3 De Giorgi’s structure theorem

This section is presented by Riccardo Caniato on Mar 12, 2020 with the reference [3]. The
notes are written by Riccardo Caniato, if you find any mistake please feel free to contact
the writer via riccardo.caniato@math.ethz.ch.

Introduction

The main goal of this lecture will be to investigate the structure of the Gauss-Green
measure associated to a set of locally finite perimeter £ C R™.
We already know that, if £ C R” is an open set with C'-boundary, it holds that

pe =veH" or

where vg : OF — S™ ! is the outer unit normal to OF. Thus, in this particular case, it
follows that
el =H"" om-

Of course, these facts cannot be generalized in this form to an arbitrary set of locally
finite perimeter. Indeed, we know that a modification of a set of locally finite perimeter
on (or with) a L™-negligible subset of R™ might modify widely its topological boundary
but has no effect on its Gauss-Green measure.

On the other hand, we may wonder if another and apparently more reasonable general-
ization can be done. Namely, we may conjecture that

|ME’ = ,Hnil {spt(uE)-

Although in principle the previous equation seems to make sense, the following example
illustrates how it can’t be true in general.

Example 3.1 (A "wild” set of finite perimeter). Fix any 0 < ¢ < w,, and consider a
dense and countable subset {z}ren of the unit ball B C R™. Pick a sequence of radii
{rk}ken C (0,€) such that B(zg, ) C B, for every k € N, and

Wy, Z T‘Z_l <1.
keN

Then, the set
E = U B(xp, 1) C B
keEN

is a set of finite perimeter in R™ such that
P(E) = |upl|(R") < e
and
|spt(pg)| > wy, —e > 0.
In particular, H" ! i) (R™) = H" 7 (spt(pg)) = +oo.

Hence, the support of the Gauss-Green measure might still be too wild to represent a
measure theoretic replacement for the topological boundary. What happens to be the
correct measure theoretic analogue of the topological boundary is the so called reduced
boundary, which is defined as follows.
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Definition 3.2 (Reduced boundary). Let £ C R™ be a set of locally finite perimeter in
R™.
We define the reduced boundary of E as the subset of R™ given by

O*FE = {:1: € R" s.t. lim M

exists and belongs to S”l}.
r=0* |pp|(B(z,7))

The Borel vector field v : 9*E — S™~! defined as

vp(@) = tim BT

, for every x € 9 F,
r—0+ |uE](B :c,r)) Y

is called the (measure theoretic) outer unit normal to E.

Remark 3.3. Let £ C R" be a set of locally finite perimeter in R™.
As a direct application of the Lebesgue-Besicovitch differentiation theorem it follows im-
mediately that

LE = VE|LE]

and that |ug| is concentrated on 0* F, which implies spt(ug) C 0*E. Moreover, since by
definition 0*E C spt(ug), we get that

spt(ug) = O*E.

The main tool that we will exploit to look at the local properties of the geometric objects
that we are analyzing is the so called ”blowing up” procedure, that is defined as follows.

Definition 3.4 (Blow-ups). Let £ C R", x5 € R™.
The blow-ups of E at xo are the elements of the family {E,, »},>0 defined as
E - i) .

Eypr = = O, (E), for every r > 0,

where, for every fixed r > 0, the map ®,,, : R® — R" is given by

x—
Puy () := " 0, for every x € R"™.

Remark 3.5. By the Lebesgue points theorem, for every Lebesgue measurable £ C R"
it holds that

loc

zo € EO if and only if By, — 0, asr — 07T,

and

zo € EW if and only if E,, , Loe, R™, asrT — 0T,
Remark 3.6. Let £ C R" be a set of locally finite perimeter. We will see during
this lecture that we control the limit of the blow-ups family as » — 0T for each point
laying in the reduced boundary of E. Unfortunately, except for the points belonging to
E© Uy EM U o*E, the behaviour of the blow-ups family can be very wild. For example,
it is possible to construct an open set of finite perimeter with a point zy € 0F such

that for every set of finite perimeter F' C R™ there exists a sequence 7, — 07 such that
loc

Eyor, — F as k — 400 (see e.g. [2]).
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Tangential properties of the reduced boundary

Lemma 3.7. If E C R"™ is a set of locally finite perimeter in R™, xg € R™ and r > 0,
then Eg, » C R" is a set of finite perimeter in R"™ with

_ (Papr)pbE
/"LEIO,T‘ - rnfl .

