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Exercise 8.1 In Exercise 5.4, we have introduced a multiperiod binomial market. In
a similar fashion, we construct a trinomial market: Fix 7 > —1 and let S? = (1 +7)*.
Now define Sj = 1 and

k
Sy=1[RI, k=1,....T,
=1

where the R, are i.i.d. and
PRy =1+u] =p", P[R,=1+m]=p", P[R,=1+d]=)p",

all > 0, for u > m > d and u > r > d. Note that the superscripts do not indicate
powers.

Describe the set of all equivalent martingale measures for the S°-discounted
prices. You may provide an answer with, e.g., T' = 2.
Hint: Use Q = {u,m,d}*.

Solution 8.1 We use Q = {u,m,d}*, and define the random variables R}(w) =
1 —+ Wi

Begin by introducing the notation I, = {u, m, d}* for the set of outcomes until
time k and Jj, = {u, m,d}T=* for the set of future outcomes. Then set X := S*/S°.
By rewriting the martingale condition X}, = Eg[Xj+1|F%], we obtain

1
Sk-‘rl

Si

L+7r=Eq Fi| = Eq[Rya|Fi] = ) EQ[R11<+1|{W]€} X Lk

kaIk

for k =0,1,...,7 — 1. With the notation Q[R},, = 1 + v[{w*} X Ji] = ¢, for
v € {u,m,d} and w* € I}, this condition reduces to

q“eu + qmem + ¢hd =, VOF € I,
which is precisely the equation solved in Exercise 2.4. In the case k = 0, we have
g ou+ qhm + ghod =,

where ¢% = Q[R} = 1+ v]. The solution to this case is analogous to the other cases
handled below.

With the parameter A, x, we write the set of solutions as

w om odn_ [r—=d)—=(m—d)Ap (u—71)— (u—m)Ar
(qwk7qwk7qwk)_< U—d )Awka U—d )
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Ak € (O,min{r_d, U_T}).
m—d u—m

For any sequence of A x, w* € I} for k =0,...,T —1 as above, we get an (equivalent)
martingale measure (), namely

where

T

QH{w}] = H Gk

where w = (w1, ..., Wy, ..., wr) € Land W = (wi,...,we_1) € Iy and ¢y, as
defined earlier, is the conditional probability under @ that R}, takes the value 1+ wy,
given that we are in the node w*~! at time k — 1, for k =1,...,T.
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Exercise 8.2

(a)

(b)

Consider a market without arbitrage. Show that for every (European) contin-
gent claim H € L°(Q, Fr, P), there exists an equivalent martingale measure Q
such that H € L'(Q, Fr, Q).

Construct an example for a family of uniformly bounded random variables
whose pointwise supremum is not a random variable. This illustrates why the
essential supremum is needed in probability and measure theory, rather than
the (usual) supremum.

Solution 8.2

(a)

Note that
1

1+|H|

S Sy 1
dP ~ 1+[H|/ " |1+]H]

is well-defined. Furthermore,

- | 1 1
B l|H) = Er LHH\VEP [1 +|Hr] < 1/EP [Hrm] <o

showing that H € L'(Q, Fr, P'). Since P ~ P’, the market is free of arbitrage
also under P’. Thus by Theorem I1.3.1, there exists an EMM @ with % e L™,
Therefore, H is also ()-integrable.

Ep [ 1 € (0,1].

Hence, P’ defined by

Let 2 = [0, 1] with the Borel sigma-algebra and P the Lebesgue measure. Let
V C Q be any set which is not Lebesgue-measurable, for example the Vitali
set, and (X, )yey the family of random variables X, defined by

X, = 1{U}.

Note that every X, is indeed a random variable because {v} is closed, hence a
Borel set. However, the pointwise supremum is

sup X, = 1y,
veV

which is not measurable, by construction.
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Exercise 8.3 Let () ~ R be two equivalent probability measures on a filtered
measurable space (€2, (Fi)o<k<r, F), and let o : Q@ — {0,..., T} be a stopping time.
We define the pasting @) of @) and R at o as

QA) =g [Er[1a | 5.

