This part was presented by Alessandro Pigati on March 19 and March 26, 2020, with
a small leftover on April 2. The notes are written by Alessandro Pigati. If you have any

question or find any mistake, please feel free to contact the author.

4. FIRST VARIATION OF AREA AND MONOTONICITY. REGULARITY OF ALMOST FLAT
STATIONARY SETS: TILT-EXCESS INEQUALITY

The presentation, which is essentially the same as in Maggi’s book [5] or in Allard’s
paper [1], follows quite closely the one in the notes [3] by Camillo De Lellis. This choice is
motivated by the fact that one of the next speakers will present the adaptations for general
stationary varifolds, which is the setting of [3]. The presentation given here contains a
few simplifications, due to the simpler setting where we are (reduced boundaries of finite
perimeter sets), and the extra addition of Corollary 4.10, which is not known in the general

situation of [3].
4.1. First variation of area and monotonicity.

Definition 4.1. Let Q C R™*! be an open set and E C Q a set of finite perimeter in €.

We say that E is a minimizer for the perimeter in € if its perimeter satisfies
Per(E, Q) < Per(E', Q)
whenever F’ is a set of finite perimeter (in Q) with EAE’ CC Q.

Remark 4.2. The same definition applies if F is originally defined on a superset ' D Q,

in which case we ask that £ N is a minimizer in €.

Definition 4.3. Let E be a set of finite perimeter (in  or in a bigger set). We say that
FE is stationary for the perimeter if

d

% Per((bt(E), Q)|t:0 =0

for all “perturbations of the identity” (®¢);e(—c ) (¢ arbitrary), namely maps ®; : @ — Q
such that

(t,z) — ®4(x) is smooth on (—e,¢e) x Q,

®, is a diffeomorphism for all t € (—¢,¢),
oy =id,
®i(x) =z for all x € @\ K and all ¢, for a suitable compact set K C .

We will see in a couple of talks that the above derivative always exists and equals

d
Gre@®.)|_ = [ diviersan),
dt t=0 9*E Y

where the vector field S is the speed of the deformation at t = 0, i.e., S(x) := %(I)t(az) o
t=

and divy, g« S is its divergence along the approximate tangent n-plane T,,0* E/, namely

diVTya*E S = Z<DS(Q) €51, €5)
=1
1
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for an arbitrary orthonormal basis {¢;}{ of T,,0*E (the result is independent of the choice).
Given a vector field X € C°(2, R™"1), we can take ®; to be the flow of X at time ¢, in

which case S = X. We deduce that stationarity is equivalent to ask
/ diVTya*E X d?-l"(y) =0
o*E
for all vector fields X € C2°(Q, R™T1).

Remark 4.4. A minimizer is stationary. Indeed, we can choose E’' := ®,(E) in the
definition of minimality and deduce Per(E, ) < Per(®;(E),2). Since equality holds for
t = 0, the function t — Per(®;(E),?) has a minimum for ¢ = 0 and hence the derivative

vanishes there.

In the sequel, we will denote i := H"™ L 0*F for convenience. Note that, in the previous
talk, p was used instead to denote the vector-valued Gauss—Green measure of £. In the
present notation, the latter equals v u.

In the same forthcoming talk, we will also see that a clever choice of X will imply the

following formula, called monotonicity formula: for all balls B,(z) C Bs(x) C Q

1L o 2
W / 150" E(y)| () < p(Bs(x)) — p(Br(x))

By(2)\Br(z)  |yI"T? - s "
where sz-(?*E denotes the line orthogonal to the approximate tangent n-plane T,0"F,
identified with the orthogonal projection map R"* — Tja*E (so that |T;8*E(y)\2 =
(v(y),y)?). The name comes from the fact that it readily implies that the function

s ‘W’ 0 < r < dist(x, 99),

is increasing. We deduce that the density
O(x) := lim B ()
r—0  wpr®

exists and is finite for all € . The factor w,, normalizes this limit to be 1 when F is a
half-space and = belongs to its boundary, which is an n-plane. Note that, by the blow-up
analysis of the previous talk, we have §(z) =1 for all x € 0*E.

It is also easy to see that ¢ is upper-semicontinuous, i.e., f(z) > limsup;_,., 0(z;)
whenever z; —  (hint: use the inclusion B, (x) 2 B,_|;,_4(7;) for any fixed r > 0). It
follows that

(2) 0=1on0"E, 0>1on0d*E, 6=0on\0E,

where 0*F is the relative closure of *E in Q. The last assertion is immediate from the
fact that for x ¢ 0*E we have 0*FE N B,.(z) = (), for all radii r small enough, and thus

w(By(z)) = 0.

Remark 4.5. For a minimizer, the fact that £ (Ef;(z)) increases can be derived informally

as follows: first, note that

% Per(E, B, (z)) > Per(E N 9B, (z)),
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where the right-hand side is the ((n — 1)-dimensional) perimeter of ENJB,(z) as a subset
of the sphere 9B, (x), with equality achieved if OF meets 0B, (x) orthogonally.
Defining E’ to equal E outside B, (z) and to equal the cone of ENJB,(z) (with vertex

x) inside, we get
Per(E', Q) = Per(E, Q) — Per(E, B.(z)) + %Per(E N OB, (x)).
Using this E’ in the definition of minimality, we deduce
Per(E, B,(z)) < % Per(E N B, (z)) < %dii Per(E, B, (z)),
which implies that =" Per(F, B, (x)) has nonnegative derivative.