Proof. Pick any ¢ € C}(R") and set Paor i= @ 0 Py . Since Vg » = r~1 (Vo Do),
it holds that

1 1
| Ved =3 /E (Vipo @) dL" = / Vipnyy dL"
1 ((I)mo,r)#,uE
= yn—1 /Rn o AUE = /Rn‘pd<7m1 :
As rl_"(q)xw)#u £ is a Radon measure, the statement follows. O

We have already seen that the intersection of two sets of locally finite perimeter has locally
finite perimeter as well. During the present section though, we will need some more precise
information about the structure of the Gauss-Green measure of the intersection ENB(x, r)
of a set of locally finite perimeter E with a ball.

Although the final result is pretty intuitive, we will be content to obtain it just for every
xz € R™ and for a.e. r > 0, due to some measure theoretic details that need to be taken
into account.

Lemma 3.8 (Intersection with a ball). Let E C R"™ is a set of locally finite perimeter in
R™ and fix any x € R™.

Then, the intersection ENB(x,r) is a set of locally finite perimeter in R™ for every r > 0.
Moreover, for a.e. v > 0, it holds that:

1EABr) = VB M L EnoB@r) + HELBE), (3.1)
’/’LEHB(I,T)‘ - Hn_l I_Eﬂ('?B(z,r) + ’ME’ \‘B(x,r)7 (32)
P(ENB(z,r)) =H" Y (ENdB(z,1)) + P(E; B(x,1)). (3.3)

Proof. First, we claim that if £, F C R™ are open sets with C''-boundary such that
P(E;0F) = P(F;0E) = H" 1 (0ENOF) = 0,
then £ N F (which is a set of locally finite perimeter) satisfies
penr = veH" | rroe + vEH™ ! | Bror

Indeed, as pp = veH" s and up = vpH" | oF, exploiting Lemma and the fact
that H" ' (OENOF) = 0 we get

\upr| < |pe|+ el = H" ! opuar-

Thus, using again the fact that H"~! (aEﬂﬁF) = 0, we obtain that |upnp|(OENOF) = 0.
Hence, recalling that the Gauss-Green measure of a set of locally finite perimeter is
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always concentrated on its boundary, it holds that |upnr| is concentrated on the set
IENF)N(OENJF)=(ENJF)U (FNOJE), that is,

LENF = RENF | FroE + HEAF|ENOF-

Then, we get that

/ dideﬁ"zf T duEsz/ 7. duEmF+/ T dupop.
ENnF n FNOE ENOF

for every T € C}(R";R"). In particular, picking 7' € C}(F;R"), we obtain that

/ T- d,uEmF:/ dideL”:/dideE":/ T- d,uE:/To dug.
FNOE ENF E n F

By arbitrariness of T € CL(F;R"™) we conclude that pupnr|rrop= pe|r. In the same
way, we obtain that pupnr|pror= 1r|r and we complete the proof of our first claim.
Next, we fix any z € R™ and we prove the statement assuming that £ C R" is bounded.
If E is bounded, in particular it holds that |E| < +oo and we can find a sequence { F} }ren
of open sets with C'-boundary such that

Ek — F
and
e | = pe|
as k — +oo. In particular, by the coarea formula, it holds that
+o0

0= lim |[EAE = lim H" N ((EAER) NOB(x,r)) dr,

k—+o0 k—+oo Jg

namely, the sequence {H" "' ((EAEy) N OB(z,-)) }keN
Hence, there exists a subsequence {Ej, }nhen such that

converges to 0 in Lj,.((0,+00)).

