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7 Regularity of �multiplicity one� varifolds with

small excess

The goal of this talk is to generalize the regularity results that we have studied
for sets of �nite perimeter in the settings of integral varifolds. The complications
are due to the fact that we are no longer in codimension 1 and to the presence
of the density: while the former is mainly a technical issue, the latter allows us
to prove only a version of the regularity theorem that is weaker than in the case
of constant density. The strategy of the proof is exactly the same and most of
the intermediate results can be easily adapted; therefore, we will omit some steps
and refer to Alessandro Pigati's talks1 for that.

Before stating the main results, let us �x the notation and recall some basic
results. Let U ⊂ RN be an open set and V = (Γ, g) be a k-dimensional integer-
recti�able varifold in U with associated measure µV (A) :=

∫
Γ∩A g(x) dHk(x) for

any Borel set A ⊂ U ; we will always assume µV (U) < +∞. In the last talk we
have de�ned the �rst variation of V with respect to a vector �eld X ∈ C1

c (U,RN),
denoted by δV (X), and we have proved that δV (X) =

∫
U

divTxΓX dµV (x). The
last formula implies that the operator X 7→ δV (X) is linear; if it is also bounded,
by the Riesz representation theorem there exists a Borel map H : U → RN called
generalized mean curvature such that

δV (X) = −
∫
U

〈X,H〉 dµV

If H is bounded in L∞, it can be proven that for every x ∈ U the map
r 7→ e‖H‖∞rµV (Br(x))/rk is increasing. Therefore, it makes sense to de�ne the
density

θV (x) := lim
r→0

µV (Br(x))

ωkrk

Note that θV = g µV -a.e. by standard measure theoretic arguments and θV
is upper semicontinuous (the proof is the same as in the case of sets of �nite
perimeter). Note also that θV ≥ 1 on spt(µV )∩U : in fact, {θV < 1} ⊆ {θV 6= g}
as g is integer valued and so {θV ≥ 1} is dense in spt(µV ) (otherwise, there would
be an open set A ⊂ spt(µV ) ∩ {θV < 1}; µV (A) > 0 as A ⊂ spt(µV ) is open, but
µV (A) = 0 as µV ({θV < 1}) = 0); the conclusion follows by upper semicontinuity.

In many of the results of this notes we will make the following assumptions,
that depends on ε:

(HP)ε V is a k-dimensional integral varifold with bounded mean curvature in
Br(x0) ⊂ RN such that

• θV (x0) ≥ 1

1Whose notes are available here.
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• µV (Br(x0)) < (ωk + ε)rk

• ‖H‖∞ < ε/r

• there exists a k-dimensional plane π such that

Exc(π, x0, r) := r−k
∫
Br(x0)

‖TxΓ− π‖2 dµV (x) < ε

Remark 7.1. In the case of sets of �nite perimeter we only considered stationary
sets, i.e. with H = 0, and in the rest of the seminar we will probably only need
the results for the stationary case. The generalization for varifolds with bounded
mean curvature is useful in the study of varifolds in compact Riemann manifolds:
given a Riemann manifold M ∈ RN , we de�ne an integral varifold in U ∩M as
an integral varifold in U such that µV (U \ M) = 0. It is not true in general
that H = 0 for a stationary varifold in U ∩M ; however, if M is compact and
isometrically embedded in RN , one can still prove that H is bounded. In any case,
the presence of a nonzero mean curvature does not cause any major complication
of the proofs.

For the rest of the notes we assume without loss of generality that Γ = Γ̄∩U
(i.e., Γ is closed in U) and Γ = spt(µV ) ∩ U . The letter C will denote a positive
constant only depending on k, and N . By a tiny abuse of notation, we will use the
same symbol for a vector subspace of RN and the projection into that subspace.

Theorem 7.2. There exist ε1, γ positive constants only depending on k and N
such that, if V satis�es (HP) with ε1 in Br(x0), then Γ ∩ Br/1000(x0) is a C1,γ

submanifold in Br/1000(x0) and θV ≡ 1 on Γ ∩Br/1000(x0).

Corollary 7.3. Let V be a k-dimensional integral varifold with bounded mean
curvature in U such that g ≡ h µV -a.e. for some constant h. Then, there exist
an open set W ⊆ U such that Γ ∩ W is a C1,γ submanifold of W , with γ the
constant of Theorem 7.2, and µV (Γ \W ) = 0.

If we drop the assumption that g is constant a.e., we can only conclude that
W ∩ Γ is dense in Γ.