4.2. Regularity of almost flat stationary sets: strategy and statement. The goal
of these two talks is to show that if £'N B, (x) is approximately a half-space (meaning that
it is approximately {y € B,(z) : (v,y — ) > 0} for some unit vector v) then E is smooth
on a smaller concentric ball.

This is similar to many results for nonlinear elliptic PDEs, where one assumes some
kind of “smallness” or “flatness” of the solution, in order to make the equation resemble a
linear one (the “first order expansion” of the original PDE) plus small higher order terms,
thus “taming” the nonlinearity, and one then proves that the solution is smooth on a
smaller ball, as it would happen for the linear (elliptic) PDE.

The strategy will be to show that the “flatness” of F on a ball Bs(y), i.e., its closeness
to a half-space, improves on a smaller ball in a quantitative way, namely it halves on a
ball By,(y). This is the bulk of the work and the proof consists of three steps:

e showing that most of 9"FE N By/100(y) is contained in the graph of a Lipschitz map
f:R™ = R with small Lipschitz constant, up to rotations;

e showing that f is close to being harmonic (on a ball) in a certain weak sense and
deducing that it is actually close to a harmonic function u in L?;

e exploiting the fact that harmonic functions do enjoy the desired “improvement of flat-

ness”; the technical difficulty is to transfer this from u to the original boundary 0*F.

The fact that f is approximately harmonic is expected, since its graph should be es-
sentially a critical point for the area and, if one expands the area functional for graphs,
the first term in the expansion is the Dirichlet energy [ |V f|?, whose critical points are
harmonic functions.

One can measure flatness on a ball B,(z) with the L'-distance of Lo« EnB,(x) from a
half-space, or by averaging the distance of the approximate tangent plane 7,0*F from a
reference n-plane 7. The second choice turns out to be much more convenient (although

one can show a posteriori that they both work).

Remark 4.6. There are simple examples showing that one cannot hope for regularity,
nor for improvement of flatness, just assuming flatness (in either version): see the picture
in the video. In these examples, the culprit is the fact that 0*E N B,(x) has a much
bigger area than a hyperplane through x (in B,(z)), producing several layers which are

not individually boundaries of stationary sets.



In view of this remark, we need two assumptions:

e closeness to a half-space, or more conveniently closeness of the approximate tangent
planes to a fixed n-plane in average,

o area (B (x)) = H"(0*ENB,(x)) close to w,r", the one we would have for a hyperplane.
Before giving precise statements, let us define a key quantity, which will make the first

assumption precise.

Definition 4.7. Given an n-plane 7 C R™*! through the origin, we define the excess of
E on B,(x), with respect to 7, to be
Exc(B, 7,2, 1) = 7’_”/ IT,0°F — 7|2 du(y),
By ()
where we identify an n-plane with the orthogonal projection onto it, which is a linear map

R+ — R and we use the Hilbert-Schmidt norm for linear maps.

We will often write Exc (7, z,7) for simplicity. Note that this quantity is dimensionless,

n

i.e., invariant under dilations, in view of the factor r~". Since we expect u(B,(z)) to

behave like r™, at least when z € 0* F, putting the factor r—" is informally like averaging
in the measure pu.

The main result is the following.

Theorem 4.8. Assume E is stationary in B.(z), with 6(x) > 1. There exists a dimen-
sional constant €(n) such that if

Exc(m,z,7) <e, wpw(Br(x)) < (wp+e)r"
then 0*E is a C*7 embedded submanifold in B, j1000(), for some v =v(n) € (0,1).

As we said, the bulk of the work lies in showing the improvement of flatness, namely

the following.
Theorem 4.9. Under the same assumption, for a possibly different e(n), we have
1
Exc(7m,z,nr) < 5 Exc(m, x,r)

for a new suitable plane T (depending of course on all data) and a factor 0 < n < 1

depending only on n.

Note that the nature of Theorem 4.9 allows to iterate it infinitely many times, provided
we can apply it once: indeed, by monotonicity
#(Byr(x)) _ w(Br(2))
gy = rm
and Exc(m, z,nr) < €/2 < & by the conclusion of the theorem, so we can apply Theorem 4.9

< wp+eE

again on By, (x), and so on, finding planes relative to which the excess decays exponentially
on smaller and smaller balls.

In proving Theorem 4.8 we will apply Theorem 4.9 at all points in a small ball, rather
than just at z.

We record the following corollary of Theorem 4.8.
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Corollary 4.10. There exists a relatively closed set S C , with H™(S) = 0, such that
O*E is a smooth embedded n-submanifold on Q\ S. In particular, H"-a.e. point of O*E

lies in this smooth manifold.

Proof. First of all, in view of (2), we have § > 1 on 0*FE and hence
H"(O*E\O0"E) =0

This consequence can be proved using standard covering arguments: see, e.g., [2, Theo-
rem 2.56], which gives > H"L 0*E and hence 0 = u(0*E \ 0*E) > H"(0*E \ 0*E).
Now, given x € 0*F, the assumptions of Theorem 4.8 apply for a suitably small r > 0
depending on z: indeed, the blow-up analysis of the previous talk (see Theorem 3.10 in
the notes) shows that W — wy, as  — 0, while, letting 7 = v for some unit vector

v and calling v(y) the measure-theoretic outer unit normal,

w
lim Exc(m, z,r :limn/ T,0°E — n||*d
0 ( ) r—0 N(Br(x)) BT(:p) ” Y H M(y)
w
:hm”/ 2(1 — (v(y),v)?)d
li ey 20 00 duty

vanishes if we choose v := v(x) as in the definition of reduced boundary, since the last
integral is < 4fB,~(m)(1 —(v(y),v))du(y) = (4 — 4 pelB@) V(a:))u(Br(ac)) and this is

lnel(Br(z)) '
infinitesimal with respect to p

— —

B,(x)).! The last equality above follows from the identity
ITy0*E — | = |[(id =) — (id ~T,0"E)|| = |7+ — T, 0" E|
and the fact that, writing 7+ = v ® v, Tyla*E =v(y) ® v(y), we have
lv v —v(y) @vE)I? =t er —v(y) @ v(y) =2 - 2v,v(y))*