loc

lim H" ' ((EAE,)NOB(z,r)) =0, for a.e. r € (0,400). (3.4)

h—+o00

In the following, we will omit the fact that we have taken a subsequence on order to
simplify the notation. By well know properties of Radon measures, the sets

N :={r € (0,+00) s.t. P(E;0B(z,r)) >0},

N := {r € (0,400) s.t. P(E;0B(z,7)) >0},  for every k €N,

are at most countable. Thus, we conclude that for a.e. r € (0,400) it holds that
P(E;0B(z,r)) = P(Ey;0B(z,r)) =0, for every k € N. (3.5)

Assume that r € (0,+00) is such that both (3.4) and (3.5) hold true. Then, by our first
claim and by (3.5) it follows that

HENB(z,r) = HE} I_B(J:,r) + HB(z,r) I_Ek7 for every h € N. (36)

We show that:
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L. pB(r |, KBz, LE a8 k — +o00. Indeed, pick any ¢ € CY(R™) and observe that

/n 90d<MB(x,T) LEk> - /Rn P d(upnLE)

o dH™ !

</
(ExAE)NOB(z,r)
< ||@llLeH" " ((ExAE) N OB(w, 1))

and the statement then follows by (3.4).
2. PE.NB(zr) A HENB(z,r) 8 k — +oo. Indeed, by (3.6), we get

lim sup P(Ek N B(x, r)) < lim sup P(Ek; B(:U,T)) + P(B(ac,r))
k—+o00 k—+o0

< P(E;B(z,7)) + P(B(z,r)) < +o0.

Thus, the statement follows by Ei N B(x,r) — EN B(z,r) and by lower semiconti-
nuity of perimeter.

3. g, {B(g“,)i pE|B(zy) as k — +oo. For every s > r > 0, we consider a function
Y5 € CO(B(z,5);[0,1]) such that ¢s = 1 on B(z,r). Then, for every ¢ € C°(R"),
it holds that

/ pdup — / s dpp
B(z,r) R™

and, by g, X g, we get also

/ pdug, — / s dug,
B(z,r) R

< llellze lpgl (B2, s) ~ B(z,7))

lim sup < llillz= 5] Bz, ) ~ Bla, ).

k—4o00

Since
/ s dpiss, — / oUsdup  as k — +oo,
n Rn

by letting first k — +o0o0 and then s — r™, we obtain

/ pdug, — / pdup
B(z,r) B(z,r)

where the last equality follows from (3.5).

lim sup
k—+oco

< 2||¢llz |nel(0B(z,r)) = 0,

By what we have proved so far, we can pass to the limit as k — +oo is (3.6) in order to
get (3.1). Again, by (3.5), the vector-valued Radon measures on the right-hand side of
(3.1) are mutually singular, so that (3.2) and (3.3) follow immediately from (3.1).

Eventually, if F is unbounded, we simply fix h € N and we apply the same procedure to
the bounded set of locally finite perimeter E N B(x,h) in order to prove the statement
for a.e. 7 € (0,h). Since a countable union of negligible sets is negligible, the statement
follows for a.e. r € (0, +00). O

Lemma 3.9 (Characterization of half-spaces). If E C R™ is a set of locally finite perime-
ter in R" and v € S" ' is such that vg = v for |ug|-a.e. y € O*E, then there exists
a € R such that E is equivalent to the open half-space

{z€eR" s.t. z-v<a}.
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Proof. Fix an even regularizing kernel {p. }.>0 C C°(R") and let u, := Xg*p. € C*°(R"),
for every ¢ > 0. By Fubini’s theorem, for very T' € C}(R™; R") it holds that

/ us divldL" = / div(T * ps) dL".
R» E
Moreover, since
/ div(u.T) dL" = / (Vus - T)dC" + / ue div T dL™ = 0,
we obtain that

- [ Vuemyaer = [ arepict = [ (@p)edup= [ (Txp) vl
(3.7)

Now fix any 7 € S"~! nvt. For every ¢ € CL(R"), by applying (3.7) with 7' = on we

obtain that
Oug

re 0N
By arbitrariness of ¢ € C}(R") we conclude that

pdL" =0.

