |¢| = 1 and ¢(p) = ¢’. Put

A= {re[0,d(p.g)]:t+d(c(r)q) = dp.g)},

and note that o € A. Let s € A be such that o < s < d(p,q). Applying
Proposition again, but with p’ := ¢(s) in place of p, we infer that there exist
o’ > 0 and a geodesic o : [s,5 + 0] = M of length o’ from p’ to a point ¢’ such
that

o' +d(q".q)=dp.q).

Since s € A, we get that s + d(p’, q) = d(p, g) and thus

(s+0)+d(q".q) = d(p.q).

Now cljo,s) followed by o is a piecewise geodesic of length s + o' = d(p,q) —
d(q”,q) < d(p,q"") from p to ¢”’, hence a minimizing geodesic. By the uniqueness
of geodesics, c(s + 0’) = ¢”/, and so s + ¢’ € A. Thus, we have shown that for
every s € A with o < s < d(p,q) there is at € A bigger than s. Since A is closed,
it follows that d(p, q) € A. Hence, c¢(d(p,q)) = q.

Parr II. Suppose again that (3) holds. Then it follows from Part I that B(p,r) C
expp(Er) for all » > 0, and the reverse inclusion is clear. Hence, since B, is
compact and exp,, is continuous, B(p,r) is compact as well. This shows that (3)
implies (4), and clearly (4) implies (1).

Next, assume that (1) holds. Let v € TM be any unit vector, and let
¢y: [0,w,) — M be the maximal geodesic ray with inital vector v. Suppose
that w,, < co. Choose a sequence 0 < t; T w,. Then the sequence (¢, (¢;)) is Cauchy
and thus converges to a point ¢ € M by (1). Since the domain of exp is open
in TM, there exists an € > 0 such that every geodesic y with y(0) € B(q,€) and

15



|v’(0)] = 1 is defined at least on (—e¢, €). It follows that if i is sufficiently large, so
that ; > w, — €, then

d(cy(ti),q) = jli_)rg) d(cy(t;), cv(t))) < jli_{go lti = tjl =wy, —t; <€,

therefore ¢, can be extended to [0,#; + €). Since t; + € > w,, this contradicts the
maximality of ¢,. This shows that w, = co. Hence, (1) implies (2), and clearly (2)
implies (3).

Finally, by Part I of the proof, (2) implies the last assertion of the theorem. O

Geodesic metric spaces

We conclude this chapter with a brief discussion of a metric analogue of the Hopf—
Rinow theorem due to Stefan Cohn-Vossen [[Co1935].

Let (X,d) be a metric space. Recall that the length of a curve ¢: I — X is
defined by

k
L(e) :=sup )" d(c(ti-1),c(1)) € [0,e0],
i=1

where the supremum is taken over all finite sequences #o < t; < ... < #¢ in I. The
curve ¢ has constant speed or is parametrized proportionally to arc length if there
exists a constant A > 0 such that L(c|;,,,}) = A|t — ¢’| whenever t,¢" € I and t < t/,
and c has unit speed or is parametrized by arc length if A = 1.

A metric space (X, d) is called an inner metric space or a length space if, for
every pair of points p,q € X,

d(p,q) = inf L(c),

where the infimum is taken over all curves c: [0,1] — X from p to g.

1.24 Definition Let (X,d) be a metric space. A curve ¢: I — X is called a
geodesic if ¢ has constant speed and for all ¢+ € [ there exists a 6 > 0 such that
L(clyy i) = d(c(t'),c(t”)) whenever t’,t"”" € IN[t—6,t+6] and ¢ < t”". The curve
c is called a minimizing geodesic if L(c|jy ) = d(c(t'),c(t”)) for all ',¢"" € I with
t’ < t”. We call (X,d) a geodesic metric space if for every pair of points p,q € X
there exists a minimizing geodesic c: [0,1] — X from p to g.

Every geodesic metric space is a length space. A partial converse is given by
the following metric analogue of the Hopf—Rinow theorem.

1.25 Theorem (Cohn-Vossen 1935) Let X be a length space. If X is locally com-
pact and complete, then X is a proper geodesic metric space.
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None of the assumptions can be omitted, as the following examples show. The
length space R? \ {0} (with the induced inner metric) is locally compact, but not
complete. The length space obtained from a sequence of disjoint segments [a;, b;|
with b; —a; = 1 + 71., i € N, by gluing each q; to a; and each b; to by is complete,
but not locally compact. Neither of these length spaces is a geodesic metric space.

Proof: Fix a base point z € X, and let I denote the set of all » > 0 such that the
closed ball B(z,r) is compact. Clearly [ is an interval containing 0. To prove that
X is a proper metric space, it suffices to show that I = [0,00). Letr € I. Use
the local compactness of X to cover the compact ball B(z,r) with finitely many
balls B(x;, ) such that the B(x;, ¢;) are compact. Then | B(x;, €) is compact and
contains E(z, r+d6) forsome § > 0, hence r+6 € I. This shows that [ is open relative
to [0,0). To prove that I is also closed, suppose that [0,R) c I, R > 0, and let
(¥j)jen be a sequence in B(z, R). Choose a decreasing sequence (g );en converging
to 0, with ¢ < R. Since X is a length space, it follows that for all 7, j there exists
an xJ". € B(z,R - %) such that d(x]i., v;) < €. The sequence (le.) has a convergent
subsequence (x}(l’k)). Consider the corresponding sequence (x?(]’k
convergent subsequence (xj?(z’ k)). Then consider (x;(z’k)) and select a converging

)) and pick a

subsequence ()c]3.(3 k)). Continue in this manner. Finally, put j(k) := j(k, k) for
k € N. The sequence (x]i.(k))keN converges for every i € N. We claim that the
associated sequence (yj()) is Cauchy. Let € > 0 and choose i with ¢ < €. Then
d(x;(k),xj(l>) < € for k,[ sufficiently large. It follows that

d(yj(k)’ yj(l)) < d(yj(k), le'(k)) + d(le-(k), x]l-(l)) + d(le'(l)’ Yj(l))

<€ +e+¢€ < 3e.

Since X is complete, (y;)) converges. This shows that every sequence (y;);jen in
B(z, R) has a convergent subsequence. Hence B(z, R) is compact, that is, [0, R] C 1.
Thus I is both open and closed in [0, ), so I = [0, o0). This proves that X is proper.

To show that X is geodesic, let p,g € X. Since X is a length space, it follows
that for every n € N there exists a curve ¢, : [0,1] — X of constant speed from p
to ¢ such that L(c,) = d(p,q) + % Since the image of ¢, lies in the compact ball
B(p,d(p,q) + 1), it follows by the Arzela—Ascoli theorem that the ¢,, converge to a
minimizing geodesic from p to q. O
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Chapter 2

Curvature

The curvature tensor

2.1 Definition Let (M,g = (-,-)) be a Riemannian manifold with Levi-Civita
connection D. The map R: ['(TM)? — I'(T M) defined by

R(X,Y)W := DxDyW — DyDxW — Dix y|W
is called the Riemann curvature tensor of (M, g). Briefly,
R(X,Y) = [Dx, Dy] — Dix y].
The curvature tensor of an arbitrary connection V on TM is defined analogously.

The opposite sign convention is also common. It is straight-forward to check
that R defines a (1, 3)-tensor field: for f € C*(M),

R(fX,Y)W = fDxDyW — Dy(fDxW) — Dsx yiW + Dy(r)xW
= fR(X, Y)W,

hence R(X, fY)W = —R(fY,X)W = — fR(Y,X)W = fR(X,Y)W, and

R(X,Y)(fW) = Dx(Y(f/)W + fDyW) — Dy (X(f)W + fDxW)
- [X,YI()W - fDix iV
= fRIX,Y)W.

In a chart (¢, U), with A; := a%i’

m m
DAk DAlAj = DAk (Z FZSJ.AS) = Z(Ak(rlsj)As + FISJ-DAkAs)7

s=1 s=1
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and Dy, As = 2; l"]iSAi. It follows that

m
R(Ae, ADA; = > RE Ay,
i=1

m
Rigy = AT = AT + Y (T, = T T
s=1
Notice the (traditional) index pattern: the upper index and the first lower index
of R}kl represent the endomorphism R(Ag,A;): T(TU) — T'(TU). By putting
Riji = 2", g,-rR]’.kl, one gets the ¢ components of R as a (0,4)-tensor field, also
denoted by R:

R: T(TM)* = C¥(M), R(V,W,X.,Y):=(V,R(X,Y)W),
thus R(A;, Aj, Ak, A1) = (A, R(A, ADAj) = (A, Z, Rj Ar) = Riji.
2.2 Proposition (symmetry properties) For all vector fields V,W,X,Y € T'(TM),
(1) RY,X)W = —R(X,Y)W (thus R(V,W,Y,X) = —R(V,W, X,Y)),
(2) RIX,Y)W + R(Y,W)X + RW,X)Y =0,
(3) RW,V,X,Y) = —R(V,W,X,Y),
4) R(X,Y,V,W)=R(V,W,X,Y).
Property (2) is called the first Bianchi identity.

Proof: (1) clearly holds for the curvature tensor of any connection.
To verify (2) and (3), it suffices to consider local coordinate vector fields
V,W,X,Y, so that all Lie brackets vanish. Then the cyclic sum in (2) equals
DxDyW — DyDxW
+ DyDwX — DywDyX
+ DwDxY — DxDwY,

which is zero since D is torsion-free. Next, since D is compatible with g,
XY(V,V) =2X(V,DyV) = 2(DxV,DyV) + 2(V,DxDyV)

and YX(V,V) = 2(DyV,DxV) + 2(V,DyDxV). Taking the difference, we get
0=[X,YKV,V) =2(V,R(X,Y)V) = 2R(V,V,X,Y), which yields (3).
Lastly, the “pair symmetry” (4) follows algebraically from properties (1)—(3).
The expression
R(V,W,X,Y)+ RW,V,Y,X) - R(X,Y,V,W)— R(Y,X,W,V)
+ R(V,X,Y,W)+ RW,Y,X,V) - R(X,V,W,Y) - RY,W,V,X)
+R(V,Y,W,X)+ R(W,X,V.Y)- RX,W,Y,V) - RY,V,X,W)
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vanishes, because the sum of each column is zero by (2). Furthermore, by (1)
and (3), the last two rows vanish as well, whereas the first row is equal to
2R(V,W,X,Y)—2R(X,Y,V,W). This gives (4). O

The following result supplements Proposition[I.12]

2.3 Proposition Let R be the curvature tensor of a connection V on TM. For
another manifold N and a smooth map F: N — M, let RY denote the curvature
tensor of the connection V¥ along F, given by

RIX, Y)W := VRVg W — VEVRW = V[ \W € T(F'TM)
for X,Y e I(TN) and W € T(F*TM). Then
(RE(X,Y)W), = R(F.Xp, F.Y,)W,
forallp € N.

Proof: Let Ay,. .., Ay, be coordinate vector fields on an open set U C M. Suppose
that X,Y are vector fields on F~'(U), and write F,X = i X Ajo F and F.Y =
Y, Y/ Aj o F for smooth functions X*,¥/ on F~!(U). Furthermore, suppose that
W = Ao F on F7Y(U) for a vector field A on U, and put By := Va, A. Then
Vi(AoF)=VpyA=Y,Y/ BjoF, hence

m m
VEVY (Ao F)= Y X(¥/))Bjo F+ ) Y/ V§(Bjo F),
j=1 j=1

and the second sum equals

m m
Z Y/ Vi xBj = Z XY/ (Va,Bj) o F.
= =1

The term Vg V§(A o F) is computed similarly. Furthermore, by the formula for
F.[X,Y] stated in the proof of Proposition|1.12} and since [A;,A;] = 0,
m

ViAo F)=VexyA= ) (X)) -Y(X)))BjoF.
J=1

From these identities, it follows that
m . .
REX.YNACF)= ) XY/ (Va,Bj = Va,Bi) o F

ij=1

m

= Z XY/ (R(Ai,Aj)A) o F
i,j=1

= R(F.X,F.Y)(Ao F).

This gives the result. O
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Sectional curvature

2.4 Definition Let P be a 2-dimensional linear subspace of TM,,, and let (v,w) be
a basis of P. The number

W Rv,ww)  R(v,w,v,w)
VPP = vow)2 R Iw]? = (v, w)?

sec(P) =

is called the sectional curvature of P.

The Gram determinant |v|*|w|*> — (v,w)? gives the square of the area of the
parallelogram spanned by v and w. The number sec(P) is well-defined in that it
does not depend on the choice of the basis of P, since the quotient is invariant under
the maps (v,w) — (w,v), (v,w) — (dv,w), and (v,w) > (v + Aw,w) for 1 € R
(use Proposition [2.2).

If the metric g is multiplied by a constant, § = A%g, where A > 0, then the
connection D and hence R, as a (1, 3)-tensor field, are not affected, so

A2(v, R(v,w)w)

1
secg(P) = PN — =2 secg(P).

2.5 Remark For p € M, let Go(T'M,,) denote the set of all linear 2-planes in
TM,. The sectional curvature function sec,: Go(TM,,) — R, together with g,
determines the curvature tensor at p completely. In fact, R,(v,w,x,y) can be
expressed as a sum of terms of the form +R,,(a,b,a,b) =: £5,(a,b). To see this,
note first that

3R(x,y)w = R(x,w + y)(w + y) — R(x,w)w — R(x, y)y
— R(y,w + x)(w + x) + R(y,w)w + R(y, x)x,

due to properties (1) and (2) in Proposition[2.2] Now take the inner product with v,
and use the pair symmetry (4) and polarization for each of the six terms on the right
hand side; for example, 2{v, R(x,w)w) = 2R(v,w,x,w) = S(v + x,w) — S(v,w) —
S(x,w).

For dim(M) = 2, the function K: M — R, K(p) = sec(TM),), is the Gauss
curvature of M. In a chart (¢, U),

_ Rio12
det(gij)

Kly

2.6 Definition A complete Riemannian manifold M with constant sectional cur-
vature sec = « is called a space form. A space form is called spherical, flat, or
hyperbolic depending on whether x > 0, k = 0, or k < 0, respectively.

22



If sec = k € R, then the curvature tensor satisfies
R(X, Y)W = K((Y, WYX — (X, W)Y)
(exercise). We shall see that the model spaces

™ (R™1 (4 Yewa) (k= 1),
(Rm’ < N >eucl) (K = 0),
H™ c (R™L, (-, )n)  (k=-1)

are, up to scaling, the only simply connected m-dimensional space forms, and every
m-dimensional space form with sec = k € {—1,0, 1} is a quotient of one of these

(see Theorem [4.10)).

Ricci and scalar curvature

Let V be an m-dimensional R-vector space; for example, TM,,. Then (1, 1)-tensors
T € V;,; =V ® V* appear in two equivalent forms:

T:V'xV—>R and T:V =V,

where T(6,X) = 6(T(X)) for all @ € V* and X € V. The contraction C(T) =
C(T) € R is the trace of T. With respect to a basis (e, . . .,ey;) and the dual basis

(el,...,em),
T = ZT}ei ®¢e and Tej = ZT]’.'ei
i.j i
(where (e; ® €/)(0,X) = 0(e;)e’ (X)), hence

CT)=C@) = 3 T} = ) T(een) = ) € (T(e)).

4

If the (1, 1)-tensor T is decomposable, that is, of the form T = Y ® w for a vector
Y =Y, Y'e; and a covector w = 2 wjef, then

CY ®w) = Z(Y ® w)(e, e;) = Z € (YV)wle;) = Z Yiwi = w(Y).
i i i
Next, for integers r, s > 1 and a pair of indices k € {1,...,r}and!/ € {1,...,s},
the contraction
C=Cri:Vrs = Vi1

over k,l is defined as the contraction of the (1,1)-tensor obtained by fixing the
arguments in all other slots. For example, if T € V, 3, then C 3(T') € V) » is defined
by

(C137)(0,X,Y)=C(T(-,6,X,Y,-)).
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In coordinates, the components of Cy 3(T) are given by T = 3; Téﬁl
Finally, for r, s > n, a general (n-fold) contraction

C: Vr,s - Vr—n,s—n

is a composition of n such (simple) contractions.
For tensor fields on a manifold M, contractions are defined pointwise, for
every TM,.

2.7 Definition The Ricci curvature of a Riemannian manifold (M, g) is the con-
traction Ric € I'(Ty,M) of the curvature tensor R such that, for v,w € TM,,
Ric(v,w) = Ric,(v,w) is the trace of the endomorphism x — R(x,v)w of TM,,.

With respect to a basis (ey,...,e,) of TM, and the respective dual basis
(61,...,€m) of TM?,

Ric(v,w) = Z € (R(e;,v)w).
i
If (ey,...,en) is orthonormal, then €’ = (e;, - ) and thus

Ric(v,w) = Z(ei,R(ei,v)w) = Z R(e;,w,e;,v).

In particular, by Proposition 2.2] Ric(v, w) = Ric(w, v), and
Ric(ej, €j) = Z R(ei, €j, e, €j) = Z sec(span{ei, 6]'}).
i iTi%j

In a chart (¢, U),
Ricy = Z Ryd¢ ®del, Ry = Z Rk, =

To take a further trace, we have to change the type of Ric by means of the metric
g. Define the (1,1)-tensor field Ric’: I'(TM) — I'(T'M) such that Ric(V,W) =
(V,Ric’(W)) for all V,W € T(TM). In a chart (¢, U),

Ric’ (dij) Z ]890 ZglkRkJ

2.8 Definition The scalar curvature of a Riemannian manifold (M, g) is the con-
traction scal = C(Ric’) € C®(M) of Ric’, called the metric contraction C8(Ric) of
Ric.

For an orthonormal basis (ey,. . .,e;) of TM,,

scal(p) = Z(ej,Ric'(ej» = Z Ric(e;, e))
J J

= Z R(ei,ej,ei,e)) = Z sec(span{e;, e;}).
i,j

INHES]
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In a chart (¢, U),
scal [y = Z Rf = Zginji.
i i.Jj

If for some p € M the sectional curvature sec(P) is independent of the 2-plane
P C TM,,, thus sec(P) = k, € R (compare Theorem [2.13)), then

Ric, = (m - 1)k, g, and scal(p) = m(m — 1)k,.
Next we discuss tensor derivations.

2.9 Proposition Let V be a connection on TM. There exists a unique family of
bilinear operators

VoS T(TM) x (T, M) — T(T, ;M) forr,s >0,

where V™*(X,T) is written as V'*T or just VxT, such that

(1) V'S = X(f) = df(X),

) VXY = VyY,

(3) X(6(Y)) = (V%'0)(Y) + 6(VxY), and

@) VI (T eT) = (VET) T + T ® (Ve T').
The following further properties hold:

(5) VexT = fVxT,

©6) Vx(fT)=X()T + f VxT, and

(1) C(V'T) = V™" 7"C(T) for any n-fold contraction C: T (T, M) —
l—‘(Tr—n,s—nju)'

Proof (sketch): Properties (1)—(3) determine v0.0 1.0 w01 Tt is straight-forward
to check that (V%IQ)(]‘Y) = f(V%IH)(Y) for f € C®(M), so indeed V?(’IQ €
['(To,1M). Property (6) follows directly from (1) and (4) since fT = f®T.
Furthermore, (6) implies that for a fixed X, the operators V}* are locally defined
(as for Vx). Now one can use a local representation of 7 and (1)—(4) to show
that V3;°T is uniquely determined, and property (5) also follows inductively from
(1)-(4). For example, let T € I'(T; 1 M). Then T is (locally) a finite sum of terms
of the form Y ® w, and

V;l(Y ®w) = (V;OY) Qw+Y® (V?;lw)
by (4). By contracting this identity, we get that
C(VY'(Y @ W) = w(VxY) + (Vxw)(¥) = X(@(¥)) = V¥ (w(Y))

by (3) and (1). Since w(Y) = C(Y ® w), this shows (7) for this case. O
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Examples

1. Suppose that T € ['(To,M) (for example, T = g or T = Ric). Then T(X,Y) =
C(X®Y ®T) for a 2-fold contraction C, thus

Z(T(X,Y)) =V’C(X @Y ®T) = C(VA(X ®Y ®T))

by (1) and (7). Expanding VZZ’Z(X ® Y ® T) by (4) and applying C to the
individual terms, we get that

Z(T(X,Y)) = C((VZX) QYRT+X®(VY)@T+X®Y ® (VOZ’ZT))
=T(VZX,Y) + T(X,VzY) + (V5 T)(X.Y).