So Theorem 4.8 gives that 0*F is a C'7 submanifold near z. Calling S the complement
of the biggest open subset U C Q where 0*E is a C!"7 submanifold, we get 0*FE C U and,
trivially, @ \ 0*E C U. So

SCO*E\O0'FE

and we deduce H"(S) = 0. To conclude, C'¥ can be upgraded to C* using standard
elliptic regularity, writing 0*F locally in U as a graph of a function: stationarity for
the area gives a certain nonlinear elliptic PDE which can be seen as linear with Holder

coefficients, and Schauder theory gives that our function is C*°. We omit the details. [J

4.3. Tilt-excess inequality. We now show an inequality which is analogous to Cacciop-
poli’s inequality for second order linear elliptic PDEs, both essentially giving a W12-
control on a ball in terms of an L?-control on a bigger ball. Also the proof is substantially
the same. It will be needed only at the end of the proof of Theorem 4.9, but we present

it here in order to get acquainted with the stationarity condition.

1Here pe is the Gauss—Green measure of F, in the notation of the previous talk. Here and in the sequel

we keep denoting instead p = H" L 0" E, so that u = |ug|.
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Proposition 4.11 (tilt-excess inequality). If E is stationary on B,(z), then
Exc(m,z,r/2) < C(n)r_”_2/ dist(y — z, m)? du(y).
By (x)

We call the quantity on the right-hand side the tilt of E on B,(x) with respect to
7. Note that both the excess and the tilt have a normalization which makes them scale

invariant (they are “dimensionless”).

Proof. By translation and dilation, we can assume x = 0, » = 1. Rotating the space, we
can also assume 7 = span{ey,...,e,}.

Let ¢ be a cut-off function, namely we ask ¢ € CZ°(B1) and ¢ = 1 on By /5. Define the
vector fields Y (y) := yni1ent1 and X (y) := ©?(y)Y (y).

Fixing y where T,,0*F exists and calling {{;}{ an orthonormal basis of it, we compute
(3) divr,o e Y =Y (E)nt1(ent1, &) = D (ent1,6)%
J J
Now
divy,oop X = @*(y) dive,or e Y + > _(V(9%), &) Uns1(ent1, §)-
J

Since [ divy,e+p X du(y) = 0 by stationarity, we deduce
2 - _
/B P (y) divy,g-p Y = —2/B > o) ent1, &) unr1(Ve, &)
1 1 ;
j

Applying Young’s inequality 2ab < % + 2b% and recalling (3), we deduce

. 1 .
/B #*(y) divro-p Y < 5 /B ©*(y) divr,o+p Y + C(n) / Yniy du(y),
1 1

By

which can be rewritten as

/ 0 (y) divy,o-p Y < C(n)/ dist(y — =, ) du(y).
B1 B

Finally, since m = id —nt =id —€nt1 ® enq1 (and similarly for 7,,0* E with e, 41 replaced
by v(y)), we compute
|7 = T,0*E|?* = lent1 ® eny1 — v(y) @ v(y)|?
=2(1 - {ent1,v(¥))?)
=2 (ent1,§)’
J

=2 diVTyB*E Y

where we used the identity ||A||*> = tr(A?) for symmetric matrices. Using the fact that
¢ =1 on By, we deduce

Exc(m,0,1/2) < 2"/

S2(y)|m — T, E|2 du(y) < C(n) / dist(y — z, 7)? dpy).
B

B



For future use, we also record the inequality
(4) Jr,oe5m > 1 —C(n)||r — T,0°E|?,

where Jr, o« is the Jacobian of the linear map W‘Tya* . Indeed, this quantity equals the
square root of the determinant of A, where A;; = (7(&;),m(&;)). Writing 7 = id —ep41 ®

én+1, we find

Aij = 05 — (ent1,&i)(€nt1,&5)

and the second term is bounded by . (€n+1, &)? = &||lm—T,0*E|?. Estimate (4) follows.
O

5. REGULARITY OF ALMOST FLAT STATIONARY SETS: LIPSCHITZ AND HARMONIC
APPROXIMATION

5.1. Lipschitz approximation. In this section we implement the first step in our pro-

gram. The goal is the following proposition, whose statement is a bit technical.

Proposition 5.1 (Lipschitz approximation). Assume for simplicity x = 0 and fix param-

eters £, > 1. There exists a constant €1, (¢, B) such that, if E satisfies the assumptions of

Theorem 4.8 with €1, in place of €, then there exists an {-Lipschitz map f : m — 7+ with

the following properties:

e G :={y € O"EN B0 s-t. Exc(m,y,s) < A Vs < {5} C Iy, where X\ = A({) is a
suitable constant,

e O"EN B, /100 and L'y are included in the (Br)-neighborhood of T,

« H'((9*E\ G) N Byjigo) + H (5 \ G) N Brjao) < S Exc(m, a,r)r".

Here I'y := {z + f(2) | z € 7} is the graph of f (viewing 7,7+ as subsets of R"*1).
Recall that the n-neighborhood of a set S is |J,c g By(p), or equivalently the set of points
whose distance from S is < 7.

The result will follow with little work from the following lemma, whose statement is

somewhat cleaner.