Ou,
on

=0 on R".

On the other hand, for every fixed ¢ € C}(R"™) such that ¢ > 0, by applying (3.7) with
T = pv we get
Oug

Rn 8V

pdl" = / Yedpp > 0.
Rn

Again, by arbitrariness of the non-negative test function ¢, we get

0
;; <0 on R".

By what we have proved so far, we conclude that u. is a non-increasing function in the
variable z - v, i.e. there exists a non-increasing function f. € C*(RR;[0,1]) such that

(XE * pe) (@) = ue(x) = fo(z - v), for every x € R".
By letting ¢ — 0T in the previous equality, we get that

lim f.(¢t) € {0,1}, for a.e. t € R.
e—0*t

Hence, there exists o € R such that fo(t) = X(_o,q)(t), for a.e. t € R, that is
(XE * pe) (z) = ue(z) — X(—oo,a) (T - 1), for a.e. x € R™.

Thus, the statement follows by Xg % p. — Xg in L} (R"). O

loc

Theorem 3.10 (Tangential properties of the reduced boundary). Let E C R™ be a set
of locally finite perimeter in R"™ and g € O*E.
Then,

loc

Eyor — Hyy ={z € R" s.t. x-vp(xg) <0} asrT — 0T,
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Moreover, if my, = 0H,, = ve(zo)®, then

MElo,T i\ VE ("BO)/Hnil szo

and

N an—l \_

e, ,

’Tl'zo Y

asr — 0T,

Proof. Fix zy € 0*FE. We divide the proof onto four steps.
Step one: we claim the existence of r(xg), C(n) > 0 such that

P(EN B(z,7)) <3H" Y (ENB(x0,7)), for a.e. 0 <r < r(xp), (3.8)

P(E; B(zo,r)) < C(n)r" for every 0 < r < r(xp). (3.9)

Indeed, by Lemma (3.1), for a.e. 7 > 0 we can pick ¢ € C1(R") such that ¢ = 1 on
B(zo,r) in order to get that

0= / Vpdl" = / © AP EAB(x0,r)
ENB(zo,r) n

= / PVB(zo.r) dH" 1 + / pdup
ENdB(xo,r) B(zo,r)

-/ Uit AH ) + s (B(z0, 7).
ENdB(xo,r)

This implies that },uE(B(xo,r))‘ < H" Y (EN0B(zo,r)), for a.e. 7> 0. At the same
time, since z¢ € 0*F, there exists r(xo) > 0 such that

ke (B(zo,7))|
\ue|(B(zo, 7))

Combining the previous inequalities, we finally get that

< & P(E; B(zo,r)) <2 |pE(B(xo,r))‘ , for every 0 < r < r(xp).

1
2

P(E;B(zo,7)) < 2H" 1 (ENdB(x,1)), for a.e. 0 <7 < r(z0). (3.10)
By exploiting Lemma (3.3), we eventually get (3.8). Moreover, as
H ! (ENdB(zo,r)) < nwpr™ L

by (3.10) it follows that (3.9) holds true for a.e. 0 < r < r(xg). The validity of (3.9) for
every 0 <1 < r(z) follows by the fact that P(E; B(zo,r)) is an increasing function of
r > 0.

Step two: we prove two lower bounds on the n-dimensional density ratios pf £ and R*\ F
at xg. More precisely, we want to show that

|E N B(xog, )] < 1
rn ~ (3n)"

for every 0 < r < r(xo) (3.11)

and

}(R” ~ E) ﬂB(azo,r)| S 1
rn ~ (3n)n

for every 0 < r < r(xo). (3.12)
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Since g = —prn- g, it holds that 0*E = 0*(R™ \ E). Thus, it’s enough to prove (3.11).
To this end, we define the increasing function m : (0,400) — [0,400) by setting

m(r) = |E N B(xzo,7)|, for every r € (0, 400).