Remark 7.4. This result is the analogous of Corollary 4.10. However, we can no
longer conclude that the singular set is negligible without any assumption on the
density; as a matter of fact, this is not true for varifolds with nonzero bounded
mean curvature. It is still an open problem to understand whether it holds for
stationary varifolds.

Proof. Assume without loss of generality that h = 1 (otherwise, we could just
consider the varifold (Γ, h−1g)). Fix R > 0 such that R‖H‖∞ < ε1. Since for
Hk-a.e. x ∈ Γ

1 = θV (x) = lim
r→0

µV (Br(x))

ωkrk

the �rst three assumptions of (HP)ε1 hold in Brx(x) for some rx < R. Now we
observe that Γ = N ∪

⋃
j∈NKj, where Hk(N) = 0 and every Kj is a compact
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set included in the graph of a C1 function fj : πj → π⊥j for some suitable k-
dimensional plane πj.

2 If x ∈ Kj, we can write

Exc(TxΓ, x, r) ≤
[ C
rk
Hk(Br(x) ∩ (Γ \Kj))+

+
1

rk

∫
Br(x)∩(Γ∩Kj)

|Dfj(z)−Dfj(x)|2 dHk(z)
]

The second term is smaller than C supz∈Br(x)∩Kj |Dfj(z) − Dfj(x)|2, which van-

ishes as r → 0 by continuity of Df . We now claim that for Hk-a.e. x ∈ Kj also
the �rst term is in�nitesimal. De�ne

Fn :=

{
x ∈ Γ ∩Kj

∣∣∣∣ lim sup
r→0

Hk(Br(x) ∩ (Γ \Kj))

rk
≥ 1

n

}
so that the union of all the Fn is the set of x ∈ Kj such that the �rst term does
not vanish. We apply the �rst conclusion of [1, Theorem 2.56] to the measure
µ := Hk

|Γ\Kj to obtain Hk((Γ \Kj) ∩ Fn) ≥ n−1Hk(Fn); since (Γ \Kj) ∩ Fn = ∅
by de�nition, Hk(Fn) = 0 for every n and so the claim is proved. Therefore, for
Hk-a.e. x ∈ Γ we can apply Theorem 7.2 in Brx(x) for some rx and conclude that
Γ∩Brx/1000(x) is a C1,γ submanifold. The set W is then the union of these balls.

In the general case, for every n ∈ N = {1, 2, . . . } de�ne the sets Cn :=
{ x ∈ Γ | θV (x) ≥ n }, which are closed by upper semicontinuity, En := C◦n \Cn+1

and E :=
⋃
n∈NEn. We claim that Γ \ E ⊆

⋃
n∈NCn \ C◦n: take x ∈ Γ \ E, we

know that θV (x) ≥ 1 and thus there exists n ∈ N such that x ∈ Cn \ Cn+1; if x
were contained in C◦n, then we would have x ∈ C◦n \Cn+1 ⊂ E; hence we conclude
that x ∈ Cn \ C◦n. Γ̄ is a closed subset of a completed metric space and Γ is an
open subset in the topology of Γ̄, hence it is a Baire space. This implies that E
is dense in Γ. Now for every n take an open set Un such that Γ ∩ Un = En and
consider the varifold Vn := (En, g|Un): by the �rst part of the proof there exists
Wn ⊆ Un such that Γ ∩Wn is a C1,γ submanifold and µVn((Γ ∩ Un) \Wn) = 0.
Then, Γ∩Wn is dense in Γ∩Un (as any open set in Γ∩Un has positive measure).
Finally, the set W :=

⋃
Wn satis�es the thesis, as Γ ∩W is a C1,γ submanifold

and Γ ∩W is dense in E, which is dense in Γ.

As in the case of sets of �nite perimeter, the core of the proof of Theorem 7.2
is the following result.

