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Multiple Choice 8.1 True or False? Motivate your answers.

The function f: R? — R given by

(@ + ) sin ¢—) if (2,y) # (0,0),
0 if (z,y) = (0,0).

flz,y) =

at the point (0,0) is:

True False

(a) discontinuous O O
(b) continuous O O
(c) differentiable O O
(d) C! (i.e. continuously differentiable). O O

True False

(a) discontinuous O X
(b) continuous X O
(c) differentiable X O
(d) C!' (i.e. continuously differentiable). O X

We are going to show that f is differentiable, and hence continuous, at (0,0) but not
of class C'. For (z,y) # (0,0) the partial derivatives are

gi(a:, y) = 2x sin<

1) + (2 + 2)cos( ! ) 20
21 Y VT 2] —2(x2 +2)8

1 x 1
=2 ) - (=)
CNVET ) T VEr e O\
a0 = ) - e ()
—(x,y) = 2y sin — CoS| ——— |,
oy Y Y r? + 12 r? + 2 z? + y?

that are clearly continuous away from (0,0). To see that f is differentiable at (0, 0)
we see that

2 .2 1 _
(x —l—y)sm(\/m) 0

< x2+y2 (z,9)—(0,0) 0.

|f(x,y) —f(0,0)|
Iz, )
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which implies f is differentiable with df(0,0) = (0, 0).

However, the partial derivatives of f are not continuous at (0, 0), since for z > 0 we
have

e =2 ) = geon(g) =2 () oo ()

——(z,0) = 2zsin| —= | — —= cos| —= | = 2zsin( — | — cos( — ).

8ZE ’ ;L'Q $2 xQ x xXr

The term — cos(2) is divergent (z,0) — (0,0). Consequently, 2L is not continuous at
(0,0) and f is not of class C*.

Multiple Choice 8.2 Choose the correct statement. Motivate your answer.

Recall that a critical point of a differentiable function f : R?> — R is an z9 € R” so
that df (xo) = 0. At such point, the tangent plane to the graph of f is:

a) not defined

b

horizontal (looking at R? in the usual way with upward-pointing z-axis)

O 0O 00

(a)
(b)
(c) vertical (looking at R? in the usual way with upward-pointing z-axis)
(d)

none of the above, in general.

Solution. The correct answer is

(b) horizontal (looking at R? in the usual way with upward-pointing z-axis) X
Indeed, (see also Exercise 8.1 below) the equation of the plane is just

z = f(xo) + df (zo) - (x,y) = f(x0)

which means that it is parallel to the x-y plane, and therefore horizontal.

Exercise 8.1 Let G = {(z,y, f(z,y)) : (z,y) € R?} C R3 be the graph of the function
iR SR, f(n,y) =e @y -2et3yi2),

(a) Find the equation of the tangent plane E to G at the point (0,0, e™?), both in
Cartesian form, i.e. with an equation:

E = {(z,y,2) € R®: “equation in z,y, 2"},
and in parametric form i.e. with a function:

0:R* =+ ECR? s t) = (x(s,t),y(s,t), z(s,t)).
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(b) Use a plotting software of your choice to verify that ¢ actually plots a plane
that is tangent to G as above.

(c) Find all the points in G where the tangent plane is parallel to the z-y plane
= {(2,9,0) : (z,y) € R?}.
Solution. Recall that, in general, the tangent plane for G at (xg,yo) is given by

E={(z,y,A(z,y)) : (z,y) € R*},
where A is the affine approximation of f:
A(r,y) = f(xo,y0) + df (w0) - (2, y)

= f(zo,%0) + ;xf(%o, Yo) (* — x0) + (%f(l’o’yo)(y — o).

consequently, a paremetrization and a Cartesian equation E are
o(s,t) = (s,t,A(s,t)), and z= A(z,y).
(a) The partial derivatives of f are

) = (2D ) G ) = (-2 fa),

consequently, we have df(0,0) = (2¢72, —3¢2) and the affine approximation of
fis
A(x,y) = £(0,0) +df(0,0) - (z,y) = e >+ 2e %z — 3 %y.
Thus, it is
©(s,t) = (s,t,e 2 +2e %5 — 3e*t)
and

E={(z,y,2): 2 =e? 42 %z — 3e 2y}

(b) This is left to the student.

(¢) The tangent plane in (xg,yo) is parallel to II if and only if A is constant, hence
if and only if df (zo,y0) = 0. From the computation in (a), since f > 0 this
means that —2zo+2 =0 and 2y — 3 = 0, i.e. (zo,v0) = (1, —%) Consequently,
E is parallel to II at the point

(L-2.5(,-3)) = (1.-%¢f) €g.
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Exercise 8.2 Consider the function
f: R? - R, f(z,y) = e"sin(y).

(a) Compute the Taylor polynomials of 1st and 2nd order of f at (zo,y0) = (0, 3);
approximate with each of them the value of f at (z1,y1) = (0,5 + i) Compare
the results approximating numerically the value of f(z1,y;) with a software of

your choice.