In particular, V is compatible with g if and only if g is parallel with respect
to V, that is, V°’2g =0.

2. Let again D denote the Levi-Civita connection of g = (-,-). For a function
f € C®(M), the gradient grad f € I'(TM) and the Hesse form Hess(f) €
I'(Ty,2 M) are defined by the relations (grad f,Y) = df(Y) and

Hess(f)(X,Y) := (Dx grad f,Y) = X(grad f,Y) — (grad f, DxY)
= X(df(Y)) — df (DxY)
for X,Y € I'(TM). By (3), this last term is equal to (D%ldf)(Y); briefly,
Hess(f) = Ddf. Notice that the term X(df(Y)) — df(DxY) = X(Y(f)) -

(DxY)(f) is symmetric in X and Y since D is torsion-free, thus Hess(f) is
symmetric.

3. If R is the curvature tensor of a connection V on TM, then R(X,Y)W =
C(W® X ®Y ® R) for a 3-fold contraction C, and it follows similarly as in
Example 1 that

VZ(RX,Y)W) = C(V3’ (W® X ® Y ® R))
= R(X,Y)VzW + R(VzX,Y)W + R(X,V,Y)W
+ (VIR)(X, Y)W.

A similar identity holds for Z(R(V,W, X,Y)) and VOZ’4R, and if V is compatible
with g = (-,-), then it follows that

(V,(VIR)(X,Y)W) = (VE*R)(V,W,X,Y).

Furthermore, for the Levi-Civita connection V = D, the (0,4)-tensor fields
DOZ’4R and R have the same symmetry properties (exercise).
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2.10 Lemma (second Bianchi identity) Let R be the curvature tensor of a torsion-
free connection V. Then

(VZR)(X, Y)W + (VxR)Y,Z)W + (VyR)(Z, X)W =0
forall W,X,Y,Z e T(TM).

Proof: 1t suffices to prove this for local coordinate vector fields W, X,Y,Z. Then
we can write R(X,Y) as [Vx, Vy], and it follows from the identity in Example 3
above that

(VZR)(X,Y)W
= VZz(R(X,Y)W) — R(X,Y)VzW — R(VzX,Y)W — R(X, VY)W
=V [Vx,Vy]W = [Vx,Vy]VZW — R(VZzX, Y)W + R(V2Y, X)W
= [V2[Vx. Vy]|W = R(VZX. Y)W + R(Vy Z, X)W,

where in the last step we have used that VzY = VyZ since V is torsion-free. Now
it is easy to see that the cyclic sum in the lemma vanishes. O

2.11 Lemma Let V be a connection that is compatible with g = (-,-), and let
C =C8: T (ThoM) — C>(M) denote the metric contraction. Then

C(VY’T) = X(C(T))
forall X e T(TM) and T € I'(Ty2M).

Proof It suffices to prove this for an individual vector x € TM,,. Choose a curve
c: (—€,€) = M with ¢(0) = x. Since V is compatible with g, there exists a parallel
orthonormal frame field (E, ..., E,,) along c. Then

C(VO2T) = > (VO*T)(E; Er)
i=1
= > (X(T(Ei, E)) = T(V1Ei, E;) = T(Ei, V1 Ey)
i=1
by Example 1. Now V,E; = 0 and ) ; x(T(E;, E;)) = x(C(T)). O

The divergence of a vector field Y € I'(T M) is the contraction
div(Y) :=C(DY) € C*(M)

of the (1, 1)-tensor field D.Y: T(TM) — I'(TM). The divergence of a symmetric
tensor field T € T'(Tp M) is the metric contraction

div(T) := Cf’Z(D T)= Ci{ ,(DT) e T(TM™)

of the (0,3)-tensor field (D.T)(-,-).
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2.12 Proposition For any Riemannian manifold M, d scal = 2 div(Ric).

Proof: Let p € M, and let v,w, x,y,z € TM,,. It follows from Lemma@and the
symmetries of R (see Example 3 above) that

(v,(D;R)(x,y)w) = (w,(DxR)(y,2)v) — (v, (DyR)(x,z)w) = 0.

Let (ey,...,en) be an orthonormal basis of TM,,. By putting (v,w,x,y) =
(ei, e}, e;, ej) and summing over 7, j, we get that

D (e (DR)(eiep)e;) =2 > (e, (Do R)(eir 2)ej )
i,j=1 i,j=1

Since D commutes with the contraction corresponding to the sum over i,
m m
Z(DZ Ric)(ej, ;) = 2 Z(DejRic)(z, ej).
j=1 j=1

Now it follows from Lemma and the definition of the divergence that d scal(z) =
z(scal) = 2 div(Ric)(z). O

As a corollary we get a classical result due to Friedrich Schur.

2.13 Theorem (Schur 1886) Ler (M, g) be a connected Riemannian manifold of
dimension m > 3.

(1) If Ric = fg for some f € C*®(M), then f is constant.

(2) Ifforevery p € M the sectional curvature sec(P) is independent of P C TM,,
then sec is constant on M.

A Riemannian manifold (M, g) with Ric = kg for some constant x € R is called
an Einstein manifold. In the case « = 0, the manifold (M, g) is called Ricci-flat.
Note that Ric = fg implies that scal = mf.

Proof: By Proposition[2.12]
mdf = dscal = 2div(Ric) = 2div(fg),

and it is easy to check that div(fg) = df. Since m > 3, this yields df = 0. As M
is connected, (1) follows.

For (2), note that if sec(P) = «, € R for all planes P in TM,,, then Ric = fg
for f(p) = (m — 1)kp,. Thus (2) follows from (1). m|
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Curvature of submanifolds

Let (M,g) c (M,g) be a Riemannian submanifold with m = dim(M) < m =
dim(M), where g is the induced Riemannian metric on M. Thus gp = &plr MpxT M,
forevery p € M, where T M), is viewed as an m-dimensional linear subspace of T M),
in a canonical way. We let D denote the Levi-Civita connection of M. The Levi-
Civita connection D of M is then given by DxY = (DxY)T for all X,Y € (T M).
Furthermore, TM* denotes the normal bundle of M in M. For every p, the tangent
space TMp is the orthogonal direct sum of TM,, and TMI}.

2.14 Definition The R-bilinear map i: I'(TM) x I(TM) — T'(TM~) defined by
h(X,Y) = (DxY)" = DxY - DxY

for all X,Y € I'(T M) is called the second fundamental form of M in M.

Note that £ is symmetric and C*(M)-homogeneous in both arguments:

h(Y,X) = (DyX)" = (DxY)" - [X,Y]* = h(X,Y)
since D is torsion-free and [X,Y] € I'(T M), and
h(fX,Y) = (DsxY)" = (fDxY)" = f h(X,Y).
If N € I(TM*) is a given unit normal field, then
hn(X,Y) := (N, h(X,Y))

defines the real valued second fundamental form of M with respect to N. Note that
hy € T'(Ty2M). The corresponding (1, 1)-tensor field

SnN: T(TM) - I(TM), g(Sn(X),Y)=hn(X,Y),

is called the shape operator of M with respectto N. For p € M, the endomorphism
of TM), determined by Sy will be denoted by the same symbol Sy or by Sy (p);
indeed it depends only on (h and) the normal vector N(p).

2.15 Lemma The operator Sn(,): TM, — TM,, is self-adjoint. For x € TM),
Sn(x) = =(D<N)T,
and if the codimension in — m is one, then Sy (x) = —D,N.
Proof': Since h is symmetric, Sy () is self-adjoint. For X,Y € I'(T M),
8(Sn(X),Y) = g(N, i(X,Y)) = §(N,DxY) = §(~DxN.Y),

and in the case of codimension one, Dx N is tangent to M because 2 g(DxN,N) =
X g(N,N) =0. ]
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All these notions, &, hp, and Sy, can also be defined for isometric immersions
F:(M,g) — (M,g). For this, one replaces D by the connection D along F and
N by a unit normal vector field along F'.

2.16 Theorem (Gauss equations) Let (M,g) C (M,§) be a Riemannian subman-
ifold as above, and let R and R denote the Riemannian curvature tensors of M and
M, respectively. Then

R(V,W,X.,Y) = R(V,W,X,Y) + g(h(V,X),h(W,Y)) — g(h(V,Y), (W, X))
forallV.W,X,Y e T(TM).
In particular, if (e, ;) is an orthonormal basis of P ¢ TM,,, then

secy (P) = secy; (P) + g(h(ei, e1), h(ez, €2)) — §(h(er, e2), h(ey, e2)).

Proof: Suppose that V,W, X, Y are local coordinate vector fields on M. Then
R(V.W,X,Y)=g(V,R(X,Y)W) = g(V,DxDyW — Dy DxW).

With DxDyW = (DxDyW)T = (DxDyW — Dxh(W,Y))T and the corresponding
expression for Dy Dx W we get that

R(V,W,X,Y) = g(V,R(X,Y)W — Dxh(W,Y) + Dyh(W, X))

=R(V,W,X,Y) + g(DxV,h(W,Y)) — g(DyV, h(W, X)),

where for the second step we have used that D is compatible with g and h(-,-) is
normal. Since (D.V)* = h(V,-), the result follows. O

2.17 Lemma Foracurvec: I — M C M and a vector fieldY € T'(c*TM) along c,

D D
—Y =—Y + h(Y).
dt dt +h(eY)

Note that %Y is tangential to M, whereas /(¢,Y) is normal. The lemma shows

in particular that .
D D
2= 2 ne.o)
7= 7€ (¢, ¢)
thus ¢ is an M-geodesic if and only if %c‘ is normal to M.

Proof: We assume that c¢([) is contained in the domain U c M of a moving frame
(Ay,...,Ap). ThenY = 3. Y A; o ¢ for some smooth functions Y? on I, and

D_ D (D D
Zy-=v= Z Y‘(E(Ai 0c) = —(Aio c))
mn .
= Z Yl (DéAi - DéAi)
by Proposition Since D:A; — D A; = h(¢, A; o c), the result follows. O
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2.18 Proposition (totally geodesic submanifolds) For a submanifold M c M the
following four statements are equivalent:

(1) h=0;
(2) every geodesic in M is also a geodesic in M ;
) if v € TM,, then the M-geodesic ¢, lies initially in M

@) ifc: I — M is a curve, then every D-parallel vector field Y € T'(¢c*TM) is
also D-parallel.

A submanifold with these properties is called totally geodesic.

Proof: Lemma m shows that (1) implies (4). Taking ¥ := ¢, we see that
(4) implies (2). If (2) holds, and if v € TM,, then the maximal M-geodesic
¢y (ay,w,) — M is also an M-geodesic, so ¢vl(ay,w,) = ¢v by uniqueness, and
(3) holds. Finally, (3) implies by Lemma that A(v,v) = 0 for all v € TM,,,
which is equivalent to (1) by the symmetry of 4. O

For example, if $ is the unit sphere in R™*!, and L is a (k + 1)-dimensional
linear subspace of R”*!, then evidently L N S™ is a k-dimensional totally geodesic
submanifold of $™, isometric to S¥. In particular, for p € $™ and a plane P ¢ TM,,,
if L is the 3-dimensional subspace spanned by p and P, then it follows from
Theorem[2.16]that sec(P) equals the Gauss curvature of the 2-sphere L N S™ (which
is 1, as we know).

Riemannian products

Let (M, g) and (M’, g’) be two Riemannian manifolds with Levi-Civita connections
D, D’ and Riemann curvature tensors R, R’. Consider the product manifold M =
M x M’, and recall that for p = (p,p’) € M, the tangent space splits as T]\_lﬁ =
™, xTM 1;,.

2.19 Definition The product metric § := g x g’ on M is defined by
255, ) = gy (v, w) + g1, (v, )
forall p = (p,p’) € M and v = (v,v’), w = (w,w’) € TM.

Notice thatif 7: M — M and n’: M — M’ denote the canonical projections,
then g = n*g + (n')*g’.
It follows readily from the Koszul formula that the Levi-Civita connection D of
(M, 2) satisfies
DY = (DxY,Dy.Y")
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for all vector fields X = (X,X’) and ¥ = (¥,Y’) on M. In particular, a curve
¢ = (c,c’) is geodesic in M if and only if c is a geodesic in M and ¢’ is a geodesic
in M’. Thus M x {p’} and {p} x M’ are totally geodesic submanifolds of M for all
peMandpe M.

The Riemann curvature tensor R of (M, ) is of the form

RX,Y)W = (R(X,Y)W,R' (XY W)

for X = (X,X’), Y = (Y,Y’), and W = (W,W’). We let secps,secy and secy;
denote the sectional curvature of M, M’ and M, respectively.

2.20 Proposition (1) Ifsecps,secy = « € R, then secy; > min{k,0}.
(2) Ifsecpr,secyr < k € R, then secy; < max{k,0}.
(3) For P = span{(v,0),(0,w")}, sec;z(P) = 0.

Proof: We prove (1). Let (,w) = ((v,v’),(w,w”)) be an orthonormal basis of the
plane P C TMﬁ, and put

Q =g v) g(w,w) — gv,w)’, Q" =g’ (Vi) g'(wiw’) — g’ (vViw').
Now if secyy,secpy > «, then

sec7(P) = R, w,v,w) = R(v,w,v,w) + R' (v, w’,v,w’

> (0 + Q)k.
Since g(v,v) + g’(V,v’) = g(#,¥) = 1 and g(w,w) + g’(w’,w’) = 1, it follows that
Q+0Q" <gv,v)gw,w) + (1 —gv,v)(1 - glw,w)) < 1.

Hence, if k < 0, then secy;(P) > (Q + Q')x > «, and if k > 0, then secy;(P) > 0.
This shows (1), and the proof of (2) is analogous.

For (3), note that g((v,0),(0,w’)) = 0, and if ((v,0), (0, w")) is orthonormal, then
sec;7(P) = R(v,0,v,0) + R’(0,w,0,w’) = 0. O

For example, for the sphere (S2,g) of constant curvature 1, the product (S? x
$2,g x g) has sectional curvature in [0,1]. Heinz Hopf asked whether or not
§? x §? carries a Riemannian metric of positive sectional curvature (compare p. 265
in [GrKM1975]]). This is still unsolved.
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Chapter 3

Jacobi Fields

Second variation of arc length
Let c¢: [a,b] — M be a unit speed geodesic. For some € > 0, let

Y- (_E’ 6) X [Cl,b] - M’ '}’s(f) = '}’(S,t),

be a piecewise smooth variation of ¢ = 7y, that is, vy is continuous and there exists a
finite subdivisiona = 1) < t; < ... <t = bof[a,b] such that y|_c e)xs,_,.1,118 CT
fori=1,...,k. PutV := y*% and Vp := V(0,-). We will use V; as a short-hand
for the covariant derivative %Vo.

3.1 Theorem (second variation of arc length) With this notation,

2
V,c’>
s=0

dS2 s=

b

b
’ ’ !’ D
L(ys) = / I(Vo)l|2 - RV, ', Vo, ') dr + <—
0 a as

a

Here (Vj;)* denotes the part of V] normal to ¢, thus
(VP = Vg2 = (Vo).
Note that if the variation is proper, that is, if ys(a) = c(a) and ys(b) = ¢(b) for all s,
then %k:ov vanishes for t = a and ¢t = b, hence
d2 b )
Sl Lo = [ 100 - kb Vo
a

dSz 5=

If, in addition, the variation is normal, that is, (Vo,c¢’) = 0, then V{ is normal, and
the formula may be rewritten as
2

d b r’ AN
EL:OL(%F —/a (Vo, Vg + R(Vo, ')’y dt,

because [ V]2 dr = (Vo, V)2 = [V (Vo V') di and Vo(a) = Vo(b) = 0.
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Proof: We put T := y*%, thus T(s,t) = yi(t). Now |y (t)] = |T(s,1)| =
(T(s,1),T(s,1))'/?, hence

%L(ys)=/ab |;|<DTT>d
2 b
%L(”):/a %(<8Ds£v > |as |) |T|3<8s T>2dt‘

By the first part of Proposition , %T = %V, thus

S [ (BTG ()

Furthermore, by Proposition [2.3]

<DD >—<DDVT> (R(T,V)V,T)
asot "1 \otos O
—8<DVT> <DVDT> R(V,T,V.,T)
C0t\os ds "0 o
Now the result follows since for s = 0, |T| = |¢’| = 1 and %T = %c’ =0. O

As a first application we prove the following result from [[Sy1936].

3.2 Theorem (Synge 1936) Let M be a compact connected Riemannian manifold
with even dimension and positive sectional curvature. If M is orientable, then M
is simply connected.

Proof: Suppose, to the contrary, that M is not simply connected. Then there exists
a closed curve «a: [0,1] — M that is not homotopic to a constant curve. Since
M is compact, it can be shown that there exists a shortest closed unit speed curve
c: [0,I] — M in the free homotopy class [@] of @, thus [ > 0, and ¢ is a closed
geodesic (exercise). Let H C T M, be the hyperplane orthogonal to ¢’(0). Since
M is orientable, parallel transport along ¢ gives an orientation preserving isometry
P: H — H, and since the dimension of H is odd, it follows that there exists a unit
vector vy € H with P(vy) = vy. Now let Vj be the parallel unit normal field along ¢
with Vp(0) = vg (and hence Vj(I) = vo). For a variation y: (—¢,€) X [0,{] = M of
¢ = 7y with variation vector field Vj along c,

d2

l
i N =— | RWVy,c' Vo,c')dt.
S| == [ ROb )

Since sec > 0 on M, the integrand is positive, thus L(y,) attains a strict local
maximum at s = 0, in contradiction to ¢ being a shortest curve in [«]. O
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3.3 Remark Every non-orientable manifold M has a two-sheeted orientable cov-
ering m: M — M. Hence, if M is as in the above theorem, but non-orientable,
then one can consider (M, g) instead of (M, g), where g := n*g. It follows that M
is simply connected, thus 7 is the universal covering, and the fundamental group of
M has order two. As a consequence, for any compact manifold N with non-trivial
fundamental group, for example RP"™, N x N cannot carry a Riemannian metric
with positive sectional curvature, because 1 (N X N) = m1(N) X 11(N) has order at
least four.

Jacobi fields

3.4 Definition A vector field Y along a geodesic ¢: I — M (where, as usual, [ is
any interval with non-empty interior) is called a Jacobi field if it satisfies the Jacobi
equation

D D
— Y +R(Y,c) =0;
dt dt (¥.¢')e ’

in brief, Y + R(Y,c’)c’ = 0.

Notice that if r +— Y(¢) is a Jacobi field along ¢ + ¢(¢), and if @, 8 € R, then
s > Y(s) := Y(as + B) is a Jacobi field along s — &(s) := c(as + f).

3.5Lemma The set of Jacobi fields along a geodesic c: I — M™ is a 2m-
dimensional vector space. For ty € I and v,w € TM_,) there is a unique Jacobi
fieldY along c with Y (tg) = v and Y'(tg) = w.

Proof: Withrespect to a parallel orthonormal frame (E, . . ., E,;,) along ¢, the Jacobi
equation corresponds to a system of linear ordinary differential equations of second
order for the functions Y’ := (Y, E;), with Y = Y, Y'E;. Indeed, Y’ = ¥;(Y')E;
and Y = ¥,(Y))"E;, and R(Y,c')c’ = 2 Y-fR(Ej,c’)c’ = 2ij Yij.El- for some
functions Q}; thus Y is a Jacobi field if and only if

m
'y + > ¥ =0
j=1
fori = 1,...,m. This gives the result. O
3.6 Proposition Let c¢: [0,]] — M be a unit speed geodesic. If vy is a variation
of ¢ = yo: [0,]] > M such that ys = y(s,-) is a geodesic for every s, then the
variation vector field Y := Vy is a Jacobi field. Conversely, every Jacobi field along

c is of this form.
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0

Proof: For the first part, put again V := y*% and T := .3,

Theorem[3.1] By Propositions[I.12]and[2.3]
D D D D D D

as in the proof of

Since all curves 7y, are geodesics, %T = 0, thus V satisfies the Jacobi equation.