Theorem 7.5. There exist ε2 > 0, η ∈ (0, 1/2) only depending on k and N such
that, if V satis�es (HP) with ε2 in Br(x0) and ‖H‖∞ ≤ r−1 Exc(π, x, r), then
Exc(π̃, x0, ηr) ≤ 1

2
Exc(π, x0, r) for some k-dimensional plane π̃.

Tilt-excess inequality

Proposition 7.6. Let V be a k-dimensional integral varifold of with bounded
mean curvature in Br(x0), π a k-dimensional plane. Then,

Exc
(
π, x0,

r

2

)
≤ C

rk+2

∫
Br(x0)

dist(x− x0, π)2 dµV (x) +
C

rk−2

∫
Br(x0)

|H|2 dµV
2We mentioned this fact in the �rst class. A full proof can be obtained from the combination

of [1, Theorem 2.76] and the Lusin type result for Lipschitz maps of [3, Theorem 6.11].
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Proof. Assume without loss of generality that x0 = 0 and r = 1. As in the
situation of sets of �nite perimeter, de�ne Y (x) := π⊥x (so that dist(x, π) =
|Y (x)|2) and X := ϕ2Y , where ϕ ∈ C∞c (B1) is positive and equal to 1 in B1/2.
By de�nition of H,∫

B1

divTxΓX dµV (x) =

∫
B1

(ϕ2 divTxΓ Y + ϕ 〈Y, TxΓ∇ϕ〉︸ ︷︷ ︸
(F)

) dµV (x) =

= −
∫
B1

〈ϕ2Y,H〉 dµV ≤
1

2

∫
B1

(ϕ4|Y |2 + |H|2) dµV

(1)

Now choose {νj}Nj=1 orthonormal base of RN such that π = Span{νj}kj=1 and
{ξi}ki=1 orthonormal base of TxΓ for a given x. With this notation, Y (w) =∑N

j=k+1 〈w, νj〉 νj and thus

divTxΓ Y =
k∑
i=1

〈DY [ξi], ξi〉 =
k∑
i=1

〈
( N∑
j=k+1

〈ξi, νj〉 νj
)
, ξi〉 =

k∑
i=1

N∑
j=k+1

〈νj, ξi〉2

On the other hand, by de�nition of Hilbert-Schmidt norm,

1

2
‖π − TxΓ‖2 =

1

2

∥∥∥∥∥
k∑
j=1

νj ⊗ νj −
k∑
i=1

ξi ⊗ ξi

∥∥∥∥∥
2

= k −
k∑

i,j=1

〈νj, ξi〉2 =

=
k∑
i=1

(
1−

k∑
j=1

〈νj, ξi〉2
)

=
k∑
i=1

N∑
j=k+1

〈νj, ξi〉2

and we conclude 2 divTxΓ Y = ‖π − TxΓ‖2. We now estimate (F), recalling the
inequality ab ≤ a2/4 + b2:

ϕ|〈Y, TxΓ∇ϕ〉| = ϕ

∣∣∣∣∣
k∑
i=1

〈Y, ξi〉 〈∇ϕ, ξi〉

∣∣∣∣∣ = ϕ

∣∣∣∣∣
k∑
i=1

N∑
j=k+1

〈x, νj〉 〈νj, ξi〉 〈∇ϕ, ξi〉

∣∣∣∣∣ ≤
≤ ϕ|∇ϕ||Y |

k∑
i=1

N∑
j=k+1

|〈νj, ξi〉| ≤

≤ 1

4
ϕ2

k∑
i=1

N∑
j=k+1

〈νj, ξi〉2 + |∇ϕ|2|Y |2 =

=
1

4
ϕ2 divTxΓ Y + |∇ϕ|2|Y |2

Therefore, (1) yields∫
B1

ϕ2 divTxΓ Y dµV (x) ≤ 1

2

∫
B1

(ϕ4|Y |2 + |H|2) dµV +

+

∫
B1

(1

2
ϕ2 divTxΓ Y + 2|∇ϕ|2|Y |2

)
dµV (x)

⇓
1

2

∫
B1

ϕ2 divTxΓ Y dµV (x) ≤ 1

2

∫
B1

(ϕ4|Y |2 + |H|2 + 4|∇ϕ|2|Y |2) dµV
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and recalling that ϕ ≡ 1 on B1/2, we deduce

Exc
(
π, 0,

1

2

)
= 2k

∫
B1/2

‖TxΓ− π‖2 dµV (x) ≤ 2k+1

∫
B1

ϕ2 divTxΓ Y dµV (x) ≤

≤ 2k+1

∫
B1

(ϕ4 + 4|∇ϕ|2)|Y |2 dµV + 2k+1

∫
B1

|H|2dµV

Finally, ϕ4 + 4|∇ϕ|2 < C (ϕ is �xed) and the inequality is proved.