(b) Similarly as for the one variable case, one can prove that if a function is C?,
one can write

f(x) = f(zo) + df (wo) - (x = w0) + Ruf(2,9),

where R f is the rest, given by

(z,y)

1 92 1 0?
Rufle,) = 5 g @) @ = aof 4 550 () =) flon)
82
+ e ) (@ = an)y— ) (0.0

where (xg,ys) = (:1:0 +s(x—xo),y0+ s(y — y0)> for some s € [0, 1] (see e.g. Satz
7.5.2 of Struwe’s script).

With this information, quantify how precise in the linear approximation in the
ball B 1 (0, %) by giving an upper bound for the corresponding error.

Solution. (a) The partial derivatives of f are f(x,y) = e”sin(y) sind

0 0 0 00
o) =esinty), 5 o) = s, 5L (o) = et costy)
of 0 0f 99f

?y(a%y) =€ COS(y), %aiy(xay) =€ COS(y)) 8y 8y (I7y> = —€ Sln(y)‘

Consequently, at (zo,yo) = (0,5) € R* we have

of .. 00f, . 90f, .
8x(07§>_17 8ZE8[E(072)—1, 8yax<072)_07
of 0 of 0 of

— Ty = —_— Ty = —_— ™y = —1.
ay (Oa 2) 07 ox ay (Oa 2) 07 ay ay (Oa 2)
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Since moreover f(0,5) = 1 sowie, the taylor polynomials are

Tif(z,y) = f(wo,90) + gi(xo,yo) (z — o) + gi(‘r(b Yo) - (¥ — vo)

=1+ux,
Tof(e.0) = Tuf ) + 5 o) =0+ 5 2L o) = o)
b L v n) o= a0y = w)
by 3)
Evaluating them at (0,% + 1) gives
Tif(0,2+1) =1, Tof(0,2+1)=1-1(1)? =31 = 0.96875.

The value approximated numerically by a program is
f(0,% 4 1) =sin(5 + 1) ~ 0.96891,
so the approximation of T is relatively good.

(b) Since f(x,y) =T1f(x,y) + Ry f(z,y), where the rest Ry f is given by

(z,y)
0? 0?
le(l‘,y) = ;amé};(x&ys) ’ (I - xO)Q + ;ayéfy (xsays) ' (y - y0)2 (xsyys)
82
+ g @) (o = )y~ ) (z0,0)

where (z,y,) == (xo +s(x —x0), Yo+ s(y — yo)) for some s € [0, 1]. To estimate
this rest, we see that

\Qixf(x,y)], ’agy(may)yv |82fyy(37,y)| S 617

since |sinz| < 1 und |cosz| < 1. So for (zg,y0) = (0,5

)
we have [z — zo| < ia [y — yo| < i and zo + s(z — xg) < i, SO

2 1
. <1> ) = 161 =~ (0.1605.

N

1
Rafay) < 4- (56t

Exercise 8.3 Compute the Taylor polynomials of the following functions at the given
point and of the given order.
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(a) flz,y) = xy, at (0,0), 2n—th order with n > 1.
(b) f(z,y) = arctan(x®y), at (0,0), 2nd order.
(c) f(z) =log(|z]*+1) (€ C~R?), atz=0, 2n—thorder with n > 1.
(d) f(z1,.. . xn) =112, atzo=(2,...,2) 2nd order.

Solution. All the polynomials can be computed directly by working out each of the
partial derivatives; we try to give below some alternative methods. We denote with
T, f the required polynomial.

(a) Recall that for || < 1 one has the geometric series formula: —— = $°°° b

1-b
Consequently, we can write, as (z,y) — (0,0),

l—zy ZI:\I zy)" Z% )"+ _i;: 1(1:3/)” = Z_%(:cy)” +o(|(z, y)[*Y),

consequently, it has to be, for every n € N,

Tﬁf@ay)=1r+§i@wf
k=1

(b) Recall that arctan(t) = ¢ + O(t?), so arctan(z?y) = 2%y + O(2%y3) and in
particular

T2f<x7y) = 0.

(¢) Recall that for any [t| < 1 we have

00 )k—l

log(1+1t) = }:

consequently |z| < 1

|2k’

log(1 + |2]%)

and thus for z = x + iy € C ~ R? we have

n —

(~1)*

Tan |2k: — ZT(m2+y2)k'
k=1

k=1
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(d) Note that for any ¢ # j we have

oy ki j
hence, for 1 <17 # j <mn,

Q=2 0. f@) =27 B, fR) =2,

Thus writing xo = (2,...,2) and y = x — x¢ we have

Tof () = f(o) + df (o) -+ 3y~ Hessf(r0) -y

— 9n +2n—1 Zyz +2n—2 Z YiY;-

i=1 1<i<j<n

(In the terms of order 2, we have a coefficient % in Taylor formula, but we have
two symmetric terms 0;0; and 0;0; for 1 <1i < j < n. We combine this 2 terms
and end up with (5 + 1)02 _ f(2).)

X, Lg