Conversely, suppose that Y is a Jacobi field along ¢. Choose a curve
o: (-€,¢) > M with 0(0) = ¢(0) and ¢’(0) = Y(0). Let X and W be any
vector fields along o such that X(0) = ¢’(0) and W(0) = Y’'(0) — % s_oX. For
s € (—e€,€) sufficiently close to 0, the geodesic ys: [0,/] — M with

vs(0) =0(s) and 7y,(0)=T(s):= X(s) + sW(s)

is defined; note that yy = c¢. By the first part, the corresponding variation vector
field Vy along c is a Jacobi field. In view of Lemma[3.5] we just need to show that
Vo and Y satisfy the same initial conditions; then Vi = Y and thus Y is a Jacobi field.
First, V5(0) = 0’/(0) = Y(0) by the choice of . Secondly,

, D D D )
VO(O) = E z:OVO = a 0 = a s:OX + W(O) =Y (0)
by the choice of X and W. O

3.7 Remark IfY is a Jacobi field along the geodesic c: I — M, then
(Y,e")” =", c") ={¥",c’) = =(R(Y,c")",¢') = 0,
thus (Y, ¢’) is just an affine function. It follows that the tangential and normal parts

1

N 1 _ T
_|c1|2<Y,c>c, Yr=y-Y

YT

are Jacobi fields as well, because (YT)”” = 0 and R(Y",¢")¢’ = 0.

Example Let c: R — M be a unit speed geodesic in a space form of curvature
k € R,and let E € T'(c*TM) be a parallel unit normal field along c. For a function
f: R — R, the normal field Y := fFE is a Jacobi field along c if and only if

7 +kf =0.

The solution with initial condition (£(0), £/(0)) = (a,b) € R? is f = acs, +bsny;
see ChapterE]for a discussion of these functions cs,,sn,: R — R.

We now prove the following result from [My1941]]. The two-dimensional case
goes back to Bonnet (1855).
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3.8 Theorem (Myers 1941) Let (M, g) be a complete Riemannian manifold with
Ric(v,v) = (m — 1)k for all unit vectors v € TM and for some constant k > 0. Then

Diam(M) := sup{d(p,q) : p,q € M} < %,

in particular M is compact and the fundamental group n1(M) is finite.

Note that both bounds, for the Ricci curvature as well as the diameter, are
attained if M is the m-dimensional model space of constant sectional curvature
ius L
k > 0, the sphere of radius v See also Theorem

Proof: Let p,g € M with [ := d(p,q) > 0. By completeness, there exists a unit
speed geodesic c¢: [0,/] — M from p to g. Choose a parallel orthornormal frame
(E\,...,E,) along ¢ with E,, = ¢’. Put A := (%)2, and note that the function
t — sny(t) = % sin(VAr) vanishes at 0 and [ = % and is positive on (0,/). For
i =1,...,m—1, consider a variation of ¢ with variation vector field r — sn,(¢) E;(¢)
along c. Since ¢ has length d(p, g), it follows from the second variation formula
(Theorem [3.)) that

1
0<- / (sna i, snf{ E; + R(sn By, ¢')c’) dt,
0

where sn’/ = —1sn,. Hence,

l
/ <Ei,R(Ei,C,)C,> dt < Al.
0

By taking the sum fromi = 1 to m—1 and invoking the bound on the Ricci curvature,
we get that (m — 1)kl < (m — 1)Al, thus [ = \% < \/LE Since p # g were arbitrary,
this shows that Diam(M) < \/L,?

In particular, M is complete and bounded, hence compact. Furthermore, if
m: M — M is the universal covering of M, then M, equipped with the Riemannian
covering metric § = n*g, satisfies the assumptions of the theorem as well, hence M
is compact, and thus 71 (M) is finite. ]

Conjugate points

3.9 Definition Let c: [a,b] — M be a geodesic from p to ¢ (where a < b, but
not necessarily p # ¢). Then ¢ is said to be conjugate to p along c if there
exists a non-trivial (that is, not everywhere vanishing) Jacobi field Y along ¢ with
Y(a) =0=Y(b).
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Note that this notion is independent of the choice of (constant speed)
parametrization of c. Note also that for any such Jacobi field Y with Y (a) = 0 = Y(b),
the affine function (Y, ¢’) vanishes, thus Y is normal to c.

For example, antipodal points on the sphere S (r) ¢ R™*! are conjugate along
any arc of a great circle connecting them.

3.10 Remark For c as above, if ¢ is not conjugate to p along c, then the linear map
that sends every Jacobi field Y along c to the pair (Y(a),Y(b)) € TM, x TM, has a
trivial kernel and is thus an isomorphism of 2m-dimensional vector spaces. Hence,
for every pair (v,w) € TM,, x TM,, there is a unique Jacobi field ¥ along ¢ with
Y(a)=vand Y(b) = w.

3.11 Lemma Let c: [0,1] — M be a unit speed geodesic from p to q with initial
vector ¢’(0) =: v. Then q is conjugate to p along c if and only if lv is a singular
point of exp,,.

Proof: The unique Jacobi field Y along ¢ with initial conditions ¥Y(0) = 0 and
Y’(0) = w € TM, is given by Y(¢) = d(exp,,);,(tw). This is the variation vector
field along c of the variation defined by y() := exp,, (#(v + sw)), compare the proof
of Proposition[3.6]

Hence, if Y is a non-trivial Jacobi field along ¢ with Y(0) = 0 = Y(I), then
w :=Y’(0) # 0 since ¥ # 0, and thus the differential d(exp,,);, is singular since
it maps [w to Y(I) = 0. Conversely, if w € TM,, is any non-zero vector such that
d(exp,)iv(Iw) = 0, then the Jacobi field defined by Y(7) := d(exp),):v (tw) satisfies
Y(0) = 0 = Y(I) and is non-trivial since Y’'(0) = w # 0. m|

3.12 Theorem Let c: [0,/] — M be a unit speed geodesic from p to q. Suppose
that no c(t) with t € (0,1] is conjugate to p along clo ;. Then there exists an € > 0
such that L(y) > L(c) for every piecewise C' curve y: [0,1] — M from p to q that
satisfies d(y(t),c(t)) < € for all t; furthermore, equality L(y) = L(c) holds only if
v is a reparametrization of c.

It is not true in general that L(y) > L(c) for all C' curves y from p to g. For
example, on the (flat) cylinder S'(r) x R ¢ R3, there are no pairs of conjugate
points at all, yet there are non-constant closed geodesics, so that even p = g.

Proof: Letv := ¢’(0), so that c(r) = exp,(tv). By the assumption and Lemma(3.11]
d(expy)ev: TMp — TM () is bijective for all 7 € [0,/]. It follows that there exist

0=ty <t <...<tr=1andopensets Uy,...,Ux C TM, such that tv € U; for
t € [ti-1,t;] and exp, |y, is a diffeomorphism onto the open set V; := expp(Ui) for
i =1,...,k. Choose € > 0 such that every V; contains the closed e-neighborhood

of c([ti—1,t;]). Now let y: [0,]] — M be a piecewise C! curve from p to ¢ with
d(y(t),c(t)) < eforall ¢ € [0,I]. Then y([t;-1,t;]) C V;, and we can define a curve

38



B:10,l]] = TM), from O to Iv such that B(r) = (exp,, lu.) "Ny (@) for t € [tioy,t;].
Note that 3 is piecewise C', and exp,, off = y. Now the proof can be completed as
for the first part of Proposition [I.21] i

3.13 Definition Letc: [a,b] — M be a unit speed geodesic. The index form I = I,
of ¢ is the symmetric bilinear form on the space of all piecewise smooth normal
vector fields along ¢ defined by

b
I(X,Y) ::/ (XYY = R(X,c".Y,c")dt

b
:/ (XYY = (X,Y" + R(Y,c")") dt.

Note that if Y is the variation vector field along ¢ of a piecewise smooth, proper
and normal variation y of ¢ = 7y, then

d2

—| L =I1(Y,Y).

ds2 $=0 (’)/S) ( i )

3.14 Lemma Let c: [a,b] — M be a unit speed geodesic. If Y is a normal Jacobi
field along c, then I(X,Y) = 0 for every piecewise smooth normal field X along ¢
with X(a) = 0 = X(b). Conversely, if Y is a piecewise smooth normal field along
¢, and I(X,Y) = 0 for every smooth normal field X along ¢ with X(a) = 0 = X(b),
then Y is a (smooth) Jacobi field.

Proof: By the second expression for the index form, if Y is a normal Jacobi field
along ¢, then I(X,Y) = (X,Y ’)|z = 0 for every piecewise smooth normal field X
along ¢ with X(a) = 0 = X(b).

Conversely, suppose that Y is a piecewise smooth normal field along ¢, and
I(X,Y) = 0 for every smooth normal field X along ¢ with X(a) = 0 = X(b). Let
a=1ty<t <...<tr=>bbesuchthat; := Y|, ;) is smooth fori = 1,..., k.
First, choose a smooth function f on [a, b] that vanishes at t, . . ., #; and is positive
elsewhere. Then X := f (Y + R(Y,c’)c’) is smooth and

Y’ +R(Y, )| dr;

b
O:I(X,Y):—/ f
a
thus Y; is a Jacobi field fori = 1,...,k. Secondly, choose a smooth normal vector

field W along ¢ such that W(a) = 0 = W(b) and W(;) = Y/(t;) - Y/  (t;) for
i=1,...,k—1. Then

k k—1
0=1(W,Y)= > (W) = W),
i=1 i=1

thus Y¥/(t;) = Y/, (t;) fori = 1,...,k — 1, and it follows from Lemma 3.5|that Y is

+
in fact a (smooth) Jacobi field along c. O
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The following result complements Theorem [3.12]

3.15 Theorem Let c: [0,]] — M be a unit speed geodesic. If there exists an
r € (0,1) such that c(r) is conjugate to c(0) along c|o,r), then there exists a
piecewise smooth, proper and normal variation y: (—€,€) X [0,1] = M of ¢ = yy
such that L(ys) < L(c) for all s € (—€,€) \ {0}.

Proof: LetY # 0 be a Jacobi field along c|jo, ] with Y(0) = 0 = Y(r). Note that ¥
and Y’ are normal. Choose a smooth normal field X along ¢ with X(0) = 0 = X(I)
and X(r) = =Y’(r), and put Y(¢) := O for ¢ € (r,1]. Then I(X,Y) = (X(r),Y'(r)) =
—|Y’(r)|?> < 0and I(Y,Y) = 0, hence

IAX +Y,AX +Y) = 221X, X) - 22" ("> < 0

for any sufficiently small A > 0. Then j—; w—oL(ys) < 0 for a variation y with
(piecewise smooth) variation vector field AX + Y along c. O

The Rauch Comparison Theorem

3.16 Proposition (first index lemma) Let c: [0,1] — M be a unit speed geodesic,
and suppose that no c(t) with t € (0,1] is conjugate to c(0) along c|jo,. If X is
a piecewise smooth normal vector field along ¢ and Y is the unique Jacobi field
along ¢ such that Y(0) = X(0) and Y(I) = X(1), then

I(X,X) > I(Y,Y),
and equality holds if and only if X =Y.

Note that ¥ exists and is normal according to Remarks [3.10|and [3.7]

Proof: Put V) := X —Y and consider a (piecewise smooth, proper and normal)
variation of ¢ with variation vector field Vj along c. It follows from Theorem [3.12]
that 1(Vp, Vo) = 0. Furthermore, I(X,Y) — I(Y,Y) = I[(V,,Y) = 0 by the first part of
Lemma[3.14] hence

IX,X)—IY,Y)=I(X-Y,X-Y) =1(Vp,\) > 0.

Suppose now that I(X,X) = I(Y,Y). Then I(Vy,Vp) = 0 for Vj = X — Y as above.
Let W be any smooth normal field along ¢ with W(0) = 0 = W(/). Forevery 4 € R,

A1V, W) + 2I(W, W) = I(Vy + AW, Vi + AW) > 0,

again by Theorem Thus 1(Vy, W) = 0 for all such W, and so V} is a Jacobi
field by the second part of Lemma Since Vp(0) = 0 = Vy(I) and c({) is not
conjugate to ¢(0) along ¢, we conclude that Vy = 0, that is, X =Y. O
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We now state the common assumptions for the two comparison theorems of
Rauch [Ral951]] and Berger [Be1962] and a corollary.

3.17 Assumptions Suppose that M and M are Riemannian manifolds with
dim(M) < dim(M), and c: [0,I] — M and ¢: [0,/] — M are unit speed geodesics
such that

secpr(P) < secyz(P)

whenever ¢ € [0,1], ¢’(t) € P,and ¢'(t) € P.

3.18 Theorem (Rauch 1951) Suppose, in addition to Assumptions that no
c(t) with t € (0,1) is conjugate to ¢(0) along ¢lj,,. If Y and Y are Jacobi fields
along ¢ and ¢, respectively, such that Y(0) = 0 = Y(0) and

[Y’(0)] = [Y"(0)l, (¥’(0),¢"(0)) = (Y'(0),&"(0)),
then |Y(t)| > |Y(¢)| for all t € [0,1].
In particular, no ¢(¢) with ¢ € (0,/) is conjugate to c¢(0) along c|jo,].

Proof: We assume that Y, Y are normal along c, ¢, as the theorem follows readily
from the result in this special case by virtue of Remark (In the general case,
[YT| = |¥T| because (Y,c’)(0) = (¥,c’)(O0) and (Y,c’)'(0) = (¥,é’)’(0).) We
further assume that ¥ # 0, thus ¥’(0) # 0. Note that then Y (¢) # 0 for all t € (0,1)
since conjugate points are excluded.

Fix r € (0,]) for the moment, and put A := |Y(r)| and A := |Y(r)|. Choose
a parallel orthonormal frame (Ej,...,E,;—1,¢’) along ¢ such that 1 E|(r) = Y(r).
Since dim(M) > dim(M), there is an orthonormal system (Ej,...,E,_,¢’) of
parallel vector fields along ¢ such that A E1(r) = Y(r). Now consider the vector
field X := Y. (Y, E;)E; along ¢. Then |X| = |Y| and |X’| = |Y"|, furthermore

AX(r)= A E((r) = AY(r).

Let I” and I” denote the index forms of cljo,-; and ¢ljo,-). By the assumption
involving the sectional curvatures,

.
I’(Y,Y):/ IY'|> = Ry (Y,c",Y,c") dt
0
2/ 1X')? - Ryy(X,&, X,&)dt = I" (X, X).
0

Hence, 221" (Y,Y) > 21" (X, X) > A2I"(Y,Y) by Proposition Evaluating the
index forms using the second expression in Definition [3.13] we thus get that
V()P (), Y (r)) = V()PP (), Y (r)).

Since r € (0,1) was arbitrary, it follows that (|Y|*/ |1_’|2) "> 00n (0,/). Furthermore,
using L’Hdpital’s rule twice, one can check that |Y|?>/|Y|? tends to 1 as r — O (this
uses that Y(0) = 0 = Y(0) and |Y’(0)| = |Y’(0)| # 0). Thus |Y| > |Y|on[0,/]. O
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3.19 Corollary Let again M,M and c,é be given as in Assumptions and
suppose, as in Theorem that no ¢(t) with t € (0,1) is conjugate to ¢(0)
along ¢ljo,s)- Put p := ¢(0), v := ¢’(0), p := ¢(0), v := ¢’(0), and let H: TM,, —
T]\;Iﬁ be a linear isometric embedding such that H(v) = v. Then for all w € TM),,
andw = H(w),

[d(exp, i ()] = [dexpy)is (9]

Proof: LetY and Y be the Jacobi fields along ¢ and ¢, respectively, with Y(0) = 0,
Y’(0) = w, and Y(0) = 0, Y’(0) = w. Then |Y’(0)| = |w| = |w| = |¥’(0)| and

(¥'(0),¢’(0)) = (w,v) = (w,7) = (¥"(0),¢"(0)).

Furthermore, Y (1) = d(exp,): (tw) and Y(t) = d(exp):5(tw) (see the proof of
Lemma[3.11). Now Theorem shows that |Y(I)| > |Y(I)|. This gives the result.
|

Corollary [3.19] may further be used to compare distances or volumes; see, for
example, the proofs of Theorems[5.12]and [6.1]

Focal points and the Rauch-Berger Theorem

Let M be a Riemannian manifold with Levi-Civita connection D, let ¥ € M be a
submanifold, and let N € T'(T=') be a unit normal field. Suppose thatc: [0,/] > M
is a unit speed geodesic from p € ¥ to g € M with ¢’(0) = N(p). Recall that the
shape operator of (X,N) at p is the linear operator Sy = Sy(p): T2, — TZ,
satisfying Sy (x) = —=(D,N)T (Lemma .

3.20 Proposition For a Jacobi field Y along c, the following are equivalent:

(1) Y is the variation vector field along c of a variation y of ¢ = yg such that
every curve ys = y(s,-) is a geodesic with ys(0) €  and y/(0) € TZ;(O).

(2) Y(0) € TE, and Y'(0)T = (Dyo)N)" = —Sn(Y(0)).
A Jacobi field with these properties is called a 2-Jacobi field along c.

Proof: Suppose first that (1) holds. Put o(s) := y4(0) € Z and I'(s) := y/(0) €
T (5)" Then Y (0) = 0’(0) € TX,,. Moreover,

D D
Y'(0) = — = —
©) dtlr=0 ds

Note that T'(0) = ¢’(0) = N(p) = (N o 0)(0). Hence, if Z is any vector field along
o tangent to X, then (%(F —-No cr),Z> = —(F —Noo, %Z) vanishes at s = 0. It

( F) — (
dS s=0 dS

I.
s=0

(N o o-))T = (DyN)".

s=0
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Combining these equalities we get (2).

Conversely, suppose that (2) holds. Choose a curve o: (—€,e) — X with
0’(0) = Y(0) € TZ,. Let X and W be any vector fields along o normal to X
such that X(0) = N(p) and W(0) equals the normal component of Y’(0) — % 0X-
Put I'(s) := X(s) + sW(s). Note that I'(0) = N(p) = ¢’(0). Similarly as above,

T
(2]._,X)" = (Dy@N)", thus

D B B o
Tshcol = Tl X T W) = DyN) +Y(0)" =Y(0)
by (2). Now it follows as in the proof of Proposition [3.6that (1) holds. ]

3.21 Definition The point g = ¢(/) is called a focal point of ¥ along c if there exists
a non-trivial X-Jacobi field Y along ¢ with Y () = 0.

In analogy to Lemma(3.11|it can be shown that g is focal point of £ along c if and
only if ¢’(0) is a singular point of the normal exponential map exp* := exp |onrs-.

3.22 Remark Suppose now that dim(X) = dim(M) — 1 and S.(p) = 0. (This holds,
for example, if X is the geodesic submanifold expp(c’(O)l N B(r)) orthogonal to
¢’(0), for some sufficiently small » > 0.) Then it follows from Proposition [3.20] that
a normal Jacobi field Y along c is a £-Jacobi field if and only if Y’(0) = 0. Hence,
q = c(l) is a focal point of X along c if and only if there exists a non-trivial Jacobi
field Y along ¢ with Y’(0) = 0 and Y(I/) = O (which is then necessarily normal). If
no such Jacobi fields exists, then the linear map that sends v € TM, to Y,,(I) € TM,,
for the Jacobi field ¥, with ¥,,(0) = v and ¥,/(0) = 0 is an isomorphism, thus for
every w € TM,, there is a unique Jacobi field Y along ¢ such that Y’(0) = 0 and
Y(l) = w. If w is normal, then so is Y.

3.23 Proposition (second index lemma) Ler c¢: [0,/]] — M be a unit speed
geodesic, and suppose that no non-trivial Jacobi field Y along ¢ with Y’'(0) = 0 has
a zero in (0,1]. If X is a piecewise smooth normal vector field along c and Y is the
unique Jacobi field along c such that Y'(0) = 0 and Y(I) = X(I), then

I(X,X) > 1(Y,Y),
and equality holds if and only if X =Y.

