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Exercise 2.1 Let U(co, cr) be a numerical representation of a preference order >
satisfying (P1) — (P5) on C; := Ry x R*. Suppose U is concave, C' and satisfies
the Inada condition,

ou

%(co,cl, ceoyCp) =00, ¢ — 0;
(2
oU
Do (coyC1y.voyer) =0, ¢ — o0
(2
where (co, 1, ..., 1) = (co, cr(wr), ..., cr(wy)).

An example of utility function satisfying the required condition is given by the square-
root utility: U(co, cr) = \/Co + PE ‘/CT} for > 0.
Consider the optimization problem

maximize  U(cg, ¢
c€ Bi(e,m) (e0, r) (1)

where B (e,m) := {c € Cy : 30 € RN with ¢ < eg— 0 -7 and ¢r < er + DO} and
e € Ry x RY is a fixed endowment.

Recall from the lecture that the optimization problem (/1)) admits a solution if and only
if the market is arbitrage-free. From now on, we suppose the No Arbitrage assumption.
The goal of this exercise is to show that the solution ¢ = (¢, ér) = (o, €1, - .., ) to
(1) is determined by

ou k

c (CU) cT Z

0 —

CT Z:O

foralll=1,..., N, Where (CO,CT) >0foralli=0,... k.

(a) Show that, under the assumption that 2 (CO,CT) > 0 foralle=0,...,k

the budget set is binding, i.e. there ex1sts 6 € RN such that the optimal
consumption ¢ is generated by the endowment e and trading strategy 6.

Using that the budget set is binding, the optimization problem . is equivalent to
finding a maximizer 6 of the function

fO):=U(eq — 0 -7, er + DO).
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(b) Show that, in the interior of the optimization domain, a necessary and sufficient
condition for the consumption generated by 6 to be optimal is

ou k au
a (CO7 CT + Z
Co

CT Z:O

foralll=1,..., N, Where (co,cT) >0foralli=0,... k.

Remains to show that the optlmal solution ¢ is strictly positive, and hence, is in the
interior of the optimization domain.

(c) Let £ > 0 satisfy & + 6 -7 > 0 and & — e(DF); > 0 for all j =1,..., k. Show
that the consumption ¢ = (co, ¢1, ..., cr) defined by

00:50+€§'7T
Cjzéj—ﬁ(pg)j jzl,,k

is in the budget set B (e, ). ~
Hint: Consider the portfolio (1 — )6

(d) Let ¢ be the consumption defined in the previous question. Show that

Ule) - U(e) > ¢ (5 =) 3 (i), e ))

Co i—

(e) Conclude, using Inada conditions, that the optimal consumption ¢ is strictly
positive.

Exercise 2.2 Consider a financial market as in the lecture. Show the following
properties.
(a) For 0 € ker(7?)*+ Nker(D)*, we have
770 =0and DI =0 ifand only if 6 =0¢€ R
From now on, we assume (NA) and suppose that for all consumption ¢ in the budget
set, the corresponding strategy 6 satisfies 6 € ker(w)* N ker(D)=*.

(b) Show that, under the above assumptions, the budget set B(e, ) is closed in
the Euclidean norm.

Remark: For a finite probability space |Q}] < oo, the result in b) holds even without
the (NA) assumption.

Exercise 2.3 Consider the one-step binomial market described by

1 14+r 14u
W‘(l) and D_<1+r 1+d>’
for some r > —1, v and d with u > d.
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(a) Show that this market is free of arbitrage if and only if u > r > d.
(b) Construct an arbitrage opportunity for a market where u = r > d.

Exercise 2.4 Consider the one-step trinomial market described by

1 1+r 1+4+u
7r:<1> and D= |[147r 14+m]|,
1+r 14d

for some r > —1, u, m and d with u > m > d and u > r > d.

(a) Show that P(D°) is convex.

(b) Calculate the set P(D°) of equivalent martingale measures.

Hint: Use the probability of the ‘middle outcome’ as a parameter in a
parametrization of P(D) as a line segment in R3.

(c) Denote by P,(D") the set of all martingale measures Q which are absolutely
continuous with respect to P, i.e., @ < P. An element R € P,(D°) is an
extreme point if R = AQ+(1—X\)Q' with 0 < A < 1 and Q, Q' € P,(D°) implies
Q = @', i.e., R cannot be written as a strict convex combination of elements
in P,(DY).

Find the extreme points of P,(D°) and represent P(D°) by writing it as a
(strict) convex combination of such extreme points. Verify that this coincides
with the answer found above.
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