(a) Show that Q gives a probability measure on Fr.

(b) Prove that the density process 7 = 79Q of () with respect to Q is given by
. Zy,
Zk = ]lkgo + Zﬂk>au
where Z = Z%9 is the density process of R with respect to Q.
We say that a set Q of equivalent probability measures on (2, F) is m-stable if for
any Q1,Q € Q, and any stopping time o : Q — {0,..., T}, the pasting of ); and
Q- at o is also in Q.

(c) Prove that the set Pj,.(X) is m-stable.
Hint: The monotone convergence theorem guarantees that, for all’Y > 0,

EqlY] =Eq [Er[Y | F.]].

One can show (left as bonus exercise-see Lemma 6.41 in Hans Féllmer and
Alexander Schied, "Stochastic Finance: An Introduction in Discrete Time", de
Gruyter) that for all stopping times 7 : Q@ — {0,...,T}, and Fr measurable
random variable Y > 0 we have

EglY | Fr] = EBq [Er[Y | Four] | .

Solution 8.3
(a) We first check that @ is indeed a probability measure.
. Q) =0
e Q(A)>0forall Ac Fr

o Let Ay, As, ... be pairwise disjoint elements of Fr. We then have:

Q (U A = B [Br [t 1, | 7]

= Eo |Exg

Z]lAk ’Fa]

k=1
— 304,
k=1

where in line 2 and 3 we have used that the sets Ay are disjoint.
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Finally, Q is probability measure since

Q) =Eq [Er [l | ;)] = Eq[lo] = 1.

(b) Let A € Fr. We need to show that

. dQ
Q(A) :=Eq [Er[14 | F,]] = Eq dQ]lA] :
where
dQ - 7
dcg - ZT = ]lTSU + i1T>U
Z

Note that the inner conditional expectation appearing in the definition of the
pasting measure can be written as

ER []lA | ]:U] = ER I:]]‘A(]]‘O':T + ]lU<T> ’ ]:a}
=Eg [1alo—r | Fr] + Eg [1al,er | F5]
Eq [Zr1al,er | Fo]
Zy

=1 1,7 +

where in the last line we used 141,-7 € Fr as well as Bayes rule to express
the conditional expectation under R in terms of the measure (). Hence, using
the definition of the pasting measure (), we have:

Q(A) :==Eq [Eg [14 | Fo]| = Eq |Talo—r +

| Z
= EQ <]]‘O’=T + ZT]lJ<T> ]lA]

:dQ }

Eq [Zrlaly<r | Fa]]
Zy

which proves that the density process Z = Z @&Q of () with respect to Q is given
by

3 7
Zp = ly<y + ?1k>aa

g

where Z = Z%% of R with respect to Q.

Let Q, R € Pyye(X) be two ELMMs, and 0 : Q — {0,1,...,T} be a stopping
time. We need to show that the pasting of () and R at ¢ is also an ELMM for
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the discounted price process X. To show that Q € Pioe(X), we need to find
a localizing sequence (0,,),en such that X is a () martingale for all n > 0.
Let (7)nen be a localizing sequence for X and ZX so that X™ and (ZX)™
are (Q-martingales (or equivalently, using Bayes theorem, X™ is a martingale
under both @ and R). The following lines show that (7,),en is also a localizing
sequence for ZX, i.e Q € Ppe(X).

EQ [ka-n ‘ ./—"j} = EQ []ER [Xk:/\‘rn ’ Fa\/j} ’ ‘/—_.J}

= EQ [X(k/\‘rn)/\(g\/j) | JT_.]}
= XjAm

In the first equality, we used the hint with Y = X and 7 := j for j < k. The
other equalities follow from Doob’s Optional Stopping theorem and the fact
that X™ is a martingale under both ) and R.
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