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Exercise 1.(Related Vector Fields):

Let M, N be smooth manifolds and let ¢ : M — N be a smooth map. Recall that
two vector fields X € Vect(M), X" € Vect(N) are called ¢-related if

ApP(Xp) = Xop)

for every p € M.

Show that [X,Y] is @-related to [X',Y’] if X € Vect(M) is ¢-related to X’ €
Vect(N) and Y € Vect(M) is ¢-related to Y’ € Vect(N).
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Exercise 3.(Some Lie Algebras):

a) Let M, N be smooth manifolds and let f : M — N be a smooth map of
constant rank r. By the constant rank theorem we know that the level set
L = f~'(q) is a regular submanifold of M of dimension dim M - r for every

g € N. Show that one may canonically identify
T,L =kerd, f

for every pe L= f~!(qg).

Solubow  Two shps: 1) Tol S lerld,f)

Dl eT L and &y (56) L=§‘((y)
La, o swmoollh e will &(o) =V

T df = [ f0) =&

=g Gowl)
=) ve W%XX

2)  oliw ‘uq‘,p = dlim T}M - m&(&d)
= dim M - =o(iwL>0(3WG:,L'-)_-',



B We wilf cowpude f Le abbr 20(24,C)
of fhe L qop Spl24 ©)= fge GLAO)|

) L 343 =4!
a0/ I\
whese {= *i}’P >
D Fi 6L O —C
9 443

o J&W) coustd aan k.
0(3}.00 - ﬁ/ébﬂ:{ad')()

= d%fﬁokyé— XYJQM-X)K
B T T

= X'fg +qdX
. G = @S
= JIK-GgR
= P30 =PeLr)(¥)




e P(H= Y-
) FJ&M covglnd ok

By Cq) - ‘]-I'SP(ZM’ @) = I(W(O(J‘F)

_ ;XGCZM&/ )(TJf]X’O}
(P

= SP(&” ©)

@ Wl He L biadet €

4 T S0 <6LE O, iun
- (wduces  econ '\\“uf&m Lie cl% L

: «, (%, C)
Juql(Z 0) Ca,% -

Eg(a,@ < T 6Ll 6

" Ubgj = -4 P Alegrl)



RG_Cgfi Distibubions ov man ey

4 (AWWL) O(IMLnLJiDM ﬁ o A (0(? dhnorsiom b )

K oL cdlechon c—& -’amawf Spaces D= {])P]pe,q et
Do TM VoM swh fhod  foc ever poimt peM
hf:« s om QP(A/\ ubbd. U=p  and ):&mear@ odlep.
MOMA (/a/('»r /fw&b X:lr'-/ X(( eVC@((Z{’) M

SPM D‘+ - <Q<4)‘.1) Y Q<R)$> V?fel(.

& %
=y
2 =R
Au eckivce immenion @ A/ <> M i
called ~ ann iwlepel_subman b6l frogl ¢ e
it ge ‘B(A/) and -
Ao (T,4/) = D Yoell

15(; E\/cxy oy~ vamidhs va}mr @a&( X & Veed(] //?9
N () oklvlﬁ«ﬁvu of  olimarsio {.

o |



Au " scbwanbll @ RC)@“
o )(460;"(% MAWB(PLJQ Yo fie
for X

X

e ——
m

= (2,0 i+ ief=1} <
e
o e wap - £ — CU;M}TV%QLM
(2“'26)"_9 2‘/2«2, < &
ll& poéo/r CGOI’?(%MGA> AN 6 i(ﬁv“a;) > o
(R 8 S

ﬂ'te, j)ralanaabyg « qrde S-S'z 5‘96@(/2/532
b oa  foms:
G e/ 8 R
p(s-§') /[( R )lﬁ,,ﬂ,e/?z
L N ¢




The preiway b & point 2=g € i o«
P”((g*ef‘)t Ml\%‘ﬂ) _L')(ﬁeﬁ
-8

Tha, D= kumm E(e ye & s o Guaeolh
oagx‘»n'oqhm e’& Cflwm\wh ,L

(s ikl subuan bl e it & Fibors
05((8) s &' (via @lwwa‘«o“w“\l“ﬁ”"‘)

....




ﬁ © called uvdubve ot s 4&&)5@( cemder
M“B {"NL ()@x loque}(j: [)(‘/ Xd}eﬁ

E!(; ’4%7 1-dim. dighpbebor. s juvolybve :
— [x x1=0.

jﬁ & callled iu‘ec(p-ja& i@ fler
IS Qu lﬁ‘cpu[ auU WTW 'n{/vol&% @Vq/ Pawf
of M. (Some auios ol {0 juok CGakyub")

Theoon. (Fobonivn): A dobilbn, By &
h chMJy iwkawuz i awd 0»17 ik

is  tuvolubve.

Ex. & clow  complilely inkepmlly

= juwlbwe .

Exercise 4.(Easy Direction of Frobenius’ Theorem):

Let M be a smooth manifold and let D be a distribution on M. Show that D is

involutive if it is completely integrable.
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Exercise 6.(Functions with values in immersed submanifolds):

Let M’,M, N be smooth manifolds and let i: N <> M be an injective immersion, i.e.

1 is an injective smooth map whose differential is injective. Further, let f: M" - M
be a smooth map with f(M) C (N).

Show that 1! o f: M’ — N is smooth if it is continuous.
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Exercise 5.(Distributions and Lie Subalgebras):

b) Show that the Lie algebra Iy of a Lie subgroup H of a Lie group G determines
a left-invariant involutive distribution.
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