Remark 7.7. Using the notations of the previous Proposition (replacing TxΓ by
T for simplicity), we can prove the inequality |JTπ − 1| ≤ C‖T − π‖2 that will
be useful later, where JTπ is the Jacobian of π|T . First note that JTπ =

√
detM ,

with M the k × k matrix with elements

Mi,j := 〈πξi, πξj〉 = 〈ξi − π⊥ξi, ξj − π⊥ξj〉 =

= δi,j − 〈ξi, π⊥ξj〉︸ ︷︷ ︸
=:Ai,j

−〈π⊥ξi, ξj〉+ 〈π⊥ξi, π⊥ξj〉︸ ︷︷ ︸
=:Bi,j

Now note that |π⊥ξi| = |π⊥ξi − T⊥ξi| ≤ ‖π − T‖, hence ‖A‖ ≤ ‖π − T‖ and
‖B‖ ≤ ‖π − T‖2. Then,

detM = 1− 2 Tr(A) +O(‖π − T‖2) =

= 1− 2
k∑
i=1

〈
( N∑
j=k+1

〈ξi, νj〉 νj
)
, ξi〉+O(‖π − T‖2) =

= 1− ‖π − T‖2 +O(‖π − T‖2)

which implies |detM − 1| ≤ C‖π − T‖2. Since JTπ ≥ 0, we can conclude that

|JTπ − 1| ≤ |detM − 1|(JTπ + 1) = |detM − 1| ≤ C‖π − T‖2

Lipschitz approximation

In the rest of the prove we will often use Lemma 5.2 (the �height lemma�),
whose proof can be very easily adapted to our situation (

∫
divTxΓi X dµV (x) is no

longer zero, but it is bounded by C‖Hi‖∞‖X‖∞ and this is enough for the proof;
for the details cf. [2, Lemma 5.2]).

Proposition 7.8. For any `, β ∈ (0, 1) there exist λ(`) and εL(`, β) such that,
if V satis�es (HP) with εL, then there exists f : (π + x0)→ π⊥ `-Lipschitz map
that satis�es the following properties:

(i) θV ≡ 1 Hk-a.e. on Γ ∩Br/100(x0);

(ii) G :=
{
x ∈ Γ ∩Br/100(x0)

∣∣ θV (x) ≥ 1,Exc(π, x, s) ≤ λ ∀s ≤ r
10

}
⊆ Γf ;

(iii) Γf ∩Br/100(x0) and Γ∩Br/100(x0) are included in the βr-neighborhood of π;

(iv) the following estimate holds:
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Hk((Γf \G)∩B r
100

(x0))+Hk((Γ\G)∩B r
100

(x0)) ≤ C

λ
Exc(π, x0, r)r

k+C‖H‖∞rk+1

Before the proof we present a small computation that will be useful for the es-
timate in (iv). In order to simplify notations, we assume without loss of generality
that π = Rk × {0}N−k.

Lemma 7.9. J(id×f)(y) − 1 = O(|Df(y)|2), where f : (π + x0) → π⊥ is the
function given by Proposition 7.8.

Proof. J(id×f)(y) =
√∑

det(k × k minors of (id×Df)(y))2 by the Cauchy-
Binet formula. Given α ⊆ {k + 1, . . . , N} and β ⊆ {1, . . . , k} we denote by
Mα,β(y) the determinant of the n × n minor of Df(y) containing rows α and
columns β (n ≥ 2). Hence,

J(id×f)(y) =
√

1 + |Df(y)|2 +
∑

Mα,β(y)2

and a Taylor expansion concludes the proof.

Proof of Proposition 7.8. Assume without loss of generality x0 = 0, r = 1. As
in the proof for sets of �nite perimeter, we denoted by εH(δ) the constant that
makes the estimates of Lemma 5.2 work with δ and set λ := εH(`/10) and εL :=
εH(min{λ, β}).

The choice of εL guarantees that µV (Bs(x)) ≤ (ωk + λ)sk for every x ∈
Γ ∩ B1/100 and s small enough; this means that θV (x) ≤ 1 + λ/ωk < 2. Since
θV = g ∈ N Hk-a.e., we can conclude that (i) holds. As a result, µV = Hk

|Γ.