Proof: Let Vq,...,V,,—1 be Jacobi fields along ¢ such that (V{(0),...,V,,—1(0)) is

an orthonormal basis of ¢’(0)*, and V/(0) = O for k = 1,...,m — 1. It follows from
the assumption on c that (Vi(7),...,V,,—1(¢)) is a basis of ¢’(¢)* for every ¢ € [0,1].
Thus there exist piecewise smooth functions Ay,...,4,,-1: [0,/] — R such that

X = 3; 4;V;. The linear combination }}; A;(I)V; (with constant coefficients) is a
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Jacobi field with covariant derivative O at t = 0 and value X(/) = Y (/) atz = [, so it
is equal to Y. Since Y’(0) = 0,

m—1
IY,Y) = (YD), Y'(D) = > (XD, LDV, (D).
i=1

As V/(0) = 0, the summand (X, 4;V/)() can be rewritten as the integral over [0, /]
of the derivative of the piecewise smooth function (X, 4;V/). Together with the
Jacobi equation for V;, this gives

1
(X, V(1) = / XLV + (X VY + (X AV di
0

l
- / KVY) = AL fr — (X RV, e’ dr,
0

where f; ;= (X', V;) — (X, V/). Taking again the sum, we get that

m—1 1
IY,Y) = I(X,X) = > /O A/ fidt.
i=1

Now f; = X; U{V;, Vi) + /lj((Vj’,Vi) —(V;,V/)), and the function (VI Vi) =V, V)
vanishes at # = 0 and has zero derivative on [0,/], as one readily checks from the
Jacobi equation and the symmetry properties of R. It follows that

m—1 2

S
i=1

Equality holds if and only if every A; is constant, thatis, X = >, ;()V; =Y. O

1Y,Y) = I(X,X) - / l dt < I(X,X).
0

3.24 Theorem (Berger 1962) Let again M,M and c, be given as in Assump-
tions and suppose that no non-trivial Jacobi field Y along ¢ with Y'(0) = 0
has a zero in (0,1). If Y and Y are Jacobi fields along ¢ and ¢, respectively, such
that Y’(0) = 0 = Y’(0) and

[Y(0)| = [Y(0)l, (¥ (0),¢’(0)) = (¥(0),¢"(0)),
then |Y(t)| > |Y(t)| for all t € [0,1].

Proof: Suppose, as in the proof of Theorem(3.18| that Y, ¥ are normal along c, ¢ and
Y is non-trivial. Then it follows from the assumptions that Y () # 0 for all ¢ € [0,1).
Now the same argument as in the proof of Theorem [3.18] with Proposition [3.23]
in place of Proposition shows again that (|Y|?/ |I7|2)' > 0 on (0,/). Since
|Y(0)| = |Y(0)] # 0, this yields the result. m|
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Chapter 4

Riemannian Submersions and
Coverings

Riemannian submersions

4.1 Definition Let (M, 2), (M, g) be two Riemannian manifolds, and suppose that
n: M — M is a submersion (that is, dr,: TM,, — T My is surjective for all
p € M). Then n is called a Riemannian submersion if for all p € M the map

dﬂp|1.1p : Hp — TM,T(I,)

is an isometry, where H,, ¢ TM,, is the orthogonal complement of V), := ker(dn,,).
Vectors in H), or V), are called horizontal or vertical, respectively.

Note that for every p € (M) c M, the fiber 7~'{p} is a submanifold of M of
dimension dim(M) — dim(M).

42Lemma If M and M are two connected Riemannian manifolds with dis-
tance functions d and d, and ifm: M — M is a Riemannian submersion, then

d(n(p),n(q)) < d(p.q) for all p,q € M.

Proof: For a vector v € TM,, let v = vM + 1" be its decomposition into
horizontal and vertical part. Since |dr,(v)| = |dﬂp(vh°r)| = [vPr| < |v], it follows
that L(y o ) < L(y) for every piecewise C! curve in M. O

The following result relates geodesics in M to horizontal geodesics in M.

4.3 Proposition Suppose that 1: M — M is a Riemannian submersion.

(1) Let ¢ be a maximal geodesic in M with ¢(0) = n(p) for some p € M. Then
there exists a unique maximal horizontal curve ¢: I — M with &(0) = p and
mo ¢ =cly, and ¢ is a geodesic in M.
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(2) Let € be a geodesic in M with horizontal initial velocity ¢'(0). Then ¢ is
horizontal, and ¢ := 7 o C is a geodesic in M.

Notice that if M is complete and M is connected, then it follows from (2) and
Theorem [I.23]| (Hopf-Rinow) that M is complete and 7 is surjective.

Proof: We prove (1). Assume that ¢’(0) # 0. Let € > 0 be such that N := ¢((—¢, €))
is a 1-dimensional submanifold of M contained in 7(M). As a submersion, 7 is
transverse to N, and it follows from a standard result in differential topology that
n~Y(N) is a submanifold of M of dimension dim(M) — dim(M) + 1. Consider the
horizontal lift X of X := ¢’|y on 7~'(N). Let ¢ be the (maximal) integral curve of
X with &(0) = p. For every ¢ in its domain,

(0 &)(1) = drzy(€' (1) = drz)(Xer) = Xnoc(r),

thus 7 o ¢ is the integral curve of X with 7 o ¢(0) = ¢(0) and s0 7 0 ¢ = ¢|(_¢,¢)-
Then ¢ is a geodesic since |¢(f)| = |Xz)| = |Xe@)l is independent of ¢ and, for
suitable subintervals [z,¢’],

L(Clirin) = L(clirin) = d(c(t), c(t”)) < d(E(1),¢(t))

by Lemma.2] Now (1) follows.

For the proof of (2), given ¢: I — M, let y be the maximal geodesic in M with
v'(0) = dng)(¢’(0)). By (1), there is a maximal horizontal lift ¥ with ¥(0) = ¢(0),
and ¥ is a geodesic in M. Since ¢’(0) is horizontal, ¢’(0) = ¥’(0), thus ¢ = ¥|; is
horizontal, and c :=wmo ¢ =mo ¥y|; = y|;. O

Example Let (M, g) and (M’, g’) be Riemannian manifolds, and let f: M — (0, c0)
be a C* function. The warped product M Xy M’ is the product manifold M x M’
endowed with the metric defined by

(8 X7 &)p.p) (v,V), (W, W) = gp (v, W) + f(p)?g;, (v, W)

for (v,v"),(w,w’) € T(M X M), ) = TM,, X TM;?’; briefly, g X7 g’ = g + f2g’.
Then the canonical projection

n:(MxM,gxpg')— (M,g)
is a Riemannian submersion with
V(p,pf) = {Op} X TMI/" and H(p,p’) = TMp X {OP’}'

Forevery p’ € M’, the submanifold M X {p’} is everywhere horizontal and therefore
totally geodesic in M xy M’ (recall Proposition [2.18)).

46



4.4 Proposition Letm: M — M be a surjective submersion, and let g be a Rieman-
nian metric on M. Suppose that for every pair of points p,q € M with n(p) = n(q)
there exists an isometry h € Isom(M,g) such that h(p) = g and m o h = n. Then
there exists a unique Riemannian metric g on M such that w: (M,g) — (M,g) is a
Riemannian submersion.

Proof: First we verify that for every pair of points p,q € M with n(p) = n(q), the
map

(1) (dngln,) " o (dnylu,): Hy — H,

is an isometry. By assumption there exists an isometry & of M such that h(p) = ¢
and m o h = n. Then dn, o dh, = dnp, and thus the isomorphism dh, maps
V), = ker(dnp) to V,. Hence, as an isometry, dh, maps H, isometrically to H,,
and the map (I) is just dh,|p,. Since  is surjective, it now follows that for every
x € M there is a unique inner product g on 7'My such that drp |u, : Hy — TMjy is
an isometry for all p € 7~!{x}. It can be shown that g, depends smoothly on x. O

Example The complex projective space CP™ may be regarded as the quotient space
of the unit sphere §2"*! ¢ R?"*2 = C"*! by the equivalence relation

1~7 e 7 =aAzforsomel=¢e"? e cC.
Then the quotient projection 7: §?**! — CP" is a surjective submersion, the
(generalized) Hopf fibration. For any A as above, the map h,: $>"*! — §2n+l
sending z to Az (a rotation) is an isometry of (S>**!, gPh) satisfying 7 o hy = 7. By
Proposition [4.4] there exists a unique Riemannian metric g on CP" with respect to
which 7 is a Riemannian submersion, called the Fubini—Study metric.

For p € §?"*! and a unit vector v € TSE,”“, let ¢ = ¢,: R — §?"*! be the
geodesic given by &(t) = pcos(t) + vsin(¢). Note that the fiber of & through p is
contained in the plane with orthonormal basis {p,ip}, thus the vector ip € TSI%"+1
is tangent to the fiber, and ¢ is horizontal if and only if {ip,v) = 0. If this condition
holds, then ¢ := 7 o ¢ is the geodesic in CP" with c(0) = n(p) and ¢’(0) = dm,,(v)
(by Proposition[4.3)). For all 7 € R,

c(t +m) = (et + m)) = n(=¢(1)) = n(¢(1)) = (o),

thus c is periodic with period 7.

Curvature of Riemannian submersions

Let 7: M — M be a Riemannian submersion. We now discuss some results
from [ON1966] relating the Levi-Civita connections D and D, as well as the
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curvature tensors R and R, of M and M. For any vector field X € T'(TM), we let
X € I'(T M) denote the unique horizontal vector field such that 7, X = X o x (that
is, X and X are n-related). Notice that for all X,Y € I'(TM),

(X,Yy = (. X,m,Y)=(X,YYor and m,[X,Y]=[X,Y]on.
4.5 Proposition Forall X,Y,Z € T'(TM),

<D)?I7,Z> =(DxY,Z)on and l_))?f = DxY + =[X,Y]"".

| =

Proof: For all X,Y,Z e I'(TM),
Z(X,Y)=Z(X.Y)omr) = (M. Z)(X.Y) = (Z.(X.Y)) o

and
(Z,[X,Y]) = (mZ,m[X,Y]) = (Z,[X,Y]) o 7.

The assertion (l_))?f, Z} = (DxY,Z) o n follows readily from these relations and
the Koszul formulas for D and D. In turn, (DxY,Z)on = (DXY, Z>, thus

(1) (Dg¥)™" = DxY.

Now let T € T'(TM) be a vertical vector field. Then 7,7 = 0 and 7,[X,T] =
[X,0] o w = 0, so [X,T] is vertical, and the Koszul formula for D yields

2(DgY,T) = -T(X,Y) + (T.[X.Y]),
where T(X,Y) = T((X,Y) o 7) = (n.T){(X,Y) = 0. Hence

(2) (DgY)™ = <[X, Y],

| =

and (I)) and (2)) yield the second assertion. o

4.6 Theorem (O’Neill 1966) Forall X,Y € I'(TM),

R(X,Y,X,Y)onm — R(Y,Y,J?,Y_) - % |[_’f]ver|2 ~3 |(l—)§?)ver|2.

Proof: Let V,W,X,Y € I'(TM). From Proposition[4.5| we get that
X(V,DyW) = X((V,DyW) o ) = (. X){V,DyW) = (X{V,DyW)) o

and, for A := 3 ([X, V]"", [V, W]*"),

—~

D5V,DyW) = (DxV,DyW) + A = (DxV,DyW) o 1 + A.
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It follows that

= (X(V,DyW)) om —(DxV,DyW)om — A
= <V, DnyW) om — A.

() (V,DyDxW) = (V,DyDxW) o — B.

Next, note that 7,[X,Y]"" = [X,Y] o 7 and thus [X,Y]"" = [X,Y] by uniqueness.
Write [X,Y] = [X,Y] + T for T := [X,Y]"". Since T is vertical, so is [W,T]. From
Proposition [4.5| we get that

1

<‘7, DTW> = <‘7, vaT> = —<DW‘7,T> = §<[‘7, W]Ver’ T> =C
and (V,DWW> = (‘7, Dix.y)W), hence
3) <‘7, _[Y,Y]W> = <‘7, D[X,Y]W> +C = <V, D[X,Y]W> om+C.

Now (1)), (2), and (@) yield the identity
R(V,W,X,Y)=R(V,W,X,Y)onr—A+B—C.
If (V,W) = (X,Y), then A = O and C — B = 2 |[X, 7] = 3|(Dg?) ™. o
Example Consider again the Hopf fibration : §?"*! — CP", where CP" is
equipped with the Fubini-Study metric. Let T € T'(TS>**!) be the vertical unit
vector field given by T(p) = ip. For X,Y € I'(T(CP")) and the horizontal lifts
X,Y e I(TS¥1),
|(DyX)™| = (DyX.T)| = [(X. DyT)|
Here, the Levi-Civita connection D of $¥**! is just the tangential part of the
usual directional derivative in R?"*2 and it follows from the definition of 7 that
(X,DyT) = (X,iY). Hence, if x,y € T(CP")y(,) are orthonormal and X,§ €
TSI%"+1 are the horizontal lifts, then Theorem (4.6| gives the explicit formula
sec(span{x, y}) = 1 + 3(X,iy)>.

In particular, the sectional curvature of CP" takes values in [1,4].
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Riemannian coverings and space forms

We now turn to the equi-dimensional case. Let M and M be two manifolds of
the same dimension. A smooth map F: M — M is a local diffeomorphism if
every point in M has an open neighborhood that is mapped diffeomorphically onto
an open set in M. By the inverse function theorem, this holds if and only if
dF,: TMP — TMpp) is bijective for every p € M. Given Riemannian metrics g
and g on M and M, respectively, a smooth map F: M — M is a local isometry
if F*g = g. Then F is in particular a local diffeomorphism (and a Riemannian
submersion with discrete fibers). Note that, as in Definition 4.1] we do not assume
the map F to be surjective. Evidently, a local isometry takes geodesics to geodesics
(compare Proposition[4.3).

4.7 Lemma Suppose that F,G: M — M are two local isometries, and M is
connected. If F(p) = G(p) and dF,, = dG,, for some point p € M, then F = G.

Proof: The set
A:={q €M :F(q) = G(g) and dF, = dG,}

isnon-empty (as p € A) and closed because F and G are continuously differentiable.
Let g € A. Since F and G are local isometries, in a neighborhood of 0 € TM,,,

Foexp, = expp(, o dFy = expg(y) ©dGy = G oexp, .

Hence F = G in a neighborhood of ¢. This shows that A is also open. Since M is
connected, it follows that A = M, in particular F = G on M. m|

Next, recall that a covering map m: M — M of topological spaces M, M is a
continuous surjective map such that every point in M has an open neighborhood U
whose preimage 7~!(U) is a union of pairwise disjoint open sets each of which is
mapped homeomorphically onto U by 7.

4.8 Definition Let again (M, g) and (M, g) be two Riemannian manifolds of the
same dimension. A smooth covering map n: (M,g) — (M,g) with the property
that 7*g = g is called a Riemannian covering map.

4.9 Proposition Suppose that M is a complete Riemannian manifold and M is a
connected Riemannian manifold of the same dimension. Then every local isometry
F: M — M is a Riemannian covering map.

Proof: It follows from the assumptions that M is complete and F is surjective
(compare the remark after Proposition[4.3]). Now let ¢ € M, and choose r > 0 such
that exp, : B, — B(g,r) is a diffeomorphism.
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First we show that for every pair of distinct points p,p’ € F~'{g4}, the (open)
balls B(p,r) and B(p’, r) are disjoint. Since M is complete there exists a minimizing
geodesic ¢ from p to p’. Furthermore, since F is a local isometry, ¢ := FoCisa
geodesic loop at g. Then d(p, p’) = L(¢) = L(c) = 2r by the choice of r.

Next we show that F|g(, ) : B(p,r) — B(g,r) is a diffeomorphism for every
p € F'{g}. Since F maps geodesics to geodesics,

Foexp, |, = exp, o dFp|s,,

and the latter is a diffeomorphism onto B(q,r) because dF,,: TM,, — TM, is an
isometry and due to the choice of r. This yields the result.

Lastly, U,ep-1(4) Bp,7) C F~'(B(q,r)), because F(B(p,r)) c B(g,r) for all
p € F~'{q}. For the reverse inclusion, let x € F~'(B(q,r)). Since d(F(x),q) < r,
there is a vector w € TMp(y) such that |w| < r and expg(y(w) = ¢q. Letv :=
(dFy)~'(w) € TM, be its lift. Then

F(epr(V)) = eXpF(x)(dFX(v)) = eXpF(x)(W) =4,

thus p := exp,(v) € F'{q}. As |v| = |w| < r, it follows that x € B(p,r).

O

Let, for the moment, M be a connected topological manifold. A group I'
Homeo(M) of homeomorphisms of M acts freely on M if y(p) # p whenever
y € T'\ {id} and p € M, and T acts properly discontinuously if for every compact
set K C M there are only finitely many elements y € I with y(K) N K # 0. If
both properties hold, then the quotient space M /T is a topological manifold and the
projection 7: M — M /T is a covering map. Conversely, suppose that F: M — M
is a covering map onto another topological manifold M (it suffices to assume that
M is a Hausdorff space). Then a homeomorphism y € Homeo(M) is called a deck
transformation or covering transformation if F oy = F, and the group I of all deck
transformations acts freely and properly discontinuously on M. (See, for example,
the proof of Proposition 3.5.7 in [Th1997]].) The bijection sending each orbit I'(p)
to F(p) is a canonical homeomorphism from M /T onto M. Recall also that if M is
simply connected, then I' is isomorphic to the fundamental group 7{(M).

Let now again M be a connected smooth manifold, and let I' ¢ Diff(M) be
a group of (C*) diffeomorphisms of M that acts freely and properly discontinu-
ously. Then there is a unique C™ structure on M /T such that the covering map
n: M — M/T is a local diffeomorphism. Furthermore, if [ c Isom(M) is a
group of isometries with respect to a Riemannian metric § on M, then there is
a unique Riemannian metric g on M /T such that 7 is a local isometry (compare
Proposition {.4).

The following characterization of space forms (recall Definition [2.6)) is due to
Killing [Kil1891] and Hopf [Ho1926]. For x € R and m > 2 we let M}* denote the

51



m-dimensional model space of constant sectional curvature «,

(S™, LgsPhy if k > 0,
My = S (R™, g ifk =0,
(H™, ﬁghyp) if k < 0.

We write D, for the diameter of M*, thus D, = % ifx >0and D, = 0 if k < 0.

4.10 Theorem (Killing 1891, Hopf 1926) Let M be an m-dimensional space form
of curvature k € R. Then there exists a group I' C Isom(MZ") that acts freely and
properly discontinuously on M such that M is isometric to M' /T'. If M is simply
connected, then M isometric to M".

Proof: Choose points p € M and g € M, a linear isometry H: T(M}}"), — TM,,
and define
-1
F :=exp,oH o (exp, [an,) : B(p.Di) — M.

Since both M7" and M have constant curvature «, it follows from Corollary [3.19
that F is a local isometry.

Consider first the case k < 0. Then F'is defined on all of M}*, and F': M} — M
is a covering map according to Proposition The group I' ¢ Homeo(M")
of deck transformations of F acts freely and properly discontinuously on M.
In fact, ' c Diff(M}"), because F is a local diffeomorphism, and there is an
induced C* structure on M}"/T" such that the projection n: M7 — M”*/I" is a
local diffeomorphism and M*/I" is diffeomorphic to M. For y € I" and p’ € M,
differentiation of F oy = F gives dF,,nody, = dF,. Since F is alocal isometry,
it follows that I" ¢ Isom(M"), and M}*/I" carries a Riemannian metric such that &
is a local isometry. Thus M is isometric to M}’ /T

Secondly, suppose that k > 0. Choose a point p € M”* \ {p,—p} and define
G:=F(p),H := dF;, and
F:=expz o H o (exp |B(DK))_1: B(p,D,) — M.

Then F(p) = G = F(p), df; = H = dFs, and F is a local isometry, like F.
Now Lemma shows that F and F agree on the intersection of their domains,
M \ {—p,—p}, and therefore F extends to a local isometry F': M — M with
F(-p) = F(=p). The rest of the argument is the same as in the case x < 0. O

Examples

1. (Euclidean space forms) Let I' c Isom(R",g®") be a group of transla-
tions that acts freely and properly discontinuously. Then there exist linearly
independent vectors vi,...,vx € R™ such that I is the group

r= {x|—>x+2leziv,- (2t .. 2k) € ZF}
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isomorphic to Z* (exercise). If k = m, then (R™, gN/T is a flat m-torus,
diffeomorphic to 7" = R™/Z™. If k < m, then (R™, g®*!)/T" is isometric to
the product (T% x R™7k g x g®!) for some flat k-torus (7%, g).

If I' c Isom(R™,g®) acts freely and properly discontinuously with com-
pact quotient, then the group I’ C I' of translations has finite index in T’
and R™/T is finitely covered by the flat flat torus R™/I"". This is due to
Bieberbach [Bil911]], [Bil912]. See [Busl1985] for an elegant geometric
proof.

. (Hyperbolic space forms) Every compact oriented surface of genusn > 2 can
be realized, in a flexible way, as a quotient (H2, g™P)/T". The construction de-
pends on 6n—6 parameters (Fenchel-Nielsen coordinates), the corresponding
moduli space is called Teichmiiller space. (Oswald Teichmiiller introduced
quasiconformal mappings to the subject [Te1940].) See [FeN2003] for an
edition of the Fenchel-Nielsen manuscript, and [Hu2006]| for a detailed in-
troduction to Teichmiiller theory.

