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Prof. A. Carlotto Solutions of the Probepruefung Autumn 2020
Problem 1.
(a) The following weak separation theorem holds: Let (X, || - ||) be a normed space

over the real field R. Let A, B C X be non-empty, convex and disjoint and let A be
open. Then there exists a functional [ € X™* such that

supl(a) < inf I(D).

acA beB

(b) Assume, for the sake of a contradiction, that the first assertion is false: then
one could find a sequence (rx) of positive real numbers, with r, N\, 0 such that
U, (A)N B # 0 for all £k € N. Hence we can find, for any k, points a; € A and
b, € BN B, (ar). By sequential compactness of A (which, we recall, is equivalent
to Heine-Borel compactness in the class of metric spaces) we have that, possibly
extracting a subsequence which we shall not rename, a;, — a for some a € A, as
k — oo. However, by construction we have that |lax — bg|| < 7 and thus by the
triangle inequality we get ||a — bi|| < ||a — ag|| + ||ax — bg|| which implies by, — a as
k — oo. Hence, being B closed, we infer that a € B and thus a € AN B, contrary to
the assumption that the two sets are actually disjoint.

For the second assertion, observe that trivially sup,e, ((a) < supyey, (4)l(a’) since
A C U,(A) and assume (again by contradiction) that the strict inequality fails, so
that equality must hold i. e. sup,e,l(a) = sup, ey, (4 l(a’). Now, since A is compact,
by the Weierstrass theorem sup,. 4 {(a) must be achieved at some (not necessarily
unique!) maximum point @ € A. It follows by the first derivative test that for any
v € X with ||v]| = 1 one has that

d _
Lﬁ] » l(@+tv) =0

which means I(v) = 0 for any v € X with ||v|| = 1 and by linearity actually [(w) = 0
for any w € X. Thus, [ would be the null functional i. e. [ = 0 in X*, contrary to
the assumption.

(c) The following strong separation theorem holds: Let (X, || -||) be a normed space
over the real field R. Let A, B C X be non-empty, convex and disjoint and assume
that A is compact and B is closed. Then there exists a functional [ € X* such that

supl(a) < inf (D).

acEA beB

Let us prove this assertion using, as suggested, the results in part (a) and in part (b).
Let > 0 be such that U,.(A) N B = (): for this very choice of r we can apply the weak
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separation theorem (part (a)) to the sets U,.(A) and B, thereby obtaining | € X*
such that

sup [(a") < inf (D). (1)

a’ €U, (A) ~ beB
But on the other hand, by virtue of what we proved in part (b) we have that

supl(a) < sup I(a’) (2)
acA a’eUr(A)

so that combining (1) with (2) the proof is complete.

Problem 2.

(a) A C X is of first category, if A = Ueny Ax with Ay nowhere dense for every
keN ie (Ay)°=0.

(b) For any k € N, let

Ay = {x = () nen € 12 ’ Z n?|z,|* < k}

neN

Suppose the elements (™ € A, satisfy 2™ — x in 2 as m — oco. In particular,
|z(™ — 2,,| — 0 as m — oo for any n € N. Then, for any N € N

N N
> nPlz,|? = Jim S lam? < k.
n=0 n=0

Since N is arbitrary, we obtain x € Aj,. Hence, A, C 2 is closed. Towards a
contradiction, suppose, Ay has non-empty interior. Then there exist a = (a,)nen € Ay
and some ¢ > 0 such that defining b, = a, + sgn(a,)< we have (by)nen € Ag. Note
that (£)nen € 2 with norm proportional to e. However,

> nlb)? > Z(nQai - 82) = 00.

neN neN

Thus, Ay is closed with empty interior, hence nowhere dense and H = Uy Ak is of
first category.

2/7 last update: 5 February 2021



D-MATH Functional Analysis | ETH Ziirich
Prof. A. Carlotto Solutions of the Probepruefung Autumn 2020

Problem 3.

(a) Preliminary comment: one could just present here the proof given in the lecture
notes, Beispiel 5.4.1 part ii), but I shall rather present a different argument.

We say ¢: H — R is affine if there exist £y € X* and ¢ € R such that {(z) = {y(z) + ¢
for all z € X. Set

Ap:={(: H - R affine and ¢ < F}, F(x)= sup {(z).
leEAR

I claim that F(z) = F(z) which means that any convex function can be represented
as supremum of the affine functions that lies below it. To check such claim, notice that
by definition of Ap one has F(z) > F(x) for all 2 € H and if it were F(z) > F(x)
one would reach a contradiction by invoking the weak separation theorem to Dp :=
{(z,y) € HxR :y > F(z)} (convex open set) and the point (o, F(z9)) € H xR, as
it precisely provides an affine function ¢ € H* such that I(xo) > F(x), contradiction.
Now, pick a sequence x, — x and observe that by definition of weak convergence
{(zy) — (z) for any ¢ affine. We have that

lim ¢(z;) < liminf sup ¢(zy)

k—o0 k—o0 LeAr
and hence also

sup lim ¢(xy) < liminf sup £(zy)
teAp k—o0 k—oo pec AR

so that finally (by the above remark)

F(z) = sup £(z) = sup lim ¢(x}) < liminf sup ¢(zy) = liminf F(zy).

LeAr LeEAR k—oo k—o0 LeAr k—o0

(b) We want to appeal to the general existence result provided by Satz 5.4.1, which
can be stated (as far as we need) as follows: Let X be a reflexive Banach space and
let T: X — R be coercive and weakly sequentially lower semicontinuous: then there
exists xo € X such that

T(xg) = ;g)f( T(x).
Recalling that any Hilbert space is reflexive, it is enough to check that the functional

G: H — R is coercive and weakly sequentially lower semicontinuous. For the first
issue, we claim that in fact

Flr)

11m =
| —+oo |||
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at which stage one just needs to observe that G(x) > F(x)—C||z| = ||zl (I‘?‘Sﬁ) - C’) :
where we have set C = 2N, ||4]

result of our claim lim g — o0 % = 400. To justify the claim, we argue as follows;
let Dp = {(z,y) € H xR :y> F(z)} i. e. the epigraph of the function F, and
let (z9,90) € H x R\ Dp i.e. a point below the graph. By the weak separation
theorem, which is applicable since D C H x R is open thanks to the assumption
that F' is continuous, we can find ¢ € H* ¢ € R such that F(z) > ¢(z) — ¢, thus
F(z) > —||¢|| g+ ||| — ¢ which implies that F'(x)/||z| is bounded from below as one lets
||z|| — oo: this implies that there cannot be any sequence (zy) such that ||zx|| — oo
while F'(xy)/||zx|| — —oo. This is precisely what one needs to gain the implication

m+, so that indeed limg_0o G(2) = 400 as a

[F(z)] _ . Fr)

lzll—+oo [lz|| lal—+oo ||lz|

Lastly, let us prove the lower semicontinuity of G. Using part (a) (for F') we have
that if 7 ~ z then F(z) < liminfy o F(zy) and for any given ¢ € H* trivially (by
definition of weak convergence) ¢(xy) — ¢(x) and thus also [¢(zg)| — |[¢(x)| as k — oo.
Combining these two facts together gives G(z) < liminfy_,o, G(zk).

Problem 4.
(a) For any f € L*(R;C), Tf = fg is measurable and

ITf ey = [[1F9 do < lglmecy [IFF do = lgldmgo I c

In particular, Tf € L2(R; C) with [T zxc) < lgll~ o1/ o). As T is clearly
linear, this shows that 7" is a