The proof of (ii), (iii) and the bound ofHk((Γ\G)∩B1/100) is exactly the same
as in the sets of �nite perimeter (the extension of f to π is possible thanks to
Kirszbraun theorem). In particular, note that the estimate of Hk((Γ\G)∩B1/100)
is independent of H. We only need to prove the second part of (iv). By the area
formula,

Hk((Γf \G) ∩B1/100) ≤ ‖J(id×f)‖∞Hk(π(Γf \G) ∩B1/100) ≤
≤ C[Hk(B1/100 ∩ π)−Hk(π(G))]

(2)

Now we estimate Hk(π(G)) using the coarea formula, Remark 7.7 and the bound
for Hk((Γ \G) ∩B1/100):

Hk(π(G)) =

∫
G

JTxG dHk(x) ≥ Hk(G)− C
∫
G

‖TxG− π‖ dHk(x)
G⊆Γ

≥

≥ Hk(G)− C Exc(π, 0, 1) ≥

≥ Hk(Γ ∩B1/100)−Hk((Γ \G) ∩B1/100)− C Exc(π, 0, 1)
(2)

≥

≥ Hk(Γ ∩B1/100)− C

λ
Exc(π, 0, 1) ≥

≥ θ(0)
e−‖H‖∞/100

100k
ωk −

C

λ
Exc(π, 0, 1)
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Combining this with (2) we conclude

Hk((Γf \G) ∩B1/100) ≤ C

λ
Exc(π, 0, 1) ≤ +

ωk
100k

(1− e−‖H‖∞/100)

≤ C

λ
Exc(π, 0, 1) + C‖H‖∞

Harmonic approximation

For sets of �nite perimeter, at this point of the proof we showed that, if
the excess is small enough, we can normalize the Lipschitz function given by
Proposition 5.1 so that the normalization is almost harmonic. Here we want to
do the same for every component of the function f given by Proposition 7.8.

From now on we assume without loss of generality x0 = 0 and r = 1. Choose
{νi}ki=1 orthonormal base of π, {ej}Nj=k+1 orthonormal base of π⊥ and denote by
(y1, . . . , yk, zk+1, zN) the coordinates of RN associated to this base. We will also
use the notations Br(x) := Br(x) ∩ π and ∇̄ := (∂1, . . . , ∂k).

Proposition 7.10. If ` and E := Exc(π, 0, 1) are small enough and ‖H‖∞ < E,
then for every j ∈ {k + 1, . . . , N}

sup
ϕ∈C∞

c (B1/200)

|
∫
B1/200

〈∇̄f̃j, ∇̄ϕ〉|

‖∇̄ϕ‖∞
≤ C̃
√
E

where f̃j := (c0E)−
1
2fj and the constant c0 is such that

∫
B1/200

|∇̄f̃j|2 ≤ 1.

This result will allow to use Proposition 5.4 and �nd a harmonic approxima-
tion of f̃j.

Proof. Fix ϕ ∈ C∞c (B1/200) and de�ne the vector �eld X(y, z) := ϕ(y)ej. Obvi-
ously X is not compactly supported in B1/100, but we can easily �x that. We
proved that Γ ∩ B1/100 is included in the β-neighborhood of π and we can as-
sume β < 1/200; so we multiply X by a function ζ ∈ C∞c (B1/100 ∩ π⊥) such that
ζ(z) = 1 for |z| ≤ 1/200.∣∣∣∣∣
∫

Γf

divTxΓf X dHk(x)

∣∣∣∣∣ ≤
≤

∣∣∣∣∣
∫

Γf

divTxΓf X dHk(x)−
∫

Γ

divTxΓ ζX dHk(x)

∣∣∣∣∣+ |δV (ζX)| ≤

≤ ‖∇̄ϕ‖∞[Hk((Γf \G)∩B 1
100

) +Hk((Γ \G)∩B 1
100

)] + ‖H‖∞‖ϕ‖∞Hk(Γ∩B 1
100

)

≤ CE

λ
‖∇̄ϕ‖∞ + CE‖ϕ‖∞

Since ϕ has compact support, in B1/200, for every y ∈ B1/200 and ỹ ∈ ∂B1/200 we
have the inequality |ϕ(y)| = |ϕ(y)− ϕ(ỹ)| ≤ ‖∇̄ϕ‖∞|y − ỹ| ≤ 1

100
‖∇̄ϕ‖∞ and so

the previous estimate becomes∣∣∣∣∣
∫

Γf

divTxΓf X dHk(x)

∣∣∣∣∣ ≤ CE

λ
‖∇̄ϕ‖∞ (3)
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Now for i, h ∈ {1, . . . , k} de�ne vi := νi+
∑N

j=k+1 ej∂ifj, gih := 〈vi, vh〉 and observe
that |gih − δih| =

∣∣∣∑j,j′ ∂ifj∂hfj′δjj′
∣∣∣ ≤ C|Df |2. Therefore, for ` is small enough

the matrix gih is invertible and the inverse gih also satis�es |gih − δih| ≤ C|Df |2.
Take x = (y, f(y)) ∈ Γf and {ξi}ki=1 an orthonormal base of TxΓf : the projection
on TxΓf of a vector w is given by