For quotients of (H™, g"™P) with m > 3 the famous Mostow rigidity theorem
holds [Mo1968]], [Mo1973]: if H™/T" and H™ /T’ are compact and I',T” are
isomorphic, then H /T" and H™ /T are isometric.

. (Spherical space forms) For the standard sphere (S, ") and I" = {id, —id},
(Sm’gsph)/r — (RPm’gell)

is the real projective space. The canonical (quotient) metric g!! on RP™ is
called the elliptic metric. For m even, $"" and RP™ are the only spherical
space forms; see Theorem .11 below.

For m = 2n — 1 odd, the sphere S ¢ R™*! admits other quotients. Choose
integers p,q1,...,q, > 1 such that p and g; are coprime for j = 1,...,n, and
view S™ as a subset of C". Then the group of isometries

I:= {(zl,. cyZg) P (ezmk%/pz],.. .,eZ”ikq”/Pzn) ck=0,...,p— 1}

isomorphic to Z/pZ acts freely (and properly discontinuously, as a finite
group) on S™. The quotient (S, g*P")/T is the lens space L(p;q1,. . .,qn).
Lens spaces were first described by Heinrich Tietze [[111908]].

4.11 Theorem Let M be a space form with sectional curvature = 1 and even
dimension m. Then M is isometric to S™ or to the real projective space RP™ =
S™ /{id, —id}.

Proof: From Theorem [4.10, we know that M = S™/I" for some group I' C
Isom(S™) ~ O(m + 1) that acts freely and properly discontinuously on S"”. Let
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y € I'. Since m + 1 is odd, vy has an eigenvalue 1 or —1. If y has an eigenvalue 1,
then y = id because I acts freely. If —1 is the only real eigenvalue of y, then 1 is an

eigenvalue of y? and hence y? = id. But then y = —id, for otherwise there would
exist a vector v € ™ with y(v) # —v, thus y(v) + v # 0 would be an eigenvector
with eigenvalue 1. This shows that I' = {id} or ' = {id, —id}. O

A general reference for space forms is [Wo2011]].

Hadamard manifolds

The following result was established by Jacques Hadamard for surfaces and by Elie
Cartan [[Cal928]] in the general case.

4.12 Theorem (Hadamard 1898, Cartan 1928) Let M be a complete Riemannian
manifold with sectional curvature sec < 0, and let p € M. Then exp,: TM), —
M is a covering map; in particular, if M is simply connected, then exp, is a
diffeomorphism.

A complete simply connected Riemannian manifold with non-positive sectional
curvature is called a Hadamard manifold or a Cartan—Hadamard manifold.

Proof: Since sec < 0, geodesics in (M, g) have no conjugate points (exercise).
Hence, by Lemma@ exp,: TM, — M has no singular points. It follows that
g := exp,, g defines a Riemannian metric on TM),. For every v € TM), the line
1+ tv is a geodesic with respect to g, because 1 — exp,,(fv) is a geodesic in M
and exp,, is a local isometry. Thus, by Theorem (Hopf—Rinow), (TM,,g) is

complete. Now Proposition@shows that exp,,: TMp, — M is a covering map. O

4.13 Lemma Let M be a Hadamard manifold. Then for every pair of geodesics
¢,¢: R — M, the function t — d(c(t),c(t)) is convex on R.

Proof . Exercise. O

4.14 Proposition (flat strip) Suppose that M is a Hadamard manifold, c,c: R —
M are two unit speed geodesics with distinct images, and sup g d(c(s),c(s)) < oco.
Let f: Rx[0,1] = M be the geodesic homotopy between ¢ and €; that is, for fixed
s € R, t — f(s,t) is the unique geodesic from c(s) to ¢(s). Then there is an inner
product on R? with respect to which f is a totally geodesic isometric embedding.

The following argument (from [Del.2016]) is based entirely on Lemma[4.13]

Proof: For every r € R, the function s — d(c(s), (s + r)) is bounded and convex
on R and thus equal to some constant v(r). Furthermore v(r) > 0, for otherwise ¢
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and ¢ would have the same trace, contrary to the assumption. We now show that
for every pair of points x = (s,7) and X = (5, + 6) in R X [0, 1] with § > 0,

sv(52) ifs>0,

) d(f(x), f(X)) = {IE —s|  ifs5=0.

Suppose first that § > 0, and putr := % Lety :=(s—tr,0)and y := (s+(1-1)r, 1)
denote the points where the line through x and x intersects R x {0} and R x {1}.
Then

2 d(f(y), f(¥)) = d(c(s —tr),é(s — tr + 1)) = v(r).
Write 7 := f(s,-) and 77 := f(5,-). By convexity,
3) d(f(y), f(x)) = d(c(s —tr),n(1)) < td(c(s —r),n(1)) = v(r).

Similarly, we infer that

“ d(f(%),f(¥) <A -1 =06)v(r)

as well as d(n(0),7(5)) < év(r) and d(n(1 — 6),7(1)) < §v(r). Hence, by the
convexity of A — d(n(1),7(A + §)) on [0, 1 — §], also

&) d(f(x), f(X)) = d(n(1).7(z + 6)) < 6 v(r).

From (2)—(5) and the triangle inequality it follows that all inequalities derived so
far are in fact equalities. In view of (§)), this yields the first part of (I)). For the
second, we assume that the points x = (s,¢) and X = (5,7) lie in R x (0, 1). Putting
Xs :=(5,t + 6) for 6 > 0, we deduce that

d(f(x), f(@) = lim d(f(x), f(%5) = lim & V(E 5 S)-

Since |r| — v(0) < v(r) < |r] + v(0) for all r € R, this limit is equal to |5 — s,
as required. It follows readily from (T]) that there is a norm || - || on R? such that
d(f(x), f(x)) = ||x — x|| for all x,x € R x [0,1]. Note that the triangle inequality
for || - || is just inherited from M.

Finally, since f is distance preserving with respect to || - ||, it follows that
V> = (f*g)x(v,v) for all x € R x [0,1] and v € R2. Thus the inner product
(f*g)x is independent of x and induces || - ||. O

Isometries of Hadamard manifolds

4.15 Definition Let M be a Hadamard manifold, and let y € Isom(M) be an
isometry. The displacement function d,: M — [0,00) is defined by d,(p) :=
d(p,y(p)) for all p € M. We put

[yl :=inf{d)(p) : p € M} and Min(y):={p e M :d)(p) = Iy|}.
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4.16 Lemma The set Min(y) is closed, y-invariant, and convex.
Proof: 1t is clear that Min(y) is closed. For every p € Min(y),

d,(yp) = d(yp,y*p) = d(p,yp) = d,(p) = |yl

thus Min(y) is y-invariant. Lastly, if ¢: [0,1] — M is a geodesic such that
¢(0),¢(1) € Min(y), then it follows from Lemma that

d(c(A),yc(2)) < (1 =) d(c(0),yc(0)) + Ad(c(1),yc(1)) = |y
for all A € [0, 1]. This shows that Min(y) is convex. O
Isometries of Hadamard manifolds are classified as follows.

4.17 Definition An isometry y of M is called parabolic if Min(y) is empty and
semi-simple otherwise. In the latter case, vy is elliptic if |y| = O (that is, y has a
fixed point) and hyperbolic if |y| > 0.

For an isometry vy, a unit speed geodesic c: R — M is called an axis of vy if
there exists a number a > 0 such that

v(c(s)) =c(s +a) forall s € R.
If v possesses an axis, then y will be called axial.

4.18 Lemma Let y € Isom(M). Ify has an axis c, then the corresponding number
a > 0 is equal to |y|, thus vy is hyperbolic and ¢(R) C Min(y). Conversely, if vy is
hyperbolic, then for every point p € Min(y) there is an axis of y through p, and for
every pair of axes ¢,¢: R — M the function s — d(c(s),(s)) is constant.

Proof: Suppose that ¢ is an axis of y with shift a > 0. For p := ¢(0) and any
q € M, the triangle inequality gives

d(p,y"p) < d(p,q) + ndy(q) + d(y"q,y"p)
=2d(p,q) +nd,(q)

for all n > 1, where d(p,y"p) = na. Thus a < d,(q) for all g € M and so
d,(p) = a = |y|. Hence v is hyperbolic, and c¢(R) C Min(y).

For the converse, let y be a hyperbolic isometry of M, put a := |y| > 0, and
let p € Min(y). Let ¢: [0,a] — M be the (unit speed) geodesic from p to yp, and
extend it to a curve ¢: R — M such that c(na + t) = y" ¢(¢) for all n € Z and

t € [0,a]. Then, forall suchna +t =: s € R,

ye(s) =y e(t) = e((n+ Da + 1) = c(s + a).
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Since c is parametrized by arc length, it follows that

a = L(clis,s+a)) Z d(c(s),c(s + a)) = d(c(s),y c(5)) 2 [y| = a.

Thus c¢ is a geodesic and an axis. If ¢: R — M is another axis of v, then the
function s +— d(c(s),c(s)) is bounded and convex, hence constant. O

4.19 Proposition Suppose that M is Hadamard manifold, and T is a subgroup of
Isom(M) whose action is properly discontinuous and cocompact, that is, there is a
compact set K ¢ M such that | J,er @(K) = M. Then every y € T is semisimple
(that is, hyperbolic or elliptic). In particular, if the action of T is also free, then
everyy € I' \ {id} is hyperbolic and hence axial.

Proof: Let y € I'. We want to show that the infimum |y| = inf d, is attained. Let
P1,P2,. .. be a sequence of points in M such that d,(px) — |y| for k — co. There
exist a compact set K € M and elements o € I such that g := a/];l Pk € K for all
k. Putyg := a/];lyozk. Then

dy, (qr) = d(a' pr-ai ypr) = dy (i),

hence the sets y;(K) stay within bounded distance from K. Since I' acts properly
discontinuously, it follows that the set {yx : k = 1,2,... } is finite. We now choose
a sequence k(i) such that all yy(; are equal to a fixed y € I', and such that g
converges to a point ¢ € K, as i — oco. Then d,(ax4)q) = d(q,vk@)q) = dy(q) for
all 7, and

dy(q) = lim dy(qi(m) = lim dy (pi)) = [71.

Thus d, (axi)q) = |y| for any i. ]

The following result was established in [Pr1942].

4.20 Theorem (Preissmann 1942) If M is a compact connected Riemannian man-
ifold with sec < 0, then every non-trivial abelian subgroup of m\(M) is isomorphic
to Z.

This shows for example that the torus 7" = R™/Z™ (m > 2) cannot carry a
metric with sec < 0.

Proof: The universal Riemannian covering M of M is a Hadamard manifold with
sec < 0 (note that M is complete since M is), and M is isometric to M /T for the
group I' ¢ Isom(M) of deck transformations, which is isomorphic to 711 (M). The
group I acts freely and properly discontinuously as well as cocompactly on M,
because M is compact. By Proposition every y € I' \ {id} is axial. Since
sec < 0, it follows from Proposition [4.14] that every such y has a unique axis
L, cC M. Furthermore, since y has no fixed point, every line L ¢ M preserved
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by 7 is an axis and hence equal to L,. Now if 8,y € I' \ {id} are two commuting

elements, then y(BL,) = B(yL,) = BL,, thus BL, = L, and so Lg = L,. We
conclude that every non-trivial abelian subgroup A C T acts by translation on a line
L c M, and it follows readily that A is isomorphic to Z. O
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Chapter 5

Triangle comparison

Some model space geometry

Let M be a metric space with metric d. By a segment connecting two points p, g in
M we mean the image of an isometric embedding [0, d(p,q)] — M that maps O to
p and d(p, q) to g (a minimizing geodesic from p to ¢q). We will write pg for some
such segment (assuming there is one), despite the fact that it need not be uniquely
determined by p and g. We will use the symbol |pg| as a shorthand for d(p, g),
regardless of the existence of a segment pg. The perimeter of a triple (p, x,y) of
points in M is the number

Per(p, x,y) := |px| + |py| + |xy|.

By a hinge Hj(x,y) in M we mean a collection of three points p, x, y and two non-
degenerate segments px, py in M; thus p ¢ {x,y} (but possibly x = y). We call p
the vertex, x,y the endpoints, and px, py the sides of the hinge. By the perimeter
Per(H) of a hinge H = H,,(x,y) we mean the perimeter of the triple (p, x, y).

Let again M denote the m-dimensional, complete and simply connected model
space of constant sectional curvature « € R, and recall that

L ifk >0,

D, := Diam(M™) = { V¥
oo ifk <0.

For k € R we denote by sn,: R — R and cs,: R — R the solutions of the
differential equation f’’ + x f = O satisfying the initial conditions

sng(0) =0, sn (0)=1, csk(0) =1, cs,.(0)=0.

(Recall that if c: R — MJ" is a unit speed geodesic, and if X is a parallel normal
vector field along ¢ and f: R — R is a smooth function, then fX is a Jacobi field
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along c if and only if f”" + xf = 0.) Explicitly,

# sin(4/kx) if « >0,

Sn"(x)_Z(2n+l)l K= 4k if k =0,
\/L_T( sinh(v—«x) ifk <0,

. cos(vkx) if k >0,
cse(x) = Z ((21(;' =41 if k =0,
cosh(v/—kx) ifk <O.

Note that sn, is positive on (0, D,) and strictly increasing on (—%DK, %DK). The
identity cs,z( +K sn,z( = 1 holds, and for x,y € R,

sn(x + y) = sn,(x) csie(y) + 8 (x) sne(y),
cSi(x +y) = cs,(x) e8(y) — ksni(x) sne(y).
Ksnz(f) _ 1 —cs,(x)

“\2 2 ’
csz(x) 1 +ese(x)
“\2) 2

The law of cosines for M}”', x € R, can be expressed in a unified way as follows.

5.1 Lemma (law of cosines) Let H,(x,y) be a hinge in M2 with angle y :=
£p(x,y) € [0,7], and put a := |py|, b := |px|, ¢ := |xy|. Then

sni(%) = sn,z((a * b) — sng(a) sng(b) cosZ(Z)

2 2
= snz(a ; b) + sn,(a) sn,(b) sinz(%).

Note that cos?(%) = 3(1 + cos(y)) and sin*(%) = 3(1 — cos(y)). Multiplying
the above formula by « one obtains the (more standard) expression

cs(c) = cspla) cse(b) + k sn(a) sng(b) cos(y)
for k # 0.
Proof: Exercise. O

5.2Lemma Let k € R and a,b € (0,Dy) be fixed. Fory € [0,rx], let Hy(x,y)
be a hinge in M2 such that |px| = b, |py| = a, and £p(x,y) = v, and put
Ca.p(y) := d(x,y). The function cq p, so defined is continuous and strictly increasing
on [0, x].

Proof: This follows directly from Lemma [5.1] i
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The next lemma goes back to Alexandrov [AI1955]] (compare Lemma 4.3.3
in [BuBI20011).

5.3 Lemma (Alexandrov) Suppose that H,(q,y) and H,(x,y) are two hinges in
M2 with |pyl,|qyl,|pq| + |gx| < Dy, and Hj5(X,y) is a hinge in M2 such that
|px| = |pql + lgx|, 1P| = |pyl, and |Xy| = |xy|. Then

KC](17’.y)—'_AL](-x’y)Sﬂ- — Ap(q’y)z Aﬁ(-f’y)’
L(py) + 4g(x,y) 2 = Lp(q,y) £ £5(X, 7).

Proof: Prolongate pq to a segment px’ of length |px’| = |pg| + |gx|. Consider the
following obvious identities:

(1) ﬂ—Aq(p,y)—Aq(x,y)Z ‘(q(-xl9y)_4q(-x’y),
2 |X"y| = lxyl = [x"y| = %3],
(3) Kp(x,’y) - Aﬁ()z?)_}) = Kp(q’y) - Kﬁ(x’y)

By Lemma [5.2] the right side of (1)) and the left side of (2) have the same sign
(e {-1,0,1}), and also the right side of (2) and the left side of (3)) have equal sign.
Hence, the same holds for the left side of (I]) and the right side of (3). m|

Alexandrov comparisons

Let again M be a metric space, and let k € R. Given p,x,y € M, a triple (p, X, y)
of points in M2 is called a comparison triple for (p, x,y) if |px| = |px|, |p¥| = |pyl,
and |xy| = |xyl.

5.4 Remark If ¥ < 0, such a comparison triple always exists, and if « > 0, a
comparison triple exists if and only if Per(p, x,y) < 2D,. This is obvious if one
of the distances a := |py|, b := |px|, and ¢ := |xy| is zero or equal to D,. On the
other hand, if a,b,c € (0,D,), then it follows from Lemma that the function
ca.» maps [0, ] bijectively onto I := [|a — b|,a + b] or I :=[|a — b|,2Dyx — a — b],
depending on whether a + b < D, or a + b > D,. In either case, the given number
¢ is contained in /, so there exists a unique y € [0, 7] such that ¢, »(y) = c.

5.5 Definition Consider a triple (p,x,y) of points in M such that p ¢ {x,y}. In
the case x > 0, suppose that |px|,|py| < D, and Per(p,x,y) < 2D,. Then any
comparison triple (5, %,%) in M2 uniquely determines a hinge Hj;(x,y) and one
defines the comparison angle £j,(x,y) € [0,x] as the hinge angle, thus

L£(x.y) = Lp(E ).
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For an arbitrary hinge H,(x,y) in M, the (Alexandrov) angle or upper angle of
Hp(x,y) is then defined by
Lp(x,y) := limsup 45, (u,v).
UEPX,VEDY
u,v—p

5.6 Remark Itis not difficult to see that the upper angle £,,(x, y) does not depend on
the choice of k¥ € R. Furthermore, if px, py, pz are three non-degenerate segments
in M, the triangle inequality

Lp(x6,y) + £p(,2) 2 £p(x,2)

holds, see [[Al11951]] or Proposition 1.1.14 in [BrH1999].

5.7 Definition Let again H,(x,y) be a hinge in M, and suppose that Per(p, x, y) <
2D,. Let (p, %, 7) be a comparison triple in M2 for (p,x,y), and let Hpy(%,9) be
a comparison hinge in M2 for H,(x,y); that is, |p%| = |px|, |p9| = |py|, and
£p(X,9) = £p(x,y). We are interested in the following comparison properties for
curvature > « that Hy,(x,y) may or may not have:

(Ax) (Angle comparison) £p,(x,y) 2 45(X,¥) (= £5(x,¥));
(H,) (Hinge comparison) |xy| < |£9];

(Dy) (Distance comparison) |uv| > |iv| whenever u € px,v € py, it € pX,V € py,
and |pu| = |pal, |pv| = |pv|.

The corresponding comparison properties for curvature < k, denoted (A*), (HY),
and (D¥), are defined analogously, just with reversed inequalities.

5.8 Lemma For an individual hinge Hy(x,y) in M with Per(p, x,y) < 2D,
(D) = (Ay) © (Hy) and (D¥) = (A") & (HY).
For the implications (A,) = (Dy) and (A¥) = (D), see Lemma (5.9 below.

Proof: Suppose that H,(x,y) satisfies (D). With the above notation, it follows
from the inequality |uv| > |aV| and Lemmathat Lp(u,v) 2 L5, v) = 45(%, ).
Taking the upper limit for u,v — p, we conclude that (A,) holds. Lemma [5.2]also
shows that £, (x,y) = £5(%,9) > £5(%,y) if and only if |£$| > |X¥| = |xy|; that is,
(Ax) © (Hy). The second part of the lemma is shown analogously. O

We call a segment px in a metric space balanced if, for every non-degenerate
segment gy with g € px \ {p,x}, the (upper) angles formed by gy and the sub-
segments gp,gx of px satisfy £,(p,y) + £4(x,y) = n. Note that, by the triangle
inequality for angles (Remark , the inequality £,(p,y) + £4(x,y) > m always
holds, since £,(p,x) = n. Obviously, in a Riemannian manifold every segment is
balanced.
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5.9 Lemma Let H,(x,y) be a hinge in M with Per(p,x,y) < 2D, and suppose
that for every pair of points in px U py there is a connecting segment in M. If every
hinge with one side contained in px or py and the opposite endpoint on py or px,
respectively, satisfies (A"), then H,(x,y) satisfies (D). The analogous result for
(Ay) and (Dy) holds if the segments px, py are balanced.