Lemma 5.2 (“height” lemma). Given § > 0 there exists e (0) with the following property:
if E satisfies the same assumptions as Theorem 4.8 with e in place of €, then

e 0"EN B, 3(x) C (67)-neighborhood of x + 7,

® 1(Bs(y)) < (wn +0)s" for all y € B, )s(x) and all s < 7.

The word “height” refers to the first conclusion, which is the most important one and
says that the “height” of 9*E over x + 7 is < dr (on the ball B, 5(x)).

Proof. Wlog x = 0, r = 1. We argue by contradiction. Note that we want the constant
g to be independent of E, hence if the statement is not true we can find stationary sets
E;, satisfying
i(Bs(0
6;(0) := lim #5(B:(0)) >1, Exc(Fj,m0,1) <egj, pi(Br) < (wn+¢j)

s—=0  wps”
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for a sequence €; — 0 (here p; := H" L 0*E;), but such that one of the two conclusions is
false.

Up to subsequences, we assume j1; — [io as Radon measures. We claim that
(5) foo = H" L (7w N By).

Once this claim is proved, it is easy to reach a contradiction. Indeed, assuming that the
first conclusion fails for infinitely many j’s, up to passing to the corresponding subsequence

there exist points y; € By /o with dist(y;,7) > ¢ and y; € 0*E;. Hence, by monotonicity,

(6) i (Bsy2(y5)) > wn(6/2)"0;(y;) = wn(6/2)"

since §; =1 on 0*E; (wlog 6 < 1). Up to further subsequences, we can assume y; — Yoo-
Note that ys € §1/2 and dist(yeo, ) > . Now (6) implies

poo(Bisj2(Yso)) = wn(6/2)",

while (5) trivially gives fiso(Bs/2(Yos)) = 0 since B a(yoo) N1 = 0.
Similarly we reach a contradiction if the second conclusion fails for infinitely many j’s,
since in the same way we can assume (up to subsequences) that there are sets £}, points

Y; € 31/2 and radii s; < % such that
15 (Bs; (y3)) 2 (wn + 0)s7,
so that by monotonicity
1 (Bi/a(ys)) = (wn + 6)(1/4)".

Assuming as before that y; — Yoo, we deduce fioo(B1/4(Yoo)) > (wn + 6)(1/4)", but it is

easy to see that

Mm(§1/4(yoo)) =H" (7 m§1/4(?JOO)) < wn(1/4)™.
We are left to prove the claim. Recall (1), which gives

T, 0" E;(y)|? (B 10:8
/ Y nj2 d/ﬁ](y)gu](nl)*,uj(n )
Bi\Bs |y 1 o

for any fixed 0 < ¢ < 1. By monotonicity again, the second ratio is at least w,8;(0) > wy,
hence the right-hand side is bounded by (wy, +¢;) —wy,. We deduce that the left-hand side
is infinitesimal as j — co. On the other hand,

/ 2 daj () < 2 / lnt — TH07 B | dpsy () + 2 / T B () duy ()
Bl\Bcr Bl\Ba

1\Bo
< 2Exc(Ej,m,0,1) +0(1) = 0
since ||7t — T;-0* E;|| = ||x — T,0* E;|| (being 7+ = id —7 and similarly for T,0*E}). In

the limit we deduce

/ by e (y) < limint / by () =0,
Bi1\B, Bi\Bo

j—00
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hence |71y| = 0 for pe-a.e. y € By \ B,. Since o was arbitrary, we get supp(poo) C 7.
Finally, note that by stationarity

‘ / divy X du; (y)
B1

= | [ aivex —divr, e, X) dis(o)
1
< C(n)||DX || 1= Exc(Ej, m,0,1)Y2,

for all X € C2°(By,R™"1) (the last inequality is left as an exercise). In the limit we get
fBl divy X dpieo = 0. Assuming wlog m = span{ey, ..., ey}, for any ¢ € C°(B}") we have

(7) /B div(p(y)ex) diioo(y) = 0

for all k = 1,...,n, where we denote y = (v, yn+1). Indeed, although this vector field is
not supported in By, we have supp(yp) C B, for some 1 > 0 and we can find a cut-off
function v € CSO(B,%) such that ¢y =1 on B}]/Q, say. Then the vector field (¢ )t (yn+1)ex
is admissible in the definition of stationarity, namely it is supported in By, and (7) fol-

lows since inserting 1 (y,+1) or not makes no difference in the integral (we already know

Supp(os) € ).
Viewing (o as a measure in R", we deduce

0
/ —wduoo =0.
Ita.fﬁk-

Hence, ji is a constant multiple of £ B} (exercise; hint: regularize oo by convolution),
say e = L™ L Bf'. But

fioo(B1) < liminf p;(B1) < wp,
J—00
hence a < 1, and
fioo(B1/2) > limsup 1 (B /2) > limsup wy, (1/2)"60;(0) > w,(1/2)",
Jj—o0 Jj—o0
thus a > 1. Our claim (5) follows. O

Proof of Proposition 5.1. Wlog r = 1. We choose:

o \:=¢ep(¢/10), i.e., we apply Lemma 5.2 with ¢ := ¢/10 and we let A be the correspond-
ing e making the lemma work with this d,
o c; :=cy(min{f, \}).
Note that we immediately have that 9*E N By, is included in a S-neighborhood of ,
thanks to the second choice and the first conclusion of Lemma 5.2.
If now y,z € G are distinct, then we fix s := 3|y — 2| < & and we look at the ball

10
B;(y). Since s < %, by our second choice and the second conclusion of Lemma 5.2 we get

#(Bs(y)) < (wn + A)s™,
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More importantly, we have Exc(7,y, s) < A by the very definition of G. Hence, Lemma 5.2
applies on B;(y): recalling that A = ex(¢/10), its first conclusion gives

l

dist(z — < —

S,

which can be written as |71 (z — y)| < 3¢z — y|. Using the triangle inequality (and

assuming wlog ¢ < 1), it is easy to deduce
(2 = )| < lm(z = y)l.

