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Problem 1.

(a) Qer, & Qisan arbitrary union of finite intersections of sets of the form

Qu=f"U), feX*, UCR open.

(b) Since f € X* is continuous with respect to 7, we have Qs € 7 for all f € X*
and U C R open. This implies 7,, C 7.

(c) Separation Theorem. Let M C X be a closed subspace. Given zy € X \ M, with

d= xlélj\f/[on —z|lx >0,

there exists f € X* with f|y, =0, || f]

x+ =1 and f(xg) = d.

Let M C X be a linear subspace.

First Solution. By part (b), if M is closed in the weak topology, it is closed in the
norm topology.

Conversely, let us assume that M is closed in the norm topology: we will now prove
that X \ M is open in the weak topology. Indeed, let zo € X \ M: by the separation
Theorem above, there is a linear form f € X* separating {zo} from M. The preimage
f7((4,00)) is an open neighbourhood of g in the weak topology that is disjoint

from M.

Second Solution. Let M C X. Part (b) implies M ¢ M C M,,. Thus, M = M, =
M =M.

Let M C X be a closed subspace. By contradiction, suppose there exists xq € M, \ M.
Let f € X* be as given by the Separation Theorem. Then, f _1({02 is closed in the
weak topology and contains M but not zy. This contradicts xog € M,,.
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Problem 2.
T: 02— 02
(xo, T1,Ta,...) — (o, 3, T4q,...)
(a) For every z € (2, there holds
[Tzl < |2]e =T < 1.
For e3 = (0,0,1,0,...) € £, there holds ||es]|z = 1 = || Te3||2. Therefore, ||T|| = 1.
(b) Since for any z,y € >

<T$,y>g2 = Z Tpt2Yn = Z TnYn—2
n=2

n=0

we conclude
T (> > ¢?
(y()ayla .. ) = (Ov Oa Yo, Y1, - - )

(c) Suppose, A € R is an eigenvalue of T with eigenvector z € 2. Let z,, be the first
non-zero entry of x. Then, Tx = Ax implies z,, 12 = Ax,,.

Inductively, we obtain 2, ox = A\¥z,, for every k € N.

= lzll > Y wmearl? = ol A =<1
keN keN

Let A € R with |A\| < 1. Consider = (x,),en given by

Az for even n,
Ty =
0 for odd n.

Then, x € ¢ because |A| < 1 implies that

el = D2 AP < YA < oo,

neN even neN

Moreover,
Tz =T(0,)0,X,...)=(0,A30,A%...) = X0,),0,)\%...) = Ax.

Hence, every A € R with |\| < 1 is an eigenvalue of T
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Problem 3.

We want to show that oy = 2.

For every 0 < a < 2, the map F, is coercive, because

[zl x o0

Fa(@)] = ll2l% = 16@@)|* = (ll2ll3 - I\fll_?c*) l2l%

As proven in class, z — ||z||% is weakly sequentially lower semi-continuous. More-
over, by definition of weak convergence x +— ¢(x) is weakly sequentially continuous.
Therefore, F,, is weakly sequentially lower semi-continuous.

Since X is reflexive, the Direct Method [“Variationsprinzip”, Satz 5.4.1] applies and
we obtain that

Jrg e X Fulzg) = xlg)f{ F,(x).

Given a > 2, consider the example (X, [|-||x) = (R, |-]) with /(x) = x.
T—r 00,

Fo(z) = 2 = Jo]* = (1 = 2|*72)]a]” =2 —oo.

Recall that (R, |-|) is reflexive, because any finite dimensional Banach space is reflexive.
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Problem 4.
The parallelogram identity reads

lz +yl* + llz = ylI* = 2[lz]1* + 2[ly|1*
and it is a necessary and sufficient condition for a Banach space to be Hilbertian.

(a) For any 1 < p < oo, we can consider the characteristic functions xjo,1) € LP(R)
and xp1,2) € LP(R). Then,

2||X[0,1}||%p(R) = ZHX[LQ}”%P(R) =2
1 if p = o0,

+ Trm) = — 2 R =
X101 + Xp2llze @) = (X017 — X220 ®) {22 e,

Hence, the parallelogram identity is violated for p = oco. For 1 < p < oo, the
2 2
parallelogram identity implies 2» 4+ 2» = 2 4 2, hence p = 2.

The space L*(R) is indeed Hilbertean by virtue of the scalar product

(f,9) 2w Z/Rf(x)g(x) dz.
(b) For any 1 < p < oo, we can consider the elements z = (1,0,0,...) € / and
y=1(0,1,0,...) € £P. Then,

2|zl = 2llyllz = 2
1 if p = o0,

e+ yle =llz—ylli =4 2
27  else.

Hence, the parallelogram identity is violated for p = oo. For 1 < p < o0, the
2 2
parallelogram identity implies 27 4 27 = 2 4 2, hence p = 2.

The space ¢?(R) is indeed Hilbertean by virtue of the scalar product

<l‘, y>f2 = Z TnlYn-

neN
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Problem 5.

