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Solution 8.1 We use Q = {u, m,d}”, and define the random variables R} (w) =
1+ Wi

Begin by introducing the notation I = {u, m, d}* for the set of outcomes until
time k and J;, = {u, m,d}T~* for the set of future outcomes. Then set X := S1/S°.
By rewriting the martingale condition Xy, = Eg[Xy41|Fk|, we obtain

1
Skt1

1—|—T:EQ S]i

]:

EQ[Rk+1|]:k Z Eq Rk+1|{w X Jk]l{wk}xJk7

wkely,

for k =0,1,...,7 — 1. With the notation Q[R},; = 1 + v[{w"} X Ji] = ¢, for
v € {u,m,d} and w* € I}, this condition reduces to

q“eu+qmem + ¢hd =7, VOF € L,
which is precisely the equation solved in Exercise 2.4. In the case k = 0, we have
giou + glbm + qhod =1,

where ¢% = Q[R} =1+ v]. The solution to this case is analogous to the other cases
handled below.
With the parameter A\, x, we write the set of solutions as

(qgk,q:ﬁc,qgk) _ ((T —d) — (m—d)\ 3 (u—r1)—(u— m))\wk> |

u—d ks u—d
where
. r—d u—r
Ak € (O,mln{ , }) .
m—d u—m
For any sequence of Ak, w* € I} for k =0,...,T—1 as above, we get an (equivalent)

martingale measure (), namely

T

QHw}] = quk 15

where w = (w1, ..., W, ..., wr) € Land W = (wy,...,we_1) € Iy and ¢y, as
defined earlier, is the condltlonal probability under @ that R} takes the value 1+ wy,
given that we are in the node w*~! at time k — 1, for k =1,...,T.

Solution 8.2
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(a) Note that

1
E c (0,1].
Pll +IHI1 -
Hence, P’ defined by

U Sy 1
AP~ 1+[H|/ " |1+]H]

is well-defined. Furthermore,

e 41 = 20 [ 2 [t = /e i

showing that H € L'(Q, Fr, P'). Since P ~ P’, the market is free of arbitrage
also under P’. Thus by Theorem I1.3.1, there exists an EMM @ with gg, e L™.
Therefore, H is also (Q-integrable.

< 00,

(b) Let Q2 = [0, 1] with the Borel sigma-algebra and P the Lebesgue measure. Let
V C Q be any set which is not Lebesgue-measurable, for example the Vitali
set, and (X, )yey the family of random variables X, defined by

X, = 1{0}.

Note that every X, is indeed a random variable because {v} is closed, hence a
Borel set. However, the pointwise supremum is

sup X, = 1y,
veV

which is not measurable, by construction.

Solution 8.3
(a) We first check that @ is indeed a probability measure.
° Q(@) =0
o Q(A)>0forall A€ Fr

o Let Ay, Ay, ... be pairwise disjoint elements of Fr. We then have:

Q (UL Ax) = Eq

Er []lugozlAk | ]:aH

—E, |Ex

ZﬂAk |'7:0']

k=1
= > QA
k=1
where in line 2 and 3 we have used that the sets Ay are disjoint.
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Finally, Q is probability measure since

Q) =Eq [Er [l | ;)] = Eq[lo] = 1.

(b) Let A € Fr. We need to show that

. dQ
Q(A) :=Eq [Er[14 | F,]] = Eq dQ]lA] :
where
dQ - 7
dcg - ZT = ]lTSU + i1T>U
Z

Note that the inner conditional expectation appearing in the definition of the
pasting measure can be written as

ER []lA | ]:U] = ER I:]]‘A(]]‘O':T + ]lU<T> ’ ]:a}
=Eg [1alo—r | Fr] + Eg [1al,er | F5]
Eq [Zr1al,er | Fo]
Zy

=1 1,7 +

where in the last line we used 141,-7 € Fr as well as Bayes rule to express
the conditional expectation under R in terms of the measure (). Hence, using
the definition of the pasting measure (), we have:

Q(A) :==Eq [Eg [14 | Fo]| = Eq |Talo—r +

| Z
= EQ <]]‘O’=T + ZT]lJ<T> ]lA]

:dQ }

Eq [Zrlaly<r | Fa]]
Zy

which proves that the density process Z = Z @&Q of () with respect to Q is given
by

3 7
Zp = ly<y + ?1k>aa

g

where Z = Z%% of R with respect to Q.

Let Q, R € Pyye(X) be two ELMMs, and 0 : Q — {0,1,...,T} be a stopping
time. We need to show that the pasting of () and R at ¢ is also an ELMM for
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the discounted price process X. To show that Q € Pioe(X), we need to find
a localizing sequence (0,,),en such that X is a () martingale for all n > 0.
Let (7)nen be a localizing sequence for X and ZX so that X™ and (ZX)™
are (Q-martingales (or equivalently, using Bayes theorem, X™ is a martingale
under both @ and R). The following lines show that (7,),en is also a localizing
sequence for ZX, i.e Q € Ppe(X).

EQ [ka-n ‘ ./—"j} = EQ []ER [Xk:/\‘rn ’ Fa\/j} ’ ‘/—_.J}

= EQ [X(k/\‘rn)/\(g\/j) | JT_.]}
= XjAm

In the first equality, we used the hint with Y = X and 7 := j for j < k. The
other equalities follow from Doob’s Optional Stopping theorem and the fact
that X™ is a martingale under both ) and R.
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