It follows that the projection 7 : G — 7 is injective, since if 7(y) = m(z) we deduce that
also 7+ (y) = m1(z), and the inverse can be written as id +f, with f : 7 — 7' satisfying
If () = fW) < b2 =y

We already know |f| < 3, since G C 0"E N By 5, hence as we saw in the first class we
can extend f to an ¢-Lipschitz map m — 7+, still denoted f, with |f| < 8. Thus we are
left to show the third statement.

For all y € (0"E \ G) N By 100, by definition of excess there exists a ball B, (y) with
sty(y) |m — T.0*E||* du(z) > Asy and sy < 5. Vitali’s covering lemma gives a disjoint
subcollection {Bs; (y;)} such that the dilated balls Bjs,(y;) cover (0"E \ G) N Byjig0- 1t
may be tempting to use the definition of Hausdorff measure to conclude, but the only

upper bound we have on the radii s; is %. We use our measure p instead:

p((0"E\ G) N Byj100) < Z#(BSsj (y5))

< C(n) Zs?
J

<O [ e- 0B au)
A JuBsw)

< C’g\n) Exc(7,0,1)

where the third inequality comes from disjointness, while the second follows form mono-

tonicity, as
p(Bos,(03)) _ #(Byjols)
(Bsj)» = (1/2)
(and wlog €1, < 1, say). In order to estimate (I'y \ G) N By /109, We note that this is a subset
of I'y = (id x f)(R™), where now wlog 7 = R™ x {0} and we view f :R"™ — R. Hence, by

the area formula,

< 2™(wp, + 1)

H™((T\ G) N By j1g0) < V2L (w((Ty \ G) N By100))

where we used J(id x f) = /1 + |V f[]2 < /1 + £2 and wlog £ < 1. Since 7 is injective on
I'y, the last measure is bounded by

L£( ?/100) — L (7 (G)).
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Finally, note that H"(G) > p(Bi/100) — % Exc(m,0,1) by what we already proved, and
1(B1/100) = wn(1/100)"6(0) > w,(1/100)" by monotonicity, while by the area formula
(for the map )

L7 (x(G)) = /G Jr,cm dH"(y)

and Jp,gm > 1 — C(n)||m — T,0°E|)? for a.e. y € G (by (4) and the fact that G C 9*E).
Hence, £"(r(G)) > H"(G)—C/(n) Exc(r,0,1) > L"(B}140)— <5 Exc(r,0,1). Combining
these inequalities, we arrive at

C(n)

H"((Ly\ G) N Byjigo) < \/i(ﬁn(B?/loo) - LM(7(G))) < N Exc(,0,1),

as desired. n

5.2. Harmonic approximation. As already said, we want to show that 0*F is essen-
tially the graph of a harmonic function and exploit the fact that we have the desired
improvement of flatness of such graphs. The latter fact is the content of the next very

simple proposition.

Proposition 5.3 (“improvement of flatness” for harmonic graphs). If u : B} — R is
harmonic, then for all 0 < n < % we have

sup |u(z) — u(0) — (Vu(0), )| < C(n)n?||Vull L2(sy)-

x€By

The left-hand side bounds the distance of the point (z,u(x)) € T'y, from the affine n-

plane {u(0) + (Vu(0),z) | z € R"}. Hence, with respect to this plane, the graph T,
has a small tilt on the ball B;((0,u(0))), much smaller than |[Vu|/2, (which should be
thought informally as the excess) if 7 is chosen small. In the next section we will transfer
this information to f, using the technical proposition below, and then show that also the
excess on a ball of size ~ n (with respect to a different plane) is much smaller than the

original excess thanks to the tilt-exces inequality.

Proof. Let ¢ € CSO(Bf/Q) be radial and such that [z, = 1. Then the mean-value

property enjoyed by u gives u = u * ¢ on B% /2° By Taylor expansion we have

sup [u(z) — u(0) — (Vu(0),z)| < n?sup||V?ul|.
z€BY By

2 .
But 78:381]- (ux¢) = 8% * 57“‘; on By C B{L/Q, hence ||[V2u|| < |Vu| * |[Vi| here (using the

Hilbert—Schmidt norm for matrices) and this implies

IV2ull(x) < /R Vul(z —y)[Vel(y) dy < [|Vull 2[|Vell 2

by Cauchy-Schwarz, for all x € Bj. The claim follows since ||[V¢l|z> depends only on
n. O
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The next proposition says that if a function f : B} — R almost verifies the weak

definition of harmonicity, which would be
/ (Vf,Vyp) =0 forall p € CZ(BY),
By
then it is close in L?(B?) to a harmonic function.

Proposition 5.4 (harmonic approximation). Assume f € W12(BY}) has an IVf? <1
1
For all p > 0 there exists € o(p) such that if

|| (V1.9 < eallVlu for ail € O (B])
1

then there exists u : B — R harmonic with
/ If—ul* <p and / |Vu|> < 1.
By By

Proof. By contradiction, assume there exists a sequence of functions f; € W12 with
IVfill2 <1 and

[ V5,90 <21l forall € CF(BD),
1

for a sequence €; — 0, but such that [|f; — ul|z > /p for all u : Bf — R harmonic with
[Vaul|pz < 1.