By the coarea formula, it holds that

m(r) = |E N B(xg,r)| = / Hr (EN8B(xo,t)) dt, for every r € (0 + 00).
0

Thus, m is a absolutely continuous and
m/(r) =H""(ENdB(zg,7)), for a.e. r € (0,400).

Moreover, m(r) > 0 for a.e. r € (0,+00). Indeed, since zg € 0*E C spt(ug), we get
that |pg|(B(zo, 7)) > 0, for every r € (0 + c0). By Lemma (3.3), we conclude that
P(E N B(zg,r)) > 0, for a.e. 7 € (0,+00). Hence m(r) = [EN B(wg,r)| # 0 because
otherwise it would be P(E N B(zo,r)) = 0.

By a well known perimeter bound on the volume of a set of locally finite perimeter in R"
and by the first step, we get that

m(r) s =|EN Bxo,r)|"" < P(EN B(xo,r))
< 3H" Y (ENOB(zo,7)) = 3m/(r), for a.e. 0 <1 < r(zo).

—1

Dividing the previous inequality by m(r)“% > 0, we get
1 /
5 <mm() " =n(m) (),

which by integration over r gives m(r)% > 1/(3n), for every 0 < r < r(zg). Step three: we
prove that E,, , locally converges to Hy,, as 7 — 0F. To this end, it suffices to show that
for every sequence {ry}ren such that r, — 07 as k — +oo there exists a subsequence
{rk, }ren such that Exo,rkh locally converges to H,, as h — +o0o. By Lemma and
(3.9), for every R > 0 it holds that

P(E: B(zo,7R
P(Eq,; Br) = ( Trfxf rR)) < C(n)R" < 4o, for every 0 <r < 7“(;?)_

Hence, given a sequence {ry}ren such that rp — 07, by compactness of sets of locally
finite perimeter we know that, up to extracting a subsequence, there exists a set of locally
finite perimeter F' C R” such that

loc
E‘TO Tk F

and
*
/”LEzo,rk - luF’

as k — +o0o. We now claim that

= |pr| (3.13)

By v,

and

vr(z) = ve(xo), for |up|-a.e. x € O*F. (3.14)
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Indeed, up to extracting a further subsequence, there exists a Radon measure A such that
| KEqg . XX\ as k — 4o00. By well known properties of Radon measures, for a.e. R > 0
(more precisely, for every R > 0 such that A\(0Bgr) = 0) it holds that

lim pu,, ,, (Br) = ur(Br). (3.15)

k—4o00
At the same time, since xg € 0*FE, by Lemma we get that

B (B (Bl )
(Br) =0t |up|(B(zo,mR)

lim

r—0+ }IU/EacO,r ) N VE(QCO)'

In particular, we get that

. 1B, (Br) - vE(20)
lim
r—0+  P(Egy; Bg)

=1 (3.16)

By lower semicontinuity of perimeter, (3.15) and (3.16), we conclude that

P(F;Bg) < liminf P(Ey,; Br) = kglfoo (8, . (Br) - vE(zo)

k—4o00

= vg(xo) - pr(Br) < |pr(Br)| < |url|(Br) = P(F; Br),

for a.e. R > 0. In particular, we find that

Jm W2y, | (BR) = |1r|(Br) (3.17)
and
\pr|(Br) = ve(zo) - tr(BR)- (3.18)