Proof: Let (p,%,7) be a comparison triple in M? for (p, x,y), and let u,v # p and
i, v be given as in (D). First we show that |uy| < |Zy|. Omitting some trivial
cases, we assume that u # x,y. The two hinges formed by a segment uy and one of
the subsegments up, ux of px satisfy (A*) by assumption, thus

(1) L(py) + £5(x,y) = £u(p,y) + Lu(x,y) > 7.

Lemma|5.3|then shows that 45 (u,y) < 45(X,¥) = 4;(i, ¥), and Lemmayields
luy| < |ay|. Now an analogous argument shows that |uv| < |av| if (p,id,y) is
a comparison triple for (p,u,y) and v € p¥y is such that |pv| = |p¥|. Since
la@y| = |uy| < |ay|, we get that £;5(, V) = £5(i1, ) < £5(it,¥) = £5(it, ) and hence
|av| < |av| by Lemmal[5.2] Thus |uv| < |@V], as required.

The corresponding result for (A,) and (D,) is shown in exactly the same way,
with all inequalities reversed, except that the second relation in (I]) is turned into an
equality, holding by assumption. O

5.10 Definition A metric space M is called a space of curvature > k or < « in the
sense of Alexandrov if every point g has a neighborhood U, such that any two points
in U, are connected by a segment in M and every hinge H,,(x,y) with p,x,y € U,
and Per(p, x, y) < 2D, satisfies (D) or (D¥), respectively.

Again due to Lemma[5.2] the upper angle between two segments in such a space
M always exists as a limit, by monotonicity.

5.11 Lemma In an Alexandrov space of curvature > k € R, every segment is

balanced.

Proof: Let px, qy be two non-degenerate segments in M such that ¢ € px \ {p, x}.
Letu € gp, v € gx, w € gy be points distinct from ¢, and assume that u # w.
If u,v,w are sufficiently close to g, then there is a segment uw such that the hinge
H,(v,w) with uv C px satisfies (D). Let (i, 7, W) be a comparison triple in M?
for (u,v,w), and let § € v be the point with |git| = |qu|. Then |gw| = |gw| and
s0 4X(q,w) > 43(@,w) = 4£;(v,w) by Lemma Now Lemma shows that
Lg(u,w)+ £5(v,w) < 7. Letting u, v, w tend to g we get that £,(p, y) + £4(x,y) < 7.

|

5.12 Theorem A connected Riemannian manifold M is a space of curvature > k or
< k € R in the sense of Alexandrov if and only if sec > « or sec < k, respectively.
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Proof: Suppose that sec > k or sec < k. If p € M, r € (0,Dy], and exp,,: B, —
B(p,r) is a diffeomorphism, then it follows easily from Corollary that every
hinge H,(x,y) in M with x,y € B(p,r/2) satisfies (H,) or (H¥), respectively (note
that d(x,y) < r and every curve of length < r from x to y lies in B(p,r)). Now
it follows from (the proof of) Corollary [I.22] Lemma [5.8] Lemma[5.9)and the fact
that segments in M are balanced that M has curvature > k or < k in the sense of
Alexandrov.

The proof of the other implication is left as an exercise. O

Toponogov’s Theorem

5.13 Lemma Let k € R, let M be a metric space, and let H,(x,y) be a hinge in M
with Per(p,x,y) < 2D,. Suppose that there exist a point q € px \ {p,x,y} and a
segment qy such that each of the three hinges Hy,(q,y), H,(p,y), Hy(x,y) with sides
in px U py U qy satisfies (Ay), and L4(p,y) + £4(x,y) = n. Then H satisfies (A)
as well.

Proof: Note that Per(p,q,y),Per(q,x,y) < Per(p,x,y) < 2D,. Since H,(q,y)
satisfies (Ax), £p(x,y) = £p(q,y) = 4;(g,y). By the remaining assumptions,

Lg(P,y) + £g(x,y) < Lg(p,y) + Lg(x,y) = T,

hence Lemma [5.3|shows that £},(¢,y) > 4;(x,y). Thus £,(x,y) > £,(x, ). m|

5.14 Proposition Let k € R, and let M be a metric space such that every segment
in M is balanced and every pair of points in M at distance < D, is connected by
a segment. Let H,(x,y) be a hinge in M with Per(p,x,y) < 2D,. If every hinge
Hpy(x',y") in M with Per(p’,x’,y") < %Per(p, x,y) and an endpoint on px U py
satisfies (Ay), then Hp(x,y) satisfies (Ay) as well.

Proof: Parrt 1. First we prove that if Hy = Hp,(xo,Y0) is a hinge in M with sides
of length a := |poyo| and b := |poxo| < %a, where a + b < Dy, and if every hinge
Hpy(x',y") in M with Pex(p’,x’,y") < % Per(po, xo,y0) and {x',y"} N {xo,yo} # 0
satisfies (Ay), then Hy satisfies (Ay) as well.

Starting from Hp, we will inductively construct a particular sequence of hinges
H, = Hp, (X4, yn) in M such that {x,,y,} = {x0,yo} and the numbers /, :=
|PnXn| + [Pnyn| satisfy
(D) a+b=lh=2L=>2hL=>...2|xyol;

_2

furthermore, for n > 1, |p,x,| = b’ := a and hence

) |pnyn| 2 |xnyn| - |pnxn| = |X()y()| -b'>a-b-b >0
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The hinge Hj is already given. Let yy denote its angle. For n > 1, if H,_|
is constructed, let p,, € pn—1yn—1 be the point at distance b’ from y,,_;, and put
Xp := Yn-1 and y, := x,-1. The sides of H,, are the subsegment p,,x,, of p,,—1yn-1
and an arbitrary segment p, y,. Let v, denote the angle of H,,, and note that the
adjacent angle between p, v, and the segment p,p,—1 C pn—1Yn-1 €quals T — y,,

because segments in M are balanced. Clearly (I)) holds. Note also that
() Per(pu—1,pn,yn) < 2(n-1 = b') < 2(a+ b - b') < $a < 2 Per(py, x0, y0)-

Now we will construct a sequence of hinges H,, := Hp, (Xp, ) in M2 such that
[Pnn| = |pnxnls [PnInl = [Pnynl,

“) |Xoyo| = |%151] = |%2¥2] > ...,

and such that the angle ¥y, of H, is greater than or equal to y,. Let Hy be a
comparison hinge for Hy, thus y9 = yg. For n > 1, given H,_1,let pp € Pp_1Vn-1
be the point at distance b’ from y,_;, put X, := ¥,—1, and choose , such that
(Pn1, Pns ¥n) is a comparison triple for (p,_1,pn, yn). This determines H,. Put
On = Lp, (PrsVn) = £p, (%n,¥n). In view of (3), and since y, € {xo,y0},
the inequalities y,-; > @, and m — y, > 7 — ¥, hold by assumption. Hence,
')7n—1 2 Yn-1 2 @y, and so |Xn—1)_’n—1| 2 |)Enyn| by Lemma(5.2
Now, if n — oo, then

|Pn-1Pnl + |Pn-1Ynl = |Pn¥nl = li-1 =1 — 0

by (1)), consequently @, — 7 and ¥, — 7 (note that |p,—1pn| = |Pn-1Yn-1] — " =
a—>b-2b">0by (2), and |py—1¥n| = b’ > 0). This implies in turn that

In — |xn)_’n| = |p_nxn| + |]5nyn| - |xn)_’n| -0

as n — oo (recall that [, < a + b < D). In view of (I) and (@), this gives

|X0¥o| = |xo0yol, so Hy satisfies (H,) and hence also (A,).

Part II. Let a hinge H),(x, y) with Per(p, x,y) < 2D, be given. If y € px, then
£5(x,y) = 0 and (Ay) holds trivially. Suppose now that a := d(y,px) > 0. Note
that for all x’ € px, |x'y| < %Per(p, x,y) < D,. Choose b € (0, %a) such that
|x’y| + b < D, for all x” € px. Now subdivide px into finitely many subsegments
of length at most b. It follows from the result of Part I that every hinge H,/(x",y)
with x’x” C px and |x'x”’| < b satisfies (A,). Now use Lemmal5.13|repeatedly to
show that H),(x, y) satisfies (A,) as well. O

5.15 Theorem (Toponogov) Let k € R, and let M be a complete metric space of
curvature > k in the sense of Alexandrov. Suppose that every pair of points in M
at distance < D, is connected by a segment. Then every hinge H,(x,y) in M with
Per(p, x,y) < 2D, satisfies (Ay), (Hy), and (Dy).
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Note that this applies, of course, to complete Riemannian manifolds with sec-
tional curvature greater than or equal to k. For this case, the result was established
in [To1959] (see also [To1957] and [To1958]]). Purely metric proofs were given
later in [P11991]], [BurGP1992], and [P11996].

A closer look at the proof (of Lemma [5.13] and Part II of Proposition [5.14)
reveals that the comparisons (A, ) and (H,) hold also for generalized hinges where
one of the sides, px say, is just a (locally minimizing) geodesic segment of length
L(px) < |py| + |xy|. The condition Per(p,x,y) < 2D, is then replaced by the
assumption that L(px) + |py| + |xy| < 2D,, and comparison triples or hinges in M2
are chosen such that |px| = L(px).

Proof: Recall that by Lemma|5.T1]all segments in M are balanced. By Lemma5.§]
and Lemma|5.9] it thus suffices to prove that every hinge in M with perimeter less
than 2D, satisfies (Ax). Suppose to the contrary that there exists a hinge H in M
with Per(H) < 2D, that does not satisfy (A,). Then, by Proposition there
exists a hinge H; with Per(H;) < g—‘ Per(H) and an endpoint on the union of the sides
of H such that H; does not satisfy (A) either. Inductively, for n = 2,3,..., there
exist hinges H,, such that Per(H,) < ‘5—‘ Per(H,,—1) < (%)n Per(H), some endpoint of
H, lies on the union of the sides of H,,_1, and H,, does not satisfy (A,). Let p,
denote the vertex of H,,. Clearly the sequence (p,) is Cauchy and thus converges
to a point ¢ € M. However, since M has curvature > «, all hinges with vertex
and endpoints in an appropriate neighborhood of ¢ satisfy (A,). This gives a
contradiction, as p,, — ¢ and Per(H,,) — 0. O

5.16 Theorem Let M be a complete and geodesic Alexandrov space of curvature
> k > 0. Suppose that for every segment px in M with |px| > D, and midpoint
q there exists a non-trivial segment qy perpendicular to px (this excludes 1-
dimensional spaces of diameter > D,). Then every triple of points p,x,y in M
has Per(p,x,y) < 2Dy; in particular Diam(M) < D,. If Per(p,x,y) = 2D, and
Ipx|, |py| € (0, Dy), then there are unique segments px and py, and £,(x,y) = 7.

Proof: First we show that Diam(M) < D,. Suppose that px is a segment in
M of length |px| € (Dy,2D,). Let g be its midpoint, and let gy be a non-trivial
segment perpendicular to px such that Per(p, g, y), Per(g, x,y) < 2D,. Consider two
segments pg and ¢ in M2 such that |5g| = |Gx| = %lpx| and £5(p,%) = m, and let
gy be a perpendicular segment of length |gy|. Since p and X are not antipodal (and
p # X), p,y,x do not lie on a great circle, hence Per(p, y,X) < 2D, = Per(p, g, x)
and so
Pyl + 3% < |pgl + |g%| = |px|.

By Theorem [5.15] (hinge comparison (Hy)), the left side is greater than or equal
to |py| + |yx|. Thus |py| + |yx| < |px|, in contradiction to the triangle inequality.
Since M is geodesic, it follows that Diam(M) < D,.
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Next, suppose that there exists a hinge H,,(x,y) in M with P := Per(p,x,y) >
2D,. Note that |px|,|pyl|,|xy| < D, < %P; in particular there is a point g €
px \ {p,x} such that |pg| + |py| = %P. Let k* € (0,k) be such that P = 2D,,
and let (p, x,y) be a comparison triple in M,%/ for (p,x,y). Then the point § € px
with |pg| = |pq| is antipodal to y, thus |gy| = %P. Now it follows from distance
comparison (D,~) for k¥’ < «’ and a limit argument that |gy| > %P > Dy, in
contradiction to Diam(M) < D,. This shows that all triples in M have perimeter at
most 2D,.

Finally, suppose that P := Per(p, x,y) = 2D, and |px|, |py| € (0, D). Note that
4p(x,y) = m. Hence, by angle comparison (A) for k" < « and a limit argument,
£p(x,y) = m for any choice of segments px, py. It then follows easily that px, py
are in fact unique. O

Open manifolds of non-negative curvature

To illustrate the utility of Toponogov’s Theorem, we will now discuss some of
the results of Cheeger, Gromoll, and Meyer on the global shape of complete non-
compact manifolds of non-negative sectional curvature. The general references
are [GrM1969]], [ChG1972], [Sh1974], and Section 8 in [ChE1975].

We start with a brief general discussion of Busemann functions.

Let M be a complete Riemannian manifold. A ray o in M is a geodesic
0: [0,00) — M, parametrized by arc length, such that d(o(s), o(t)) = |s — t| for
all 5,¢ € [0,00). If M is non-compact, then for every point p € M there is at least
one ray o with o(0) = p. To see this, choose a sequence of minimizing geodesics
0i: [0,d(p,q;)] — M from p to g;, where d(p, q;) — oo. Since M is a proper metric
space, it follows easily that some subsequence converges uniformly on compact sets
to a ray emanating from p.

Now let aray o in M be given. For x € M and ¢t > s > 0,

d(x, (1)) —t < d(x, o(s)) + d(o(s), o(t)) — 1 = d(x, o(s)) — s,
furthermore the function # — d(x, o(t)) — t is bounded from below by —d(x, 0(0)).
Therefore the limit

bo(x) := tlLrglo d(x,0(t)) -t
exists. This defines the Busemann function b,: M — R of o. Note that b,(o(s)) =
—s forall s > 0, and
|bo(x) = bo(y)] < d(x,y)
for all x,y € M, thatis, b, is 1-Lipschitz.
For r € R, the level set {b, = r} is called a horosphere, the sublevel set
B(o,r) := {b, < r} an (open) horoball. Clearly

Blo.r)= | J Blo.r+n;

t€[0,00)
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indeed, both sides are equal to the set of all x € M with the property that d(x, o(t)) —
t < r for some ¢ > 0.

5.17 Lemma Let M be a complete Riemannian manifold. Given a ray o and a
point g € M, there exists a ray o such that o(0) = g and

bo(0r(s)) = bo(q) = s

for all s > 0. The Busemann function by of any such ray o satisfies

b(T(x) 2 bg(x) - bg(‘])

for every x € M.

Proof: Forevery t > 0, let oy : [0,d(gq, 0(t)] = M be a minimizing geodesic from
q to o(t). Then, for a fixed s > 0 and for all sufficiently large ¢,

bo(q) = s < bo(0(s)) < bo(0(1)) + d(0:(s), 0(1)) = —t + d(q, 0(1)) = 5.

As t — oo, the last term tends to b,(g) — s, hence b, (0:(s)) — by(q) — s as well.
For some sequence #; — oo the oy, converge, uniformly on compact sets, to the

desired ray o.
Since d(x,0(s)) =5 = by(x) = bo(0(5)) — 5 = by(x) — by(q) for all s > 0, the
Busemann function of o satisfies b, (x) > bo(x) — b, (g) for all x € M, as claimed.
m]

Let further M denote a complete Riemannian manifold. A set C € M is
called totally convex if every geodesic c¢: [0,1] — M (minimizing or not) with
¢(0),¢(1) € C satisfies ¢(2) € C for all A € [0,1].

A function f: C — R on a totally convex set C C M is called concave if for
every geodesic ¢: [0,1] — C and every A € [0, 1], we have

fe() = (1 = ) f(c(0)) + Af(c(1)).

Note that then, for every r € R, the superlevel set {f > r} is totally convex. To
check the concavity of f, it clearly suffices to verify the above inequality for every
minimizing geodesic c¢: [0,1] — C.

5.18 Lemma Let M be a complete Riemannian manifold of non-negative sectional
curvature, and let o be a ray in M. Then the Busemann function by : M — R is
concave, thus for every r € R the horoball complement C := M\ B(o,r) is a closed
totally convex subset of M.
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Proof: Let c: [0,1] —» M be a minimizing geodesic from x to y # x. Let
A € (0,1), and put g := ¢(1). By Lemma there exists a ray o~ with o7(0) = ¢
whose Busemann function satisfies

by (z) > bQ(Z) - bQ(Q)

for all z € M. Let y denote the angle between o’(0) and ¢’(1). Now choose a
segment Xy and aray & in R? such that d(%, ) = d(x,y), 57(0) = G := (1= )%+ 17,
and & forms the same angle y with gy. By Theorem[5.15|(hinge comparison (Hy)),
d(x,0(s)) < d(x,5(s)) for all s > 0, therefore b,(x) < bs(x). Together with
the above inequality for z = x this gives by(x) — by(q) < bs(X). Likewise,
bo(y) — byo(q) < bs(9). Combining these two inequalities we obtain

(1 = Dbo(x) + Aby(y) = bo(g) < (1 = Db (X) + b5 (),

and the right side equals zero since bg is affine and b5 ((1 — )X + Ay) = bs(g) = 0.
i

5.19 Proposition Let M be a complete non-compact Riemannian manifold of non-
negative sectional curvature. For every p € M there exist a number t > 0 and
a family (Cy),e(-wo,i] Of compact totally convex subsets C, # O of M such that
p € 0y,

Cs = {CI €C: d(q’acr) >s5-—r}

whenever r < s < t, and C; has empty interior.

In particular, for r < s < ¢, C, contains the closed (s — r)-neighborhood of Cj.
Hence the family (C,) exhausts M, thatis, | J, C, = M.

We also note that the curvature assumption will only be used through
Lemmal[5.18]

Proof: Denote by R the set of all rays starting at the given point p. Forevery r € R,
define

C, = ﬂ(M \ B(0.r)) = {x € M : by(x) > r forall ¢ € R}.
O€R

Clearly C, is closed and totally convex (Lemma [5.18)). For every ray o € R,
0(0) = p is a boundary point of M \ B(p,0), so p € dCy. Obviously Cs; C C,
whenever r < s € R. In particular, for the compactness assertion, it suffices to
show that every C, with r < 0 is compact. Suppose to the contrary that some
such C, is non-compact. Then there exists a sequence of points ¢; € C, so that
d(p,q;) — oo fori — oo. Since also p € C, and C, is totally convex, for every ¢;
there is a minimizing geodesic o;: [0,d(p,q;)] — M from p to g; with image in
C,. It follows that there is a ray o € R with image in C,, in contradiction to the fact

that o((|r|,=)) c B(o,r).
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Suppose now that r < s and ¢ € C,.. We want to prove that g € C;, if and
only if d(q,d0C;) = s —r. If g € Cs, note that for every x € M \ C, there is a ray
0 € R such that b,(x) < r and thus d(q, x) > by(q) — by(x) > s — r; consequently
d(q,0C,) =d(q,M \ C,) > s —r. Conversely, assume that ¢ ¢ Cs. Then b,(q) < s
for some o € R, and by Lemma [5.17] there exists a ray o~ such that o(0) = g and
bo(o(s—r)) = bo(q) — (s —r) < r. Hence o (s — r) belongs to the open set M \ C,
and so d(q,dC,) < d(g,0(s —r))=s—r.

Finally, let t := sup{r € R : C, # 0}. From the properties of the sets C,
already shown it is easily seen that 0 < ¢ < oo, C, # @ for all r < ¢, and the interior
of C; is empty. O

For a closed and totally convex subset C # @ of a complete m-dimensional
Riemannian manifold M, we now define the dimension dim(C) as the largest integer
[ € {0,...,m} such that C contains a non-empty /-dimensional submanifold of M.
Then we let L(C) denote the union of all submanifolds L ¢ M of dimension
! = dim(C) contained in C.

5.20 Proposition Suppose that M is a complete m-dimensional Riemannian man-
ifold and C # 0 is a closed totally convex subset of M with dim(C) = 1. Then
L(C) is an l-dimensional submanifold of M. If c¢: [0,1] — M is a geodesic with
¢(0) € L(C) and c(1) € C, then c¢([0,1)) c L(C); in particular L(C) is totally
convex and C is the closure of L(C).

Note also that every totally convex submanifold N C M is totally geodesic.
On the other hand, a great circle in $™ ¢ R™*! is totally geodesic but not totally
convex.