Subtracting from each f; its average does not change any of these properties, so we can
assume that [ Br fj = 0. Poincaré’s inequality then implies that (f;) is a bounded sequence
in W12, which is a Hilbert space. Hence, up to subsequences we can assume that u; — us
(weak convergence in W1?), which gives u; — us strongly in L? by Rellich’s compact
embedding theorem.

Due to this strong convergence, we still have || foo — u||z2 > |/p for all u as above, but

now the weak convergence V f; — V f in L? gives
| 5Veh = lim [ (V5;,v6) =0
By J=reo By

for all ¢ € C°(B}). This is the weak characterization of harmonicity, so fo is smooth

and harmonic, Moreover, by lower semicontinuity of the norm under weak convergence,
IV foollp2 < liminf [V fj]| 2 < 1.
Jj—00
Hence, we can choose u := f, and obtain the contradiction 0 = || foo —ul[z2 > \/p. O

Remark 5.5. We could have showed a real “improvement of flatness” for u, like

xsequg [Vu(z) = Vu(0)| < C(n)n||Vul 12,
with the same proof. However, Proposition 5.4 forces us to use the tilt in order to transfer
the improvement of flatness to f, since f is close to w in L? rather than W12, The need
of using the tilt comes also from the fact that we cannot bound the excess produced by
0*E \ Ty, while we will be able to say that its tilt is very small since its distance from 7
is < 6.
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We now show that a suitable normalization of the function f given by Lipschitz ap-

proximation satisfies the previous proposition (where of course we can change the radius
from 1 to 1/200).

Proposition 5.6. Assume again x =0, r =1, 7 = R" x {0}. If £ and E := Exc(m,0,1)
are small enough, then [g, IVf|2 <1 and
1/200

| Sy (V. 70)
sup

pecz= By N0y IVellze

can be made arbitrarily small, where f = (C'OE)_l/zf for some dimensional constant
Co(n) and f : R™ — R is the map given by Proposition 5.1. In more precise words, for all
£ there exists & such that, if {,E < 6, then Jgn |Vf]2 <1 and

1/200

’ / (v Veo>\ < &Vl

1/200

for all p € C(?O(B?/QOO).

Proof. Step 1. Fix ¢ € CgO(B?/%O). By stationarity we have

(s) 0= / divry o0 2 (0(5' Yent1) dia(y),
Bi /100

where we use the notation y = (v, yn+1). Note that the vector field X (y) := (v )ent1
does not have compact support; however 9*E N By /g is contained in a S-neighborhood
of m (wlog 8 < 1/200) and hence we can multiply our vector field by a cut-off function
Y(Ynt1), with ¢ (t) = 1 for |t| < g and ¥ (t) = 0 for |t| > 1/200, making it supported in
B1/100, without changing the value of the above integral, so that (8) is justified.

Also, by Proposition 5.1, noting that T,0*E = T, I'y for H"-a.e. y € G C I*E NIy as

seen in the first class, we have

‘ /R;nJrl diVTny XdH" L Ff(y) — /B divaa*E X dlu,(y)‘

1/100
O) < OVl (H(S\ €)M Bijpon) + HH(0'E\ G) 1 Byjian))
< A BV .

Now T,I'y = span{v;(y’)}7 for H™-a.e. y € Iy, where v;(y') :=¢; + %(y’)enﬂ. Hence
J
the projection onto T,I'f, still denoted T,I'¢, is given by (exercise)

n

(10) T,Ts(z) = Y vig’(v), 2)
i,j=1
for all z € R*"! where ¢g¥ is the inverse matrix of gpm, := (vg,vm). Note that, since

\Gkm — Okm| < |V f|? < 2, if £ is small enough then the inverse g really exists and
satisfies |g¥ — 69| < C(n)|V f]? pointwise.
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The graph I'y is the image of the injective map id x f : R" — R"™*1 50 the area formula

gives
(11)
‘ / divr,r, XJ(id x f)(y") dy’

C
- ‘ / divr,r, X dH" LT (y)| < S e
Rn+1 )\

where the inequality comes from (9) and (8).
Note that J(id x f) = /1 + |V f]2 = 1 + O(|Vf|?), while formula (10) gives

divaFf X = <TnyV(p(y/), Tyrf€n+1>

(viewing Ve (y') as a vector in R"+1; we used that Vp(y') L ept1, hence (Vo(y'),v;) =

gf( ")). Using also the fact that ¢“ = § + O(|V f|?), we deduce that

. . / !/ _ - 2 )
(12 [ divnr, XJGax 1)) b = /Rnwf,w>+0<nwuL / bmwr)

Step 2. We claim that [z, |V f |2 is bounded by E, provided that ¢ is small enough.
—_— 1/200
Indeed,

),

| =PRI ) < B ORI\ G N Byon) < B+ U,
1/100

but, using again the area formula, the left-hand side is bounded below by

| m=mrRaax .
?/200
since (', f(y')) € By /100 for all y’ € B0 (recall that we assume § < 1/200 and |f| < 3).

To conclude, note that

|7 — T,0 4|12 > |7(m — T,Tf)enta|?

= ) Z Uz U]aen-i-l)

‘ 2

2 2
ij O
ii=1€ -5“8713) < 2‘ > iz eig agf +2’ > iz i (04 —g¥ ) . Hence,
using also J(id x f) = 1+ O(]Vf|?), we reach the estimate

where we used ’ >

/ | — T,T¢|| 2 (id x f) dy’ > ;/ V(1= Cn)IVf?) dy'

B ?/200 B ?/200
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and choosing ¢ so small that 1 — C(n)|Vf|> > 1 — C(n)f? > § we get

/ VP <2 / I — T, 0|2 dH" LT 4(y) < Co(n) E
B Bi /100

n
1/200

for some big constant Cy(n), since the parameter A depended only on ¢, which is now
chosen in a precise way depending only on n (so that now also A = A(n)). This proves our
claim.