By well known properties of Radon measures, from pug X up and (3.17) we deduce

(3.13). Moreover, by (3.18), it follows that

TO,T

0= / (1= ve(zo) - vr(z)Xorp(x)) dlpr|(z), for a.e. R>0
Br

and this implies (3.14), since 1 — vg(xg) - vp(z)Xg+p(x) > 0 for every x € 0*F. By (3.14)
and Lemma we conclude that there exists o € R such that

|FA{z € R s.t. vp(zo) -z < a}| = 0.
If « <0, then F' C H,, and |F N B_,| =0, so that

0= IFNB_o| . }Ezo,rk NB_a| . |EﬁB(aco,—rka)‘

’B_a| - k—+o00 ‘B_a’ - k——+o0 ’B(JI(), —rka)]

in contradiction with (3.11). Similarly, e > 0 would contradict (3.12). Hence it must be
a = 0 and the claim follows.

Step four: we have thus proved that E, , loc, Hyys pp,, ., A W, and |uEmM A }MHxO‘
as r — 0. The remaining part of the statement then follows because, since H,, is an
open set with C'-boundary, it holds that [LH,, = ve(ro)H 1| O

’7TZO .

As an immediate application of Theorem [3.10] we can show that the n-dimensional
density at each point of the reduced boundary is 1/2.
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Corollary 3.11 (Density at the points in the reduced boundary). If E C R" is a set of
locally finite perimeter in R™ and xoy € O*E, then :

ENB 1
lim |EN B(zo,r)| _ 1 (3.19)

r—0t W™ 2
and

P(E; B(xo,T))

rn—l

=1. (3.20)

lim
r—0+ Wn—1

In particular, 9*E c E1/2).

Proof. Fix any zg € 0*E and let H,,, T, as in Theorem Since |Hy, N B| = wy/2,
the local convergence of E, , to H,, implies that

|E N B(xg,r)| _ |Eyo.r N B . |H,, N B| 1
WpT™ Wn, wn, 2’

as r — 07. Thus, we have proved (3.19).
As 7y, N OB is a (n — 2)-dimensional unit sphere, we have that

H" 5, (0B) = H" ! (74, N OB) = 0.

Hence, as ‘ILLExo,r Syt |7, AS T — 0", we get that
_ P(E;B(zo,7)) .. |pe|(B(zo,7)) .. |pE.,.|(B)
lim ——mM = lim ——— = lim ———
r—0t+ wnflTnfl r—0t wnflTnfl r—0t+ Wn—1
My (B) MmN B)
Wn—1 Wn—1

O

The structure of the Gauss-Green measure and the essential boundary

We recall the following result about the characterization of the locally H*-rectifiable sets,
which was presented by Prof. Riviere during the first lecture.

Theorem 3.12 (Rectifiability from convergence of blow-ups). Let u be a Radon measure
on R™ and M C R"™ be a Borel subset of R™ such that:

1. p is concentrated on M;

2. for every xo € M there exists a k-dimensional plane 7, in R"™ such that

(P, r )12 A gk

+
o B asr — 0",

Then, M is locally H*-rectifiable and p = H" | .

By Theorem [3.10| and Theorem the following celebrated result due to E. De Giorgi
follows directly.
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Figure 1: The following set of finite perimeter E C R™ is such that spt(ug) = OF,
O°E =9E~{D,F}, E//2 = 9E~ {D,F,C,B} and 0*E = 0E ~ {D, F,C, B, A}.

Theorem 3.13 (De Giorgi’s structure theorem). Let E C R™ be a set of locally finite
perimeter. Then, 0*E is a locally H" '-rectifiable subset of R"™ and

pe =vH" o p.

Moreover, for every xg € 0*E, the approrimate tangent space of O*E at the point xq is
Teo = vE(T0) L.

Proof. By well know properties of Radon measures, we know that 0*E is a Borel subset
of R” and we have already noticed that |ug| is concentrated on 0*E by Remark
Moreover, by Theorem for every xzg € 0*F it holds that

((pxo,’l”z#,uE N Hk
T

‘/J'EEO,T' = \jl’;cO )

where 7., = vp(xo)t. Hence, by applying Theorem with u = |ug| and M = 0*E,
we get that O*E is locally H" l-rectifiable, |ug| = H" !|s«g and, by definition, the
approximate tangent space of 0*E at every point zg € 9*E is given by vg(xg)*. The
remaining part of the statement follows directly from Remark O

Definition 3.14. Let £ C R™ be a Lebesgue measurable subset of R™.
We define the essential boundary of F as follows:

B :=R"~ (EOUEWD).