∑
i,h 〈w, vi〉 gihvh, so

divTxΓf X =
k∑
i=1

〈DX(x)[ξi], ξi〉 =
k∑
i=1

〈ej, ξi〉 〈∇ϕ(y), ξi〉 = 〈TxΓf (∇ϕ), ej〉 =

=
k∑

i,h=1

〈∇ϕ, vi〉 gih 〈vh, ej〉 =
k∑

i,h=1

∂iϕ g
ih ∂hfj =

= 〈∇̄ϕ(y), ∇̄f(y)〉+O(|∇̄ϕ(y)||Df(y)|3)

We combine this with Lemma 7.9, (3) and the area formula to get∣∣∣∣∣
∫
B1/200

〈∇̄ϕ(y), ∇̄f(y)〉 dy

∣∣∣∣∣ =

=

∣∣∣∣∣
∫
B1/200

[divTxΓf X +O(|∇̄ϕ(y)||Df(y)|3)] dy

∣∣∣∣∣ =

=

∣∣∣∣∣
∫
B1/200

[J(id×f) divTxΓf X +O(|∇̄ϕ(y)||Df(y)|2)] dy

∣∣∣∣∣ ≤
≤

∣∣∣∣∣
∫

Γf

divTxΓf X dHk(x)

∣∣∣∣∣+O
(
‖∇̄ϕ(y)‖∞

∫
B1/200

|Df(y)|2 dy
)
≤

≤ CE

λ
‖∇̄ϕ‖∞ +O

(
‖∇̄ϕ(y)‖∞

∫
B1/200

|Df(y)|2 dy
)

(4)

Now we want to bound
∫
B1/200

|Df(y)|2 dy with the excess. By the area formula∫
B1/200

‖π − TxΓf‖2J(id×f) dy ≤
∫
B1/100∩Γf

‖π − TxΓf‖2 dHk(x) ≤

≤ E + CHk((Γf \G) ∩B1/100) ≤
(

1 +
C

λ
E
)
E

(5)

On the other hand,

‖π − TxΓf‖2 ≥ ‖���π(ej) − TxΓf (ej)‖2 =

∣∣∣∣∣
k∑

i,h=1

〈ej, vi〉 gihvh

∣∣∣∣∣
2

=

=

∣∣∣∣∣
k∑

i,h=1

∂ifjg
ihvh

∣∣∣∣∣
2

=
∑
i,h,i′,h′

∂ifj∂i′fjg
ihgi

′h′ 〈vh, vh′〉 =

=
∑
i,i′,h′

∂ifj∂i′fjg
i′h′δi,h′ =

∑
i′,h′

∂h′fj∂i′fjg
i′h′ =

= |∇̄fj|2(1 +O(|Df |2)
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and we �x ` (and thus λ(`)) small enough so that 2‖π − TxΓf‖2 ≥ |∇̄fj|2; this
combined with (5) yields∫

B1/200
|∇̄fj(y)|2 ≤

∫
B1/200

‖π − TxΓf‖2 dy ≤

≤
∫
B1/200

‖π − TxΓf‖2J(id×f) dy ≤
(

1 +
C

λ
E
)
E = CE

(6)

(note that we do not need to keep track of ` and λ anymore). We also get
‖π−TxΓf‖2 ≥ C|Df |2 by summing over every j and with the same computation
as before ∫

B1/200
|Df |2 dy ≤ CE

In conclusion, (4) becomes∣∣∣∣∣
∫
B1/200

〈∇̄ϕ(y), ∇̄f(y)〉 dy

∣∣∣∣∣ ≤ C̃E (7)

It is now trivial from (6) and (7) that f̃j has the desired properties.

Conclusion

We are now ready to prove Theorem 7.5. As in the situation of sets of �nite
perimeter, the strategy is to bound the tilt of the tangent plane to the graph of a
harmonic function close to f and then conclude using the tilt-excess inequality.

Proof of Theorem 7.5. Consider a constant ρ > 0 that will be �xed later and εA
the constant that makes Proposition 5.4 work with ρ. Assume ε2 ≤ (εA/C̃)2; then
we can combine Proposition 7.10 and Proposition 5.4 to deduce the existence of
ũj : B1/200 → R harmonic such that

∫
B1/200

|∇̄ũj|2 ≤ 1 and
∫
B1/200

|f̃j − ũj|2 ≤ ρ.