Proof: We first show that for every p € L(C) there exists a neighborhood V of p in M
such that L(C)NV = CNV and this set is an /-dimensional submanifold of M. Given
p € L(C), there exists an /-dimensional submanifold L ¢ M such that p € L c C.
We choose L small enough, together with an € > 0, such that the normal exponential
map expTLl restricted to the set of vectors of length < € is a diffeomorphism onto
some neighborhood V' of p in M and furthermore B, C T M, is a normal ball for
every g € V. Clearly L ¢ L(C)NnV c CnV. Now suppose that g € (CNV)\ L.
Then there exist a point x € L and a segment gx of length < € perpendicular to
L. It follows that the geodesic cone {exp,(Av) : [v| < €, exp,(v) € L, 1 € [0,1]}
contains a non-empty (/ + 1)-dimensional submanifold of M. Since ¢ € C and
L c C, this cone lies in C, we thus get a contradiction to the definition of /. This
shows that L = CNV. Hence L = L(C) NV = C NV, and this is an /-dimensional
submanifold of M.

Now let ¢: [a,b] — M be a unit speed geodesic with c(a) € L(C) and ¢(b) € C,
where a < b. Note that ¢([a,b]) C C. There exists an € > 0 such that B C TM_(;)
is a normal ball for every ¢t € [a,b]. We claim that if ¢(r) € L(C) for some
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r € [a,b), then ¢(s) € L(C) for all s € (r,min{r + €,b}). For some neighborhood
V of p := ¢(r) € L(C) as above, we know that c¢(s) € L(C) as long as c¢(s) € V, in
particular ¢’(r) is tangent to L(C). Let H be an (I — 1)-dimensional submanifold of
L(C) through p orthogonal to ¢’(r), and let ¢ := c(¢) for some ¢t € (r,r + €),t < b.
It follows as above that the cone {exp,(1v) : |[v| < € exp,(v) € H, 1 €[0,1]} c C
contains an /-dimensional submanifold of M, which in turn contains the open
segment c((r,t)). This shows the claim. Since c(a) € L(C), we conclude that
¢([a, b)) c L(C). |

For C and L(C) as in Proposition[5.20, we now define the border
bd(C) := C \ L(C).

Note that bd(C) equals the topological boundary dC of C in M if and only if
dim(C) = m = dim(M). It can be shown that for every p € bd(C), the set
exp;,l(L(C)) = {v € TM,, : exp,(v) € L(C)} is a relatively open subset of an
[-dimensional linear subspace of TM,,, which we denote by TC,,. Furthermore,

exp {(L(C)) € {w € TC,, : {(v,w) > 0}

for some unit vector v, € TC,, and v,, is unique for a dense set of points in bd(C).
We refer to [ChE1973] or [ChG1972] for the proofs.

5.21 Proposition Let M be a complete Riemannian manifold of non-negative sec-
tional curvature. Let C # 0 be a compact totally convex subset of M withbd(C) # 0.
Then the function f := d(-,bd(C)): C — R is concave, thus for every r € R the
superlevel set { f > r} is a compact totally convex subset of M.

Proof: Since L(C) is itself totally convex, by an approximation argument it suffices
to prove that the restriction of f to L(C) is concave. Let c: [0,1] — L(C) be a
minimizing geodesic from xy to x; # xg, let 1 € (0,1), and put g := ¢(4). Let
p € bd(C) be a point such that d(p,q) = f(g). Choose segments pxp, px; and a
comparison triple (p, Xo, X1) in R? for (p, x0, x1). Let g := (1 — )Xy + AX; be the
point corresponding to g. Theorem (Toponogov) shows that

Y = 4p(x0,x1) 2 ¥ = £5(X0, X1)

(angle comparison (Ay)) and f(q) = d(p,q) = d(p,q) (distance comparison (Dg)
for the hinge formed by ¢ and the segment xpp). Note also that y < &, fory =«
would imply p € L(C) by the total convexity of L(C). Furthermore, in case y = 0,
one of the points xp, x| lies on a segment from p to the other and obviously

f(q) =d(p.q) = (1 = D)d(p,x0) + Ad(p,x1) = (1 = 1) f(x0) + A1 (x1).

Suppose now that ¥ > 0. For i = 0,1, let y;(¢) be the point on the half-line
{Xi +s(p—¢q) : s = 0} with £;5(%;,¥i(¢)) = ¢ > 0. Let u; € TC,, be the initial
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vector of px; with |u;| = d(p,x;). Since £(ug,u;) = y € (0,7), the vectors ugy and
uy span a plane PinTC,. Let P; C P be the closed half-plane bounded by Ru; that
does not contain u;_;, and denote by v;(¢) € P; the point with |v;(¢)| = |y:(¢) — p|
and £(u;,vi(¢)) = ¢. Since exp,(vi(0)) = exp,(u;) = x; € L(C) and exp;)l(L(C))
is open in TCp, there is a smallest angle w; > 0 such that z; := exp, (vi(w;)) ¢ L(C)
and thus z; € bd(C). Then wg + ¥ + w; < 7, for otherwise there would exist g, ¢
such that o +y + ¢1 = 7 and exp,, (vi(¢;)) € L(C), which would imply p € L(C)
as above. Let Z; := ¥;(w;). As wg + ¥ + w1 < 7, it follows readily that

(@) =d(p.q) 2 d(p,q) = (1 - ) d(Xo,20) + 1d(X1,21).

By the generalized hinge version of Toponogov’s Theorem (note that we do not
know whether [0,1] 5 7  exp,(1vi(w;)) is minimizing) we get that d(x;,z;) >
d(x;,z;) = f(x;). This gives the result. m|

5.22 Theorem (Gromoll-Meyer 1969, Cheeger—Gromoll 1972) Suppose that M
is a complete, non-compact m-dimensional Riemannian manifold of non-negative
sectional curvature. Then M contains a compact totally convex submanifold ¥ of
dimension | € {0,...,m — 1} such that M is diffeomorphic to the total space of
the normal bundle TX*. If the sectional curvature of M is positive, then M is
diffeomorphic to R™.

The manifold X is called a soul of M. The construction of X results from
Proposition [5.19] and Proposition [5.21] and will depend (only) on the choice of the
point p € M in the first of these results. For example, if M is the flat cylinder
S x R ¢ R? x R, then each of the circles S! x {r} is a soul. For M = R™, every
singleton is a soul.

Proof: Part 1. Proposition gives a descending family (C,),¢(-c0,;) Of noON-
empty compact totally convex subsets of M, where Cj is the inner parallel set of
C, at distance > s — r from 0C, (r < s < t), and C, has empty interior, thus
dim(C;) < m. Putt; :=tand [ := dim(Cy,). If bd(C;,) = 0, then X := L(C;,) = Cy,
is already the desired compact submanifold.

If bd(C;,) # 0, then Proposition gives a further family of non-empty

compact totally convex sets
Cr:={q€C, :d(gbd(Cy)) 2r—t} rel(tnl

where #, is the minimal r for which C, has empty interior relative to L(C;,). Then
dim(C,) = [ for r € [t;,12), whereas [, := dim(C;,) < [. If bd(C;,) = 0, then we
put X := L(Cy,) = Cy,.

If bd(Cy,) # 0, then by iterating the last step a finite number of times we finally
arrive at a family (C; ), ¢(-w,1, | Of non-empty compact totally convex sets such that,
forsomet; < ... <frandm >[I} > ... > [ > 0, we have that dim(C,.) = J;
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for r € [t;,ti41), dim(C;, ) = Ik, bd(C,) # O for r < t, and bd(C;,) = 0. Then
X = L(Cy,) = G, is the desired submanifold.

Part II. We now show that M is diffeomorphic to TX+. Since X is compact,
there exists an € > 0 such that the restriction of the normal exponential map exp*
of to {u € TZ* : |u| < 3¢} is a diffeomorphism onto the open 3e-neighborhood
Use of £ in M. We will show that M is diffeomorphic to Ua; this suffices since
{u € T+ : |u| < 2¢€} is diffeomorphic to TXZ*.

Let p € M \ X. Then there exists an r such that p € bd(C,.). Furthermore,
as indicated earlier, there exists a unit vector v, € T(C,), € TM, such that
(vp,c’(0)) > O for every geodesic c: [0,1] — M from p to X of length d(p,X).
We say that v, points towards Z. It is not difficult to see that v, can be extended
to a smooth vector field V), in a neighborhood of p consisting of vectors pointing
towards X. Let Vx denote the gradient field of 3¢ — d(-,Z) on Us, \ . By means
of partition of unity we can combine these local fields to a smooth vector field X
on M \ X that agrees with Vz on U, \ Z. Note that every X, still points towards X.
The maximal integral curve o, : (ap,wp) — M \ X of X with 0,(0) = p therefore
satisfies d(o(1),Z) < d(o(s),X) fort > 5. If p € Use, then clearly w, = d(p,X).
On the other hand, if p € M \ U, then a compactness argument shows that o,
eventually reaches U, so that again w,, < co.

Let now ¢ : [0,00) — [0,2€) be a smooth function with ¢’ > 0 such that
W(t) =t fort € [0,€] and lim; o () = 2¢€. Define F: M — U, such that
F(p) =pforp € Tand F(p) = 0 (wp —¢¥(w)p)) for p € M \ Z. Note that F(p) = p
for p € U \ M. Then F is the required diffeomorphism.

Part III. Suppose now that M has positive sectional curvature. We show that
then X is a singleton {z}; then M is diffeomorphic to TM, = R™.

Suppose to the contrary that there are two distinct points xp, x| € £ = L(C;, ) =
Cy. Let c: [0,1] — X be a minimizing geodesic from xo to x; as in the proof
of Proposition Recall that ¥ is of the form {q € C;_, : d(g,bd(C,,_,)) >
tx — ty—1}; in the case k = 1, this holds for an arbitrary #y < ¢;. Furthermore X has
empty interior relative to L(Cy, ). It follows that d(c(A),bd(Cy, ,)) = tx — tx—1 for
all A € [0,1]. This yields y = ¥ in the proof of Proposition [5.21] and one can then
conclude that sec(P) = 0 for the plane P € TC, (exercise). O

Sharafutdinov [Sh1977]] showed that there exists a 1-Lipschitz retraction from
M onto X. Using this retraction and Theorem[3.24] Perelman [Pe1994] showed that
X is a singleton already when sec(P) > 0 for all planes P C TM,, at some point
p € M, thus resolving the Cheeger—Gromoll soul conjecture.
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Chapter 6

Volume comparison and
applications

Volume comparison theorems

For r > 0 we denote by V,, () the volume of a ball of radius » in M*. Explicitly,

inf{r,D}
Vink(r) = wm-1 / sn™ (1) dt,
0
where w;,—1 is the (m — 1)-dimensional volume of the unit sphere in R".

6.1 Theorem (Giinther 1960) Let M be a Riemannian m-manifold with sec < «
for some k € R. Let p € M, and let r > 0 be such that B, C TM,, is a normal ball.
Then

Vol(B(p, 7)) 2 Vink(r).
Proof: This follows easily from Corollary [3.19 (exercise). See [Gii1960]. m|

For a map F: M — M’ between two Riemannian m-manifolds and a point
g € M where F is differentiable, J F(g) will denote the Jacobian (volume distortion
factor) of F at g. Thus, for any basis (b1,. .., by) of TM,,

\Jdet((dF, (b). dF, (b))

det((b[, bl>)

JF(q) =

We define the positive function J,,, . : [0, D) — R by

sn™=1(r)

rm—l

Jm,K(r) =

for r € (0,Dy), and Jy, (0) := 1. This is the Jacobian of the exponential map
exp,: T(My"), — M,?, for any p € M}, at any point v € T(My"),, with [v| = r.
The following result, as well as Theorem [6.6|below, appeared in [BisC1964].
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6.2 Proposition (Bishop 1964) Let M be a Riemannian m-manifold. Suppose that
0<!<ooand

0:[0,1) > M, o(r) = exp,(ru),
is a unit speed geodesic such that no o(r) withr € (0,1) is conjugate to p along oljo, -

Suppose further that Ric(o’(r), 0'(r)) = k(m—1) for all r € [0,1), for some constant
k € R. Thenl < Dy, and the function

Jexp,,(ru)
Jm,l((r) ’

satisfies 1 = f(0) = f(r) = f(s) > 0 whenever 0 < r < s < I. Moreover, if
f(r) =1 for some r > 0, then sec(P) = « for every plane P tangent to 9l ).

[0 =R, f(r)=

Proof: Clearly f(0) = 1, because d(exp,,)o is the identity on TM,,.

Let now r € (0,1) be fixed. Assume first that r is also less than D,. We want to
show that f/(r) < 0. LetY,. . .,Y,,—1 be Jacobi fields along o such that ¥;(0) = 0 and
(Yi(r),...,Ym-1(r)) is an orthonormal basis of the normal space o’(r)* € TMy()
(recall Remark [3.10). They are of the form

Yi() = d(expy)utvy)

for a basis (vi,...,vm-1) of u~ C TM,, (see the proof of Lemma 3.11). Note that
Jexp,(tu) = e(r)/e(r) for t € (0,1), where

e(t) := \/det((Yi(t),Yj(t))) and &) = yJdet({tv;,1v;)) = 1™ 1e(1)

are the (m — 1)-dimensional volumes of the parallelepipeds spanned by the vectors
Y;(¢) and tv;, respectively. Since Yi(r),...,Y,,,—1(r) are orthonormal, it follows that

m—1

(1) = 3 det (4.1 0N)) = 3 06K,
i=1

Since ¥; is a Jacobi field with ¥;(0) = 0, the term (Y;(r),Y/(r)) agrees with I" (Y., Y;),
the index form of gl . Let now E; denote the parallel vector field along o with
Ei(r) = Yi(r), and put A := sn,(r) and h := %sn,(. Proposition (first index
lemma) then yields the inequality

(), Y/ (r)) = I"(Y,.Y)

-
< I"(hE;, hE;) = / (h')* = *R(E;, 0, E;, ') dt.
Using the assumption on the Ricci curvature we deduce that

e'(ry<(m-1) ‘/Or(h')z — kh* dt.
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By the choice of hE;, equality holds for the model space M}”*, where e(t) becomes
h™=1(¢). Thus e’(r) < (W'Y (r). Since

) = Jexp,(tu) ey Mt Al e(r)

Jma(t) &) snm1(z)  e(l) hm-l(r)

and e(r) = 1 = K" !(r), it follows that f’(r) < 0.

To show that [ < D,, suppose to the contrary that D, < [. Then the above
argument still shows that f is non-increasing on [0, D). However, J,,, «(r) — 0 for
r — Dy, whereas J exp,,(ru) > 0 for r € [0,]), because o has no conjugate points.
This is a contradiction.

Now suppose that f(r) = 1 for some r > 0. Then f is constant on [0,r],
thus f’(r) = 0. It follows that I"(Y;,Y;) = I"(hE;, hE;) in the above argument, for
i = 1,...,m — 1. Then Proposition [3.16] shows that ¥; = hE; on [0,r]. By taking
linear combinations, we conclude that for every parallel unit normal field £ along
©ljo,]> the product sn, E is a Jacobi field. Thus, by the Jacobi equation,

(snK E,R(sni E, Q’)Q’> = <snK E,-sn, E> =K sn,z( i

It follows that sec(span{o’(t), E(t)}) = « for all t € [0, r]. O

6.3 Definition Suppose that M is complete, and let p € M. For a unit vector
u € TM,,, the number

ty :=sup{t > 0 : d(p,exp,,(tu)) = 1} € (0,00]
is called the cut value of u. Then
Cut, :={tyu:ueTMp, |ul=11 <o} CTM,

defines the tangent cut locus of p, and the set Cut(p) := exp,(Cut,) of cut points
of p is the cut locus of p. The injectivity radius of M at p is defined as

inj(p) := d(p,Cut(p)) = inf{t, : u € TMp, |u| = 1},
and inj,, := inf{inj(p) : p € M} is the injectivity radius of M.

6.4 Lemma Suppose that M is complete. Let ¢,,: R — M, ¢, () := exp,,(tu), be a
unit speed geodesic. If the cut value t, is finite, then (at least) one of the following
holds fort = t,:

(1) cu(t) is conjugate to p along c, |0,
(2) there exists v € TM,, |v| = 1, v # u, such that c,(t) = c,(t).

Conversely, if (1) or (2) holds for some t € (0,00), thent, < t.
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Proof: Exercise. O

6.5 Proposition Suppose that M is complete, and let p € M.
(1) The function u v t, (u € TM,, |u| = 1) is continuous.

(2) The set Up := {tu : 0 <t < t,} is open, dU), = Cuty, and exp,, |y, is a
diffeomorphism from U, onto the open set M \ Cut(p).

(3) Cut(p) is a set of measure zero in M.
Proof: Exercise. O

6.6 Theorem (Bishop 1964) Let M be a Riemannian m-manifold with Ric > (m —
1)kg for some constant k € R. If p € M, and if either r > 0 is such that B, C TM,,
is a normal ball or M is complete and r > 0 is arbitrary, then

Vol(B(p, 7)) < Vi (r).

If M is complete and k > 0, then Vol(M) < Vol(M?"), and equality holds only if M
is isometric to My*.

Proof: If r > 0 is such that B, C TM,, is a normal ball, then it follows from
Proposition [6.2]that r < D, and

Vol(B(p,r)) = / Jexp,(v)dv < / Imc([V]) dv = Vi k().

, B,
Suppose now that M is complete. If 0 < r < D,, then the desired inequality is
obtained in the same way, with the only difference that the first integral is taken
only over B, N U,; see Proposition @ For x > 0 and r = Dy, this yields
Vol(M) < Vol(My"), because then Diam(M) < r = Diam(M}') and U, C B,. In
particular, the inequality Vol(B(p,r)) < Vi «(r) also holds for r > Dj.

Suppose further that M is complete. If x > 0 and Vol(M) = Vol(M}"), then it
follows from the above argument for r = Dy that U, = B, and J exp,,(v) = Jm«(|v])
for all v € B, (note that J,,, > 0 on [0,7)). Now Proposition shows that
sec(P) = « for all planes P C TM,,. Since p was arbitrary, it follows that M is
a space form of curvature k. As M and M} have equal volume, they must be
isometric (recall Theorem 4.10). o

The following result was observed in [[Gro1981al.

6.7 Theorem (Bishop—Gromov 1981) Let M be a complete Riemannian m-
manifold with Ric > (m — 1)kg for some constant k € R, and let p € M. Then the
function

_ Vol(B(p,r))

2T GE

satisfies h(r) = h(s) whenever 0 <r < s < oo, and h(r) —» lasr — 0.

h: (0,00) > R, h(r)
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Proof: For r > 0, let D(r) denote the set of all unit vectors u € TM,, withru € U,
and define

a(r) := / rm_ljexpp(ru) du,
D(r)

where the integration is with respect to the canonical measure on the unit sphere in
TM,, with total mass w,,—1. Let b be the corresponding function for M}, thus

b(l’) = wm—lrm_ljm,K(r)

for 0 < r < Dy, and b(r) := 0 in case « > 0 and r > D,. Note that

r r
Vol(B(p,r)) :/ a(t)dt and V,, .(r) :/ b(t) dt.
0 0
For the monotonicity of A, let first 0 < r < s < D,. Then

@ _/ Jexp,,(su) Iy < / Jexp,,(ru)
D D

= < u
b(S) (s) wm—l‘lm,K(S)

(s) a)m—ljm,l((r) ‘

by Proposition [6.2} Since D(s) c D(r) (note that U, C TM,, is star-shaped), the
last integral is less than or equal to a(r)/b(r). Thus

a(r)b(s) = b(r)a(s).

Now this inequality holds true also when s > D,, for in that case a(s) = 0, because
U, € B(0,Dy). Hence, for all s > r > 0,

/0 ' / alt) o) diadiy /0 ' / " bt atey) diy di

and therefore

r s r r S r r S r S
/a/bzfa(/b+/b)2/b(/a+/a)=/b/a.
0 0 0 0 r 0 0 r 0 0
This gives the result. Clearly i(r) — 1 asr — 0+. O

As a first application of the last two results we give a short proof, due to
Shiohama [Shil1983]], of Cheng’s maximal diameter theorem [Chel1973].

6.8 Theorem (Cheng 1975) Let M be a complete Riemannian m-manifold with
Ric > (m — 1)xg for some constant k > 0, and with (maximal possible) diameter
Diam(M) = Dy. Then M is isometric to MJ*.