Remark 3.15. Trivially, E(1/2) ¢ 9°F for every Lebesgue measurable E C R™. More-
over, if E C R"™ is a set of locally finite perimeter in R™, by Corollary and by the
characterization of spt(ug), it follows that

OE c EY? ¢ 0°E C spt(up).

Eventually, notice that this chain of inclusions may very easily be strict at each level, as
it is shown in Figure

By Remark and Theorem [3.10, we know what happens when we blow-up a set of
locally finite perimeter E at every point in 0*E U (9°E)°. Moreover, by Remark we
know that we have no control on the behaviour of the blow-ups family at the remaining
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points, namely, on 0°F ~ 9*E. A deep result, due to H. Federer, states that the size of
this set of bad points cannot be too large.

Before stating Federer’s theorem, we recall the following proposition regarding a local
perimeter bound on the n-dimensional volume of a set of locally finite perimeter (to find
a proof of this statement, we refer the reader to |3, Proposition 12.37]).

Proposition 3.16 (Local perimeter bound on volume). Let n € N be such that n > 2,
te(0,1), xg € R™ and r > 0.
Then, there exists a positive constant c(n,t) > 0 such that

P(E; B(z0,7)) > ¢(n,t) |E 0 B(xo, )| ", (3.21)
for every set of locally finite perimeter E C R™ such that |E N B(xo,r)| < t|B(zo,7)|.

Remark 3.17. Fix any set of locally finite perimeter £ C R"™, z— € R™ and r > 0.
Since |B(xo,7)| = |E N B(xo, )| 4+ |B(xo,7) \ E|, then at least one between E N B(zg,r)
and B(zo,r) ~\ E has volume smaller then 1/2|B(zg,r)|. Thus, since

P(E;B(zo,7)) = P(R" \ E; B(z0,7))
> P(E N B(xo,r);B(on,T)) = P(B(ﬂﬂoar) N B B(xo,r)),

by applying Proposition with ¢ = 1/2 to either E N B(xg,r) or B(xzg,r) \ E we get
that

P(E; B(zo,r)) > C(n) min { |E N B(xo,7)|, |B(zo,r) \ E| }"7*17
where C'(n) := c(n;1/2).

Theorem 3.18 (Federer’s theorem). Let E C R™ be a set of locally finite perimeter in
R"™. Then,

H'"H(0°E N 9*E) = 0. (3.22)
Proof. Trivially, for every g € R™ and for every r > 0 it holds that
n=1 _ |E'NB(zg,r)|
|E N B(xg,r)| » > —
wn' T
and

|B(xo,7) \ E|

1/n
wn/ r

Hence, by Remark and De Giorgi structure theorem, we conclude that there exists a
constant K (n) > 0 such that

|B(zo,r) ~ E|"" >

H" | 9«5 (B(xo, P(E; B(xo,
s (Blan,r)) _ PEB0n) oy {120 Bewn) |Blavr) B}

for every xg € R™ and for every r > 0. Hence,

H" 95 (B(20,7))

Tnfl

=0

1 (7—["71 La*E) (zg) = lim sup
r—0+

implies g € E© U EM. This means that

O°E C {x eR"st. 0 (H" 'o-5)(z) >0}
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and, thus,
FENIEC{zeR"\IEst. 0 (H" 'op)(x) >0}

The statement then follows since, by well know properties of the lower dimensional den-
sities of Radon measures (see e.g. [3, Corollary 6.5]), the set appearing in the right-hand
side of the last inclusion is H" '-negligible. O
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