De�ne uj := ũj
√
c0E and u := (uk+1, . . . , uN) so that∫
B1/200

|Du|2 ≤ CE,

∫
B1/200

|f − u|2 ≤ CρE (8)

The plane π̃ := Span
{
νi +

∑N
j=k+1 〈∇̄uj(0), νi〉 ej

}k
i=1

is our candidate for the

excess improvement. De�ne x̃ := (0, u(0)). The harmonicity of uj implies that
|uj(0)| and |∇̄uj(0)| are bounded by C‖uj‖L1 ; therefore,

dist(x̃, π) ≤ |u(0)| ≤ C‖u‖L1 ≤ C(‖u− f‖L2 + ‖f‖L2) ≤ C(
√
ρE + β)

‖π⊥ − π̃⊥‖ ≤ C
N∑

j=k+1

|∇̄uj(0)| ≤ C‖u‖L1 ≤ C(
√
ρE + β)
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The ball B4η(x̃) is contained in B1/100 if η, E, β are small enough. Now observe
that∫

B4η(x̃)\Γf
dist(x− x̃, π̃)2 dµV (x) ≤

∫
B1/100\Γf

2(dist(x̃, π̃)2 + |π̃⊥(x)|2) dµV (x) ≤

≤
∫
B1/100\Γf

(2 dist(x̃, π̃)2 + 4|π⊥(x)|2 + 4‖π̃⊥ − π⊥‖2) dµV (x) ≤

≤ C[(ρE + β2) + β2 + (ρE + β2)] Hk((Γ \ Γf )B1/100) ≤
≤ C(ρE + β2)E (9)

(we have used the fact that Γ ∩ B1/100 is in the β-neighborhood of π). On the
other hand, for x = (y, f(y)) we have x − x̃ = (y, f(y) − u(0)) and thus, if ` is
small enough so that J(id×f) ≤ 2,

∫
B4η(x̃)∩Γf

dist(x−x̃, π̃)2 dµV (x) ≤ 2

∫
B4η
|f(y)−u(0)−

∈π̃︷ ︸︸ ︷
N∑

j=k+1

〈∇̄uj(0), y〉 ej|2 dy ≤

≤ 4

∫
B4η

[|f(y)− u(y)|2 − |u(y)− u(0)−
N∑

j=k+1

〈∇̄uj(0), y〉 ej|2] dy

Proposition 5.3 implies that for every j,

sup
y∈B1/200

∣∣uj(y)− uj(0)− 〈∇̄uj(0), y〉
∣∣ ≤ Cη2‖∇̄uj‖L2

and so we can conclude∫
B4η(x̃)∩Γf

dist(x− x̃, π̃)2 dµV (x)
(8)

≤ CρE + Cηk+4E (10)

The combination of (9) and (10) yields

1

(4η)k+2

∫
B4η(x̃)

dist(x− x̃, π̃)2 dµV (x)≤C(η−k−2ρE + η−k−2β2 + η−k−2ρ+ η2)E

If β and ρ are small enough, then |x̃| ≤ C(
√
ρE + β) < η and Bη ⊂ B2η(x̃),

Therefore,

Exc(π̃, 0, η) ≤ 2k Exc(π̃, x̃, 2η)
tilt-excess

≤

≤ 2kC

(
1

(4η)k+2

∫
B4η(x̃)

dist(x− x̃, π̃)2 dµV (x) +
1

(4η)k−2

∫
B4η(x̃)

|H|2 dµV

)
≤

≤ 2kC

(
1

(4η)k+2

∫
B4η(x̃)

dist(x− x̃, π̃)2 dµV (x) +
1

(4η)�k−2
‖H‖2

∞�
��(4η)k

)
≤

≤ C(η−k−2ρE + η−k−2β2 + η−k−2ρ+ η2 + E2η2)E

It is now obvious that for η � 1, β2 � ηk+2, ρ� ηk+2 the last inequality implies
that Exc(π̃, 0, η) ≤ E/2.
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As in the situation of sets of �nite perimeter, we now want to iterate the
application of the previous result in order to show that every point close to 0 is
in the set G of Proposition 7.8, and thus in Γf .