(a) Let H be a Hilbert space over C and let A: H — H be linear. According to the
closed graph theorem,

A€ L(H;H) & A has closed graph.

Assume that A is self-adjoint. Let (z,)nen be a sequence in H and z,y € H such
that ||z, — z||g — 0 and ||Az,, —y||lg — 0 as n — oo.

For any z € H we obtain (by continuity of the scalar product and by symmetry of A)

(y,z) = lim (Ax,, z) = lim (x,, Az) = (z, Az) = (Az, 2).

n—oo n—o0
Hence, (y — Az, z) = 0. Choosing z = y — Az, we conclude Az = y.
(b) The spectrum of A € L(H;H) is 0(A) = C\ p(A), where

p(A):={\eC| (A= A): H— H bijective, I(N\ — A)~™' € L(H, H)}.

(c) Let A: H — H be compact, injective and self-adjoint. By the spectral theorem,
A has eigenvalues A\ € R\ {0} with A\, — 0 as k — 0.

Let o, with ||ox]| = 1 be the corresponding eigenvectors. The inverse A~': A(H) — H
cannot be continuous because

_ 1 _ 1 0o
A = o = A7 oklle > — = 00
)\k )\k

Therefore, 0 € o(A).

Alternative. 1f (x,)nen C Bj is any sequence, then (Az,),eny has a convergent
subsequence by compactness of A. If A~! is continuous then (z,)nen = (A7 Ay ) nen
has a convergent subsequence which would imply that B; C H is compact.

Since {py | k € N} is a Hilbertean basis, its span (finite linear combinations) is dense
and contained in the image of A. Hence, 0 € o.(A).
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Problem 6.

(a) Let (M,d) be a complete metric space. Then possible statements of Baire are
o Countable intersections of dense open sets are dense.
o If ( ol Aj)o # () with A; C M closed then there is jo € N with (A;))° # 0.

The statement of Baire fails in the (incomplete) metric space (Q, |-|): For any ¢ € Q,
the set {¢} is closed with empty interior but Q = U,cq{q} is a countable union.

(b) By definition (limsup of sets), we have
Q. :={z € (0,00) | kz € Q}, E_ﬂUQk
—1 k=N

Let,
UQk {r € (0,00) | Tk > N : kx € Q}.

As union of open sets, Ay is open.

By contradiction, we prove that Ay is also dense: If Ay is not dense in (0, 00), there
exist a < b such that ]a,b[ N Ay = (), which implies

Vk>N:  ka, kb[NQ = 0.

For k sufficiently large, ka < (k — 1)b which contradicts unboundedness of 2. By
Baire, ¥ is dense as a countable intersection of the dense open sets Ay.
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Problem 7.

(a) For the sake of a contradiction, assume the claimed inequality is false: thus for
any k > 1 one can find z; € X with ||zx||x =1 and ||Pagy < . By compactness of
the inclusion X C Z one can find A C N such that

2= a2 i (Z|2) (k— oo, k€ A).

At this stage, using (%) with z; — x,, in lieu of z, namely
21 = 2mllx < C(1P(x = 2m)lly + |21 = 2l 2)-

one gets that the sequence (zy)rea is Cauchy in (X, ||-||x) so by completeness z, — xX
in (X, |||lx) (k— oo, k€ A). Since X C Z continuously (as implied by the definition
of compact inclusion, Def. 6.2.1.) one also gets z;, — x> in (Z,||||z) (k — oo, k € A)
and thus, comparing the two, 25 = xZ by uniqueness of the limit in (Z, ||-||7). Let

us then simply denote by 2, such limit. Since P € L(X;Y) we have
Ty = Too = Pxp — Pro (kK — 00, k€A)

but on the other hand Px; — 0 by construction, so we conclude Px,, = 0 and hence,
by injectivity zo, = 0. However it should be ||z|[x = 1 by the fact that ||zx||x =1
for any k > 1, which yields a contradiction.

(b) Let us prove that M := ker(P) has finite dimension by showing that B;(0; M)
is relatively compact in (X, |[|-||x). To this purpose, pick (zx)ren a sequence with
|zk||x < 1 and let us prove it has a converging subsequence. Observe that inequality
(%), when restricted to x € M takes the form

[zllx < Cllz]lz-

Hence (arguing as above) one first gets zp — 22 (k — oo,k € A) and then, by the
inequality above (zy)rea is Cauchy in (X, ||||x) hence convergent to x2X (incidentally:
b

X = 2Z by uniqueness of the limit in Z).

At this stage, the fact that M is topologically complemented in X follows by Prob-
lem 7.2, so let us write X = M & W with W C X closed (i.e. W = W) by Problem
3.4.

Lastly, the restricted operator P?: W — Y is linear, bounded and one can invoke
the result of part (a). With W in lieu of X and P” in lieu of P to conclude that
|z||x < C"||Px||z uniformly for x € W C X, which completed the proof.
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