Step 3. We deduce that f = (CoE)~'/2f satisfies fB,f/m IVf]? <1 and, combining (11)
with (12),

[ ViVl < CoEITel~.
13?/200

The statement follows. O
5.3. Proof of Theorem 4.9. As usual, wlog we assume z = 0, r = 1, 7 = R" x {0}.
Let f : R™ — R given by the Lipschitz approximation, namely Proposition 5.1. Thanks to

Proposition 5.6, if E' := Exc(7,0,1) is small enough, we can apply (the “radius 1/200”-
version of) Proposition 5.4 and find @ : BIL/200 — R harmonic with

[ ai-aP<e [ waPsu
B™ B"

1/200 1/200

Setting u := /CoEa and recalling that f = \/CoEf, we find

(13) /B |f —ul> < C(n)pE, / |Vul> < C(n)E

1/200 BY200
Now let Z := (0,u(0)) and 7 := span{e; + %(O)enﬂ}?. Note that
dist(z,7) < [z] = [u(0)] < C(n)l[ullpr < C)llu— fllp + C@)[|fllr < Cn)(VpE + 5),

where the bound on |u(0)| comes from the mean-value property. We also have |[Vu(0)| <
C(n)|lu|lz1, because writing u = u * ¢ near 0 as in the proof of Proposition 5.3 we get
IVu(0)] = |(ux V) (0)| < |Jul|p1||Ve| Lee. This gives (exercise)

lnt — 7+ = |7 — 7| < C()|Vu(0)| < C(n)(V/pE + B),

as well. Now fix n > 0 to be chosen later on. We want to estimate the tilt

(14) a2 [ distly - 2,7 duty).
Bun(Z)
We first note that
/ dist(y — &, 7)? du(y) < C(n)E dist(z, 7)* + 2/ dist(y, 7)? du(y)
B1/100\T'y B1/100\T'y

and, since dist(y, 7) = |71y, the last integral is bounded by

2 / 7 — ol dpu(y) + 2 / eyl dyu(y) < C(n)(pE + B2)E
Bl/lOO\Ff Bl/lOO\Ff
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being ‘WLy| = dlSt(y,T(') S ﬁ for y S 3*E N Bl/lOO and ’H”((a*E \ Ff) N Bl/lOO) S C(n)E
(recall that A\ was fixed during the proof of Proposition 5.6 and depends now only on n).
We deduce that

[ distly - 2.0 duly) < Cu)(oE + FIE.
By /100\'y
More importantly, using the area formula and bounding J(id x f) < 2, we have
/ dist(y — 2, 7)* du(y) < 2/ (') = u(0) = (Vu(0),5/)]* dy,
I'fNBay(Z) B, (0)
since y — & = (v, f(v') — w(0)) and (v/, (Vu(0),y’)) € 7. The last integral is bounded by
Cln) [ 1 =P+ o sup [uly) — u(0) = (Vu(0),/)* < Clu)(pE + 7" E),

B477 y’EBZn

thanks to Proposition 5.3 and (13). Assuming our parameters 7, 3, p are small enough, we
have By, (%) € By/100(0), in view of our bound for |Z|. Hence, we can bound the quantity
(14) with the estimates that we found for By /199 \ 'y and 'y N By, (Z), arriving at

(4m) ™" /B ) Bt = 2 )2 du(y) < C(n)n "2 (pE + 5% + p + 0/ T)E.
an (T

If 8 and p are small enough with respect to n (assuming wlog E < 1), then we have
|z| < C(n)(v/pE + B) < n and hence the inclusion Bo,(Z) 2 B,(0). This, together with
the tilt-excess inequality (Proposition 4.11) on the ball By, (Z), finally gives

Exc(7,0,1) < 2" Exc(7, #,2n) < C(n)n " 2(pE + B* + p)E + C(n)n’E.

It is now a trivial matter to realize that this is < F/2 if we impose n < 1, 3% < n"*? and
p < n™t2. Note that imposing small values for 5 and p requires having E small enough,

in turn, according to Proposition 5.1 and Proposition 5.6.

5.4. Proof of Theorem 4.8. As already said, Theorem 4.8 follows with really little work
from Theorem 4.9. Assume again x =0, r = 1.

In the video these theorems were called Theorem 1 and 2. For the sake of clarity, let us
call eppm 2 the constant € making Theorem 4.9 (“Theorem 2”) work. We will show that

Theorem 4.8 (“Theorem 1”) holds with a certain constant € = ey, 1 much smaller than

EThm 2-
First of all, using the “height lemma” (Lemma 5.2), we can take epy 1 so small that

1
(15) 1(Bs(2)) < (wn + eThm 2)s™  for all & € By, s < T

So, fixing any & € 9"E N By and asking also 4"eThm 1 < €Thm 2, we observe that
Theorem 4.9 applies on By 4(%) since

Exc(m,&,1/4) < 4" Exc(m,0,1) < 4"ehm 1 < EThm 2-
Hence, for a new n-plane 7 we get

Exc(m, &,1/4).