Proof of Theorem 7.2. If ε1 is small enough, we can apply Lemma 5.2 to get that
µV (Bs(x)) ≤ (ωk+ε2)sk for all x ∈ Γ∩B1/2 and s ≤ 1/4. It is immediate to check
that Exc(π, x, 1/4) ≤ 4kε1 (and also < ε2 for ε1 small), but this is not enough
to apply Theorem 7.5, as we miss the condition 4‖H‖∞ ≤ Exc(π, x, 1/2). Fix
x ∈ Γ ∩B1/2 and de�ne

E(r) := min
τ

Exc(τ, x, r) F (r) := E(r) +
4

ηk
r‖H‖∞

We claim that F (r) ≤ ε2 implies F (ηr) ≤ 3
4
F (r). If ‖H‖∞r ≤ E(r), we know by

Theorem 7.5 that E(ηr) ≤ E(r)/2 and thus, recalling that η < 1/2,

F (ηr) ≤ 1

2
E(r) +

4

ηk
rη‖H‖∞ ≤

1

2

(
E(r) +

4

ηk
r‖H‖∞

)
=

1

2
F (r)

On the other hand, if ‖H‖∞r ≥ E(r), then

F (ηr) ≤ 1

ηk
E(r) +

4

ηk
rη‖H‖∞ ≤

(1

4
+ η
) 4

ηk
r‖H‖∞ ≤

3

4
F (r)

and in both cases the claim is proved. Note also that

F
( 1

4

)
≤ 4kE +

1

ηk
‖H‖∞ ≤ Cε1

can be made smaller than ε2; therefore, we can apply and iterate the previous
result to get F (ηn/4) ≤ C(3

4
)nε1. For every r small enough set n := blogη 4rc, so

that r ≤ ηn/4 < r/η and

E(r) ≤
(ηn

4r

)k
E
(ηn

4

)
≤ Cη

( 3

4

)n
ε1 ≤ C

( 3

4

)logη 4r−1

ε1 ≤ Crαε1 (11)

for some constant α.
As in the case of sets of �nite perimeter, one can prove that Exc(π, x, r) ≤ Cε1

and conclude that Γ∩B1/100 ⊆ Γf . Then the monotonicity formula allows to prove
by contradiction that Γ ∩ B1/100 = Γf ∩ B1/100. We omit this part of the proof,
as there are no signi�cant changes.3

We still need to prove the regularity of f . Fix y ∈ B1/400, r < 1/400 and de�ne
x := (y, f(y)) and πx,r a k-dimensional plane that satis�es Exc(πx,r, x, r) ≤ Crαε1

(whose existence is guaranteed by (11)). Since ‖π − πx,r‖2 ≤ C(Exc(π, x, r) +
Exc(πx,r, x, r)) ≤ Cε1 (this can be easily proved by a straight forward computa-
tion), for ε1 small there exists a linear map Ax,r : π → π⊥ with Hilbert-Schmidt
norm smaller than 1 such that its graph coincides with πx,r. Now consider two

3Cf. [2] for the details.
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maps A,B : π → π⊥: if |B| ≤ C` and ` is small, then |ΓB(v)| ≤ 1
2
|v| for every

v ∈ π⊥ (as ΓB → π for `→ 0); therefore, for every i ∈ {1, . . . , k}

|A(νi)−B(νi)| = |(νi + A(νi))− (νi +B(νi))| =
= |ΓA(νi + A(νi))− ΓB(νi +B(νi))| ≤

≤ |ΓA(νi)− ΓB(νi)|+ |ΓA(A(νi))− ΓB(A(νi))|+ |ΓB(A(νi)−B(νi))︸ ︷︷ ︸
∈π⊥

| ≤

≤ (1 + |A(νi)|)‖ΓA − ΓB‖+
1

2
|A(νi)−B(νi)|

and we conclude that |A − B| ≤ C‖ΓA − ΓB‖. We apply this for A = Ax,r,
B = Df(u) to get∫

Br(y)

|Df(u)− Ax,r|2 du ≤ C

∫
Br(y)

‖TxΓf − πx,r‖2J(id×f) du ≤

≤ C

∫
B4r(x)∩Γf

‖TxΓf − πx,r‖2 dH(x) ≤

≤ Crk Exc(πx,r, x, 4r) ≤ Crk+α

The left hand side is minimized when we substitute Ax,r by the average of Df on
Br(y), which we denote by (Df)y,r. In conclusion, we proved that∫

Br(y)

|Df(u)− (Df)x,r|2 du ≤ Crk+α ∀y ∈ B1/400, ∀r < 1/400

which implies that f is C1,γ in B1/1000 with γ := α/2.4
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