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Exercise 10.1 (Mean-variance hedging). Let (2, F, P) be a probability space with
a filtration F = (Fj)g=o.1.. 7. Suppose that the discounted price process X satisfies
E[(AX})?|Fr-1] < oo P-a.s. for all k. Define

-----

Let ¢ € R and H € L*(Fr). Mean-variance hedging (MVH) is the problem of
approximating, with minimal mean squared error, a given payoff by the final value of
a self-financing trading strategy in a financial market. We thus consider the problem

min E[(H — ¢ — (9 « X)7)’] (1)

The goal of this exercise is to construct a candidate for the optimal strategy using
the MOP. For ¢ € A, we set

Ap(0) = {¥ € A: 9, =0, for j <k},
Ay I:Ak(O)2{19/6.»4:19;-:0f01“j§]{:}.

For vy € L*(Fy), we define

T 2
Ty (g, ) = EKH . 19;AX]>

j=k+1

Fk] )
Vie(vg) == eﬁs{segif Ly (vp, ).
(a) Show that for each k and each v, € L?(Fy), the collection of random variables
Ak(vk) = {Fk(’l}k,ﬁ/) 2 € Ak(O)}
is closed under taking minima.

(b) Show that for fixed ¥ € A, x € R, the process (Vi(x + (U ® X)k))r—o
submartingale. Hint: Use Corollary 2 from Appendix E

,,,,,

(c¢) Show that ¥* € A is optimal if and only if the process (Vi(c+ (9% ¢ X);))r=o
is a martingale.
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(d) Show that (V}) satisfies the recursion

kal(x) = essinf E[Vk(x + ﬁ;AXk)’fkfl]

VeAr_1
with Vp(z) = (H — ).
Exercise 10.2 (Mean-variance hedging continued).
(a) Prove by backward induction that
Vi(z) = Apa® + 2Bz + Cy,

where Ay, By, C} are Fjp-measurable random variables with 0 < A, < 1 and
Ar=1,Byr=—H,Cr = H.

(b) Use the Dynamic Programming Principle to construct a candidate for an
optimal strategy v*.
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