Proof: For p € M and r > 0, set h,(r) := Vol(B(p,7))/Vin «(r). Now fix p,p € M
such that d(p, p) = D,. Letr € (0,Dy), and put 7 := D, — r. The balls B(p,r) and
B(p,7) are disjoint, so

Vol(M) > Vol(B(p,r)) + Vol(B(p, 7)) = hp(r) Vi,m(r) + hp(F) Vi m (7).
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By Theorem|[6.7]
Vol(M)

Vol(M?)°

Likewise, hj(7) > Vol(M)/Vol(M}}'). Since Vi, (r)+Vi m(7) = Vol(M}), it follows
that equality holds in all of these estimates, in particular ,(r) = Vol(M)/Vol(M}"),
independently of r. Since lim,_,o h,(r) = 1, this shows that Vol(M) = Vol(M").
Hence, by Theorem|[6.6, M is isometric to M]". m|

hp(r) 2 hP(DK) =

Growth of the fundamental group

We now discuss some results from [Mil968]].

Let " = (T, -) be a group with neutral element e. Let A C T be a finite set,
and suppose that A generates I', that is, every element y € I' can be written as a
finite string y = ag - - - a,, where ag = e and ay,...,a, € AU {a"' : a € A}. The
smallest number n > 0 for which such a representation of y exists is called the word
length of y with respect to A and is denoted by |y|4. Note that |y|4 = 0 if and only
if y = e, and |y|s = |y~!|a for all y € T. If a finite generating set A C T exists, I’
is called a finitely generated group. Setting

da(y1,72) = ly7 ' y2la

for every pair of elements y;,y> € I', one obtains a metric on I', the word metric
with respect to A. For y,y1,y2 €T,

da(yy1,yy2) = 1yy) ™ (ry2)la = Iy7 214 = da(y1,y2),

so dj is left-invariant. If A’ is another finite generating set of I and L :=
maxgea |ala, then evidently

da(y1,y2) < Lda(y1,y2) forall yi,y, €T.

It follows that any two word metrics on a finitely generated group are bi-Lipschitz
equivalent.

6.9 Definition The growth function of I' with respect to the finite generating set A
is defined by

wa(r) :=#{y el :|yla <r}

for all integers r > 0. Then I' has polynomial growth of degree at most k > 0 if
there exists a constant ¢ > 1 such that

wa(r) < erk forall r,
and I" has exponential growth if there exists a constant b > 1 such that

wa(r) > b" forallr.
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These two properties just depend on I' but not on the generating set: if one of
them holds for A, then it also holds with respect to any other finite generating set A’,
only the constant ¢ or b may need to be adjusted. Specifically,if dar < L d4 as above,
then wa(r) < wa(Lr) for all r. We remark further that wa(r + 5) < wa(r)wa(s),
so the upper exponential bound w(r) < wa(1)" is always satisfied.

For example, the free abelian group I" on k generators ay, . . ., ax has polynomial
growth of degree k. For k > 2, the free group I' on k generators aj,...,ax has
exponential growth.

6.10 Lemma Let (M, g) be a compact connected Riemannian manifold with univer-
sal covering (M, g), and let T C Isom(M, g) be the group of deck transformations.
Choose a compact set K ¢ M such that Uyer ¥(K) = M, and let § > 0. Then the
set

A:={aeT:dK,a(K)) < 5}

is finite and generates I'; in fact, if v € I and n > 1 is an integer such d(K,y(K)) <
nd, then |yla < n.

In particular, the fundamental group 7 (M) = I is finitely generated.

Proof: Since the action of I on M is properly discontinuous, A is finite. Now
let v € T, and let n be a positive integer such that d(K,y(K)) < nd. Choose
P0s--.»Pn € M such that py € K, p,, € y(K), and d(p;_1,p;) < éfori =1,...,n.
By the choice of K there exist yy,...,y, € I' such that y;(K) contains p;, where
vo = e and y,, = y. Setting a; := yi‘_lly,- fori =1,...,n, we get that

y=n0 ) (v ) = arar - ay.

Furthermore, d(K,a;(K)) = d(yi-1(K),y:(K)) < d(p;-1,p;) < 0, thus a¢; € A and
lyla < n. O

6.11 Theorem (Milnor 1968) Let M be a compact connected Riemannian mani-
fold with sec < 0. Then n{(M) has exponential growth.

This is no longer true in general if the bound on the sectional curvature is
replaced by the assumption Ric < 0: by a result of Lohkamp [Lo1992], [Lo1994]],
for every m > 3 there exist constants a,, > b,, > 0 such that every m-dimensional
manifold M admits a complete Riemannian metric with —a,,(m — 1)g < Ric <

_bm(m - 1)g-

Proof: We continue with the notation of Lemma[6.10] Let p € K andn > 1. If
v € T and y(K) N B(p,nd) # 0, then d(K,y(K)) < nd and hence |y|sa < n by the
lemma. Thus B(p,nd) is covered by wa(n) (or less) translates of K, all of volume
Vol(K), and so

Vol(B(p,nd)) < wa(n) Vol(K).
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Furthermore, since sec < 0 and M is compact, there is a constant x < 0 such that
sec < k. By Theorem (Hadamard—Cartan), B,,s C TMI, is a normal ball, so
Vol(B(p,nd)) = Vi «(nd) by Theorem (Giinther). Since V,,  is exponential,
m1(M) ~ T has exponential growth. O

6.12 Theorem (Milnor 1968) Let M be a complete Riemannian m-manifold with
Ric > 0. Then every finitely generated subgroup of m1(M) has polynomial growth
of degree at most m.

Milnor conjectured that under the assumptions of the theorem, the fundamental
group m1(M) itself is finitely generated.

Proof: Let again (M,g) denote the universal covering of (M,g), and let ' =~
m1(M) be the group of deck transformations. Suppose that I’ C I is a non-trivial
subgroup with a finite generating set A ¢ I'’. Fix a reference point p € M. Put
U = maxgea d(p,a(p)) and note that

d(p,y(p)) < plyla forally eI

Let € > 0 be such that d(p,y(p)) = 2e forall y € I’ \ {e}. For every integer r > 0,
the ball B(p, ur + €) contains all balls B(y(p), €) with |y|4a < r, and the latter are
pairwise disjoint by the choice of €. As there are w 4(r) such e-balls, all of the same
volume, we get that

wa(r) Vol(B(p,€)) < Vol(B(p, ur + €)) < Vip.o(ur + €)

by Theorem [6.6] (Bishop). It follows that I'” has polynomial growth of degree at
most m. O

For example, Theorem shows again that the torus M = R™/Z" does not
admit a metric with sec < 0 (compare Theorem §.20).

For another application, consider the Heisenberg group M = H of real upper
triangular 3 X 3-matrices with ones on the diagonal. The lattice I' C H of integer
matrices is finitely generated and has polynomial growth of degree (exactly) 4
(exercise). Now Theorem[6.1T|and Theorem|[6.12]show that the compact 3-manifold
M /T does neither admit a metric with sec < 0 nor a metric with Ric > 0.

Regarding Milnor’s conjecture, Wilking [Wi2000] proved the following result.
Suppose that I is a group such that for some m, every finitely generated subgroup
has polynomial growth of degree at most m (like I' = 711 (M) in Theorem[6.12). Then
I" is finitely generated if and only if every abelian subgroup is finitely generated.

For complete manifolds of non-negative sectional curvature, the following
holds [[Gro1978].

6.13 Theorem (Gromov 1978) For every complete m-dimensional Riemannian
manifold with sec > 0, the fundamental group mi(M), as well as every subgroup of
m1(M), is generated by 3™ (or less) elements.
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Proof: Asin the previous proofs, let M be the universal Riemannian covering of M,
andlet I = 7y (M) be the group of covering transformations. Suppose thatI'” c I'is
a non-trivial subgroup. Fix a point p € M. The following inductive procedure will
produce a finite generating set {ay, . ..,ax} for . First, pick a; € T’ \ {e} so that
dy :=d(p,ai(p)) < d(p,a(p)) forall a € T\ {e}, and let I'; denote the subgroup of
I/ generated by a;. If I'} = I, then k = 1 and the procedure terminates. Suppose
now that elements ay,...,a;_; € I'" have been chosen and the subgroup I';_; they
generate is still smaller than I'". Then pick a; € I'" \ I';_; such that

dj :=d(p,a;(p)) < d(p,a(p)) foralla e I"\T,_,

and let I'; denote the subgroup generated by ay, . ..,a;. Foreveryi € {1,...,j—1},
we have that a; € I; c Tj_j and a; ¢ T'j_y, thus a; 'a; ¢ T';_; and

dij = d(a;(p).a;(p)) = d(p.(a; ' a;)(p)) > d};

furthermore d; > d; by the choice of a;. It then follows from Theorem [5.T5]
(Toponogov) that for any choice of segments from p to a;(p),...,a;(p), the angle
£p(ai(p),a;j(p)) is greater than or equal to the corresponding angle in a Euclidean
triangle with sides of lengths d; < d; < d;;, which is at least 5. Hence, the
procedure will terminate after finitely many iterations, for j = 2,...,k, when
I’y = I'”. The number k is no larger than the maximal cardinality of a set of unit
vectors in TM,, with mutual angles > /3, or the maximal number of pairwise
disjoint open balls of radius % contained in B3, C TM),, which is at most 3. O

Gromov-Hausdorff convergence

For subsets A, B of a metric space X = (X, d) we denote by
Ns(A) = {x € X : d(x,A) < 6}
the closed ¢-neighborhood of A and by
du(A,B) =inf{6 > 0: A C Ns(B), B C Ns(A)} € [0, 0]

the Hausdorff distance of A and B; dy defines a metric on the set 6 of non-empty,
closed and bounded subsets of X.

Recall that a metric space X is said to be precompact or totally bounded if for
every € > 0, X can be covered by a finite number of closed balls of radius €. A
metric space is compact if and only if it is precompact and complete.

The following result goes back to Blaschke’s “Auswahlsatz” (Selection Theo-
rem) for compact convex bodies in R3, see [BI1916].

6.14 Theorem Suppose that X is a metric space and B is the set of non-empty,
closed and bounded subsets of X, endowed with the Hausdor[f metric dy.
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(1) If X is complete, then € is complete.

(2) If X is compact, then € is compact.

Proof: For the proof (1), let (B;);en be a Cauchy sequence in ‘€. We show that it
converges in the Hausdorff distance to the closed set

c:=( s
Jjzi

i=1

Let € > 0. Choose i such that dy(B;, B;) < €/2 whenever i, j > iy. Suppose that
x € C. Since C C U;s;, By, there is an index j > iy such that d(x, B;) < €/2.
Hence

d(x,B;) < d(x,Bj) + du(B;,Bj) < € foralli > .

This shows that C C N.(B;) for i > iy, in particular C is bounded. Now let x € B;
for some i > iy. Pick a sequence i = ij < i» < ... such that dy(B,,, B,) < €/2F
whenever m,n > i, k € N. Then choose a sequence (xg)ren such that x; = x,

Xk € Bj, and d(xg, xx41) < €/2F. As X is complete, the Cauchy sequence (xx)
converges to some point y. It follows that

d(x,y) = lim d(xx) < ) dxexe) < e
k=1

and y belongs to (J;sx B;, for every k € N. Thus y € C, in particular C is
non-empty, and d(x,C) < €. This shows that B; C N(C) fori > iy.

To prove (2), suppose now that X is compact. In view of (1), it suffices to
show that € is precompact. Let € > 0. There exists a finite set A C X such that
Ne(A) = X. We show that every B € 6 is at Hausdorff distance at most € of some
subset of A, namely Ag := A N Ne(B). For every y € B there exists a point x € A
with d(x,y) < €,s0 x € Ag. This shows that B C N.(Ap). Since also Ag C Ne(B),
we conclude that dy(B, Ap) < €. As there are only finitely many distinct subsets of
A, it follows that 6 is precompact. O

6.15 Definition The Gromov-Hausdor{f distance dgu(X,Y) € [0, oo] of two metric
spaces X,Y is defined as the infimum of all 6 > 0 for which there exist a metric
space (Z,d?) and subsets X’,Y’ C Z isometric to X,Y, respectively, such that
di(X',Y') < 6.

This originates from [Gro1981b].

For example, if both X and Y have diameter less than or equal to D > 0, then
dgu(X,Y) < %D. For this, let (Z,d?) be the union of disjoint isometric copies
X',Y’ of X,Y, where d*(x,y) = d*(y,x) = %D for every pair (x,y) € X’ xY’.
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6.16 Proposition (1) dgy satisfies the triangle inequality, that is, for all metric
spaces X,Y,Z,
dou(X,Z) < dgn(X,Y) + dgu(Y, 2).

(2) dgy defines a metric on the set of isometry classes of compact metric spaces.
Proof: See, for example, Proposition 7.3.16 and Theorem 7.3.30 in [BuBI2001]]. O

The following example shows that the second part of Proposition [6.16] does
not hold more generally for complete and bounded spaces (as the definition of
(6, dy) might suggest). Let X be the geodesic tree with one central vertex and
edges of length 1 — %,1 - %,1 - 4—1‘,. .. attached to it, and define Y similarly, but
with an additional segment of length 1. Then dgy(X,Y) = 0 despite X and Y being
non-isometric (exercise).

Note also that every compact metric space X admits an isometric embedding
into the Banach space [, of bounded sequences with the supremum norm: choose
a dense sequence (xg)ren in X and put f(x) := (d(x, xk))ken € lo; then

1/ (x) = fDlleo = Sup |d(x, xi) — d(y, xi)| < d(x,y)

due to the triangle inequality, and by taking a sequence xi(1), X (2), . . . converging
to y one sees that equality holds. This holds more generally for all separable metric
spaces X (with f(x) := (d(x,xx) — d(z, xx))ren for some base point z € X) and is
due to Fréchet [Fr1909].

A family (X4)eea of metric spaces, for any index set A, is called uniformly
precompact if sup,, . , Diam(X,) < oo and for all € > O there exists an integer n(e)
such that each X, can be covered by n(e) closed balls of radius €.

6.17 Theorem (Gromov 1981) Suppose that (Xy)eea is a uniformly precompact
Sfamily of metric spaces.

(1) There exists a compact metric space Z such that each X, admits an isometric
embedding into Z.

(2) Everysequence in (Xy)aea has a subsequence that converges in the Gromov—
Hausdorff distance to a compact metric space.

We follow essentially the original proof from [Gro1981b].

Proof: We prove (1). Fori € N := {1,2,...}, put ¢ := 27 and let n; € N be
such that each X, can be covered by n; closed balls of radius ¢. Fix a partition
N = J;2, N; and amap 7: N\ N; — N such that the set N; has nin; . . . n; elements
and for every k € N;, n~'{k} is a subset of N;,; of cardinality ;1. In each X,
construct a sequence (x;")xen in the following way. Fori = 1, choose (x{)ken, so
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that the n; balls E(xlf,el) cover Xo. Fori > 1, if the nyny ... n; points x;* with

k € Nj are chosen, pick (xl")leN so that for every k € N;, the n;; balls E(xla, €+1)

i+l
with [ € 77 '{k} cover E(xl‘f, €) and are contained in E(xlf,ki). This inductive
process yields for each @ € A a dense sequence (x]‘:)keN in X,. Let fo: Xo — loo
be the isometric embedding that maps x to (d(x,x;"))ken. Fori € N, k € N;, and
l e =k},

|d(x, x)) — d(x, x")| < d(x,x)") < 2€;.

Hence, each f,(X,) lies in the closed subset Z C [, of all sequences (sx)xen such
that 0 < s < sup,, Diam(X,,) < oo for all k € N and

sk — 51| <2¢ forallieN, k e N;, 1 € n~ ' {k}.
It follows that for all i € N and [ € U;’;i +1 Nj, there exists a k € N; such that
|sk —s1] < Z_‘;":i 2€; = 4¢;. So the complete subspace Z C I is clearly precompact
and thus compact.
(2) follows directly from (1) and the second part of Theorem [6.14] O

6.18 Theorem (Gromov) Form > 2, k € R, and D > 0, the set M of isometry
classes of compact connected Riemannian m-manifolds M with Ric > «(m — 1)g
and Diam(M) < D is uniformly precompact. In particular, every sequence in Jl
has a subsequence that converges in the Gromov—Hausdor{f distance to a compact
metric space.

Proof: Let € € (0,D), and let M € (. Suppose that A C M is a finite set such
that d(p,q) > € for every pair of distinct points p,q € A. Let z € A be such that
Vol(B(z,€/2)) < Vol(B(p,€e/2)) for all p € A. Then Vol(M) > |A| Vol(B(z, €/2)),
and therefore

VOI(M) VO](B(Z, D)) Vm,k(D)

A< S B e2) = VolB.e/2) = Vmater2) @

by Theorem (Bishop—Gromov). If A is a maximal such set, then the collection
{B(p,e) : p € A} covers M (otherwise there would exist a point ¢ € M with
d(p,q) > € for all p € A, which we could add to A). Hence, every M € Jl
can be covered by n(e) open balls of radius €. The second assertion follows from
Theorem [6.171 i

6.19 Remark Suppose that a sequence of metric spaces X; converges in the
Gromov-Hausdorff distance to a complete metric space X. Then the following
hold:

(1) If each X; is a length space, then X is a length space.

(2) If each X; is proper, then X is proper.
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(3) If each X; is proper and geodesic, then X is proper and geodesic. (This
uses (1), (2), and Theorem [I.23).

(4) If each X; is a proper, geodesic metric space of curvature > « € R in the
sense of Alexandrov, then X has the same properties. (This follows from (3)
and Theorem[5.13])

Diffeomorphism finiteness

In this last section we will explain how Theorem [6.18|can be used for the proof of a
finiteness theorem due to Cheeger [Ch1970]. We start with a result from [KI11959].

6.20 Proposition (Klingenberg) Let M be a compact connected Riemannian man-
ifold.

(1) If p e M, and q is a point in Cut(p) with minimal distance to p,

d := d(p.q) = d(p.Cut(p)) = in(p)

then either there exists a minimizing geodesic o: [0,d] — M from p to g
along which q is conjugate to p, or there exist precisely two distinct minimizing
geodesics o,7: [0,d] — M from p to g, in which case o’(d) = —7'(d).

(2) If A > Ois such that sec < A, then either inj,,; > D,, or there exists a closed
geodesic in M of length 21inj,,.

Proof: Exercise. O

6.21 Proposition (Cheeger) Givenm > 2, k € R, and D,V > 0, there is a constant
1 > O such that if M is a compact connected Riemannian m-manifold with sec > «,
Diam(M) < D, and Vol(M) > V, then every non-constant closed geodesic in M
has length greater than I.

Proof: In the case that x > 0 we suppose without loss of generality that D < D,.
Let 0: R — M be a closed unit speed geodesic with period b > 0. Put p := ¢ (0)
and u := ¢’(0). For r € (0,D) and a € (0,7/2) let

Wra =BO,D)\{v:|v|>r, £ u,v) € [0,a]U[r—a,n]} CTM,.

Fix a linear isometry H: TM,, — T(M;");. Since V < Vol(M) < V,, (D),
we can choose r,a such that Vol(exp;(H(W; o)) = V. Now U, ¢ W, . (see
Proposition [6.5]), for otherwise

Vol(M) = Vol(exp,,(W; o)) < Vol(exp;(H(W; o)) =V
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by Corollary [3.19] Since all cut values are less than or equal to D, it follows that
there exists a minimizing unit speed geodesic o: [0,7] — M with o(0) = p such
that £, (u, 0'(0)) is < @ or > m — a. By reversing o if necessary, we arrange that
4p(u, 0'(0)) < @. Recall that @ < /2. Now it follows from the generalized hinge
version of Toponogov’s Theorem that there is a constant / > 0, depending only on
k,r,a (where r,a depend only on m, k, D, V), such that for all s € (0,/],

d(o(s),0(r)) <r = d(p,o(r)).
Since p = o (b), this implies that b > [. O

6.22 Theorem (Gromov) Given m > 2 and k, o > 0, there exists a constant 6 > 0
such that if M, M are two compact connected Riemannian m-manifolds with

|secar |, |secyy | < k, injy,,injy = 0, and deu(M, M) < ¢,
then M and M are diffeomorphic.
Proof: See Section 8.D in [Grol1999]] and the references therein. O

6.23 Theorem (Cheeger 1970) Given m > 2 and «,D,V > 0, there exist
only finitely many diffeomorphism classes of compact connected Riemannian m-
manifolds M with | secys | < k, Diam(M) < D, and Vol(M) > V.

Proof: By Proposition [6.20] and Proposition [6.21] there is a constant ¢ > 0 such
that inj,, > o for every such M. Now the result follows from Theorem [6.18] and
Theorem [6.22] 0
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