N | =

(16) Exc(my,2,n/4) <
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By the very nature of Theorem 4.9, we can iterate it infinitely many times. Indeed, its
conclusion (16) and (15) give u(B,/4(2)) < (wn + eThm 2)(n/4)" and Exc(m, #,1/2) <
€Thm 2- S0 we can apply Theorem 4.9 on B, /(%) (with m; in place of 7), and so on. We

thus get planes mg := 7, 71, 79, ... such that
) 1 .
EXC(TFJ'+1a z, 77j+1/4) < 5 EXC(TFja z, 77]/4)a

hence Exc(n;, ,77 /4) < 2774" Exc(,0,1). We now claim that we can actually replace m;
with 7 and still have small excess. This follows comparing 7;, 741 with the approximate

tangent plane T,,0* E:

2
I — 1||2<A/ I — T,0°B|12 du(y)
’ " M(an+1/4(90)) B j+1,,(# & Y
2 i1 — T,0°E|]® du(y)
N(an+1/4($)) B jt1,,(2) ! Y

< C(n)Exc(rmj, Z, nj/2) + C(n) Exc(mjq1, 2, nj+1/2),

where we used the inequalities pu(By+1/4(2)) > c(n)(n? ™ /4)", ¢(n)(n’ /4)™ coming from
monotonicity (recall that #(2) = 1 since £ € 0*FE). It follows that ||m; — w1 <

C(n)\/27JeThm 1, so that

Jj—1 Jj—1
I — | < Z 7 — Trt1ll < C(n) ZQ_k/Q\/gThm 1 < C(n)y/EThm 1
k=0 k=0

(B a@®) _ pu(Bya(@))
mi/Hm = 1/9"

< 4™(wp, + €Thm 1), we deduce

. . (Byia(2))
Exc(m, 2,77 /4) < 2Exc(m;, &, 17 /4) + 2— -~ 2

It follows easily that, for a possibly different C(n), we have Exc(m, Z,s) < C(n)eTpm 1 for

.
and, using

|7 — 7Tj||2 < C(n)eThm 1-

all s < i (exercise). Now we apply again the Lipschitz approximation, namely Proposi-
tion 5.1, on By. If eppy 1 18 so small that the last quantity C(n)eThy 1 is smaller than A
(recall that A in the end depends only on n), then & € G. Hence, with all these assumptions

on Erhm 1, we deduce that
3*E N Bl/lOO g Ff

for some (-Lipschitz map f : 7 — 7. This is already a big achievement, given that
general sets of finite perimeter can behave very wildly!

Next, assuming 7 = R"™ x {0}, we define the relatively closed subset G’ C B?/QOO
G'={y € B0 : (v, f(y)) € O°E}.

Note that (y', f(y')) € B1/100, since wlog £ < 1. We want to show that G' = B} which

1/200°
implies that in fact 9* E'N By o090 = I'y N By jg00- If G’ is a proper subset of B?/zoo then we

can find a ball B} (y5) C BY 9, touching G’ from outside, meaning that B} (y5) NG" =0

1/200 r0
and z) € G’ for some z on the sphere B! (y;). For instance, pick a point ' € G inside
the ball By 5, and then a point Yy € (G')¢ very close to ¢/, and choose the biggest ball

B! () disjoint from G': this ball must touch G’ by maximality.
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Monotonicity gives p1(Bs(z0)) > wps™, since 2z := (2, f(2()) belongs to 9*E and hence
has 6(zp) > 1. On the other hand, the area formula gives

p(Bao) < [ ),
By (z)NG’
since p = H"L0*E and 0" F is parametrized by id x f inside Bs(20) C By /199 (for s small).
But J(id x f) = /1 + |V f|? and B} (2)) N G' C B (z)) \ B}, (y,), which is asymptotically
like a half-ball as s — 0. Hence,

wps™ < u(Bs(20)) < (wn/2 4 0(1))s™/1 4 £2

which is a contradiction for s — 0 (wlog ¢ < 1). Thus we have “no holes” in the closure
of the reduced boundary, i.e. 9*E N B /200 = L'y N By 200-

Finally, we turn to the C17 regularity of *E. Applying (and iterating) Theorem 4.9
as before at any y € 0*E N Bj 400, we get

Exc(y, m;,1° /400) < C(n)2 erpm 1.

As already observed, 7 is very close to m. Hence, it equals span{ey, +aien+1 |k=1,...,n}
for some a/ € R™ small (exercise). Also, observe that T,0*F = span{e; + %fj(z’ Yen+1}Y

for p-a.e. z. This implies
IVf(z) = d? < C(n)|IT-0"E — mj|?

(exercise; hint: reason as in the proof of Proposition 5.6). The graph of f\an/ (y) 18
nJ /800

included in B,; 400(y), hence in 0" E N By 400(y) up to a H"-negligible set (thanks to
Ff N Bl/200 = 8*E N Bl/2007 the inclusion an/400(y) g B1/200 and the fact that 8*E \ 8E
is H™-negligible). We deduce with the area formula that

IVf —d|> < C(n) Exc(rj, y, 17 /400) < C(n)277.
")

n .
nJ /800

n

From this we deduce (exercise) that for all y € Bj 140

a=a(y,s) € R" with

.. 1 .
0 and all radii s < 100 there exists

[ 197 =af < oy
Bs(y')

for some dimensional constant «. Since the left-hand side is minimized when a equals the
average of Vf on the ball B} (y’), denoted (V f), s, we arrive at

/ VF — (Vh)yal? < Cln)s®
B2 (y")

for all i/ € B’f/ 100 and all s < ﬁ. This is the integral characterization of C%*/2-functions,
namely it gives Vf € C%*/2 on the ball B
Theorem 4.8 follows with v := 5.

?/400: see for instance [4, Theorem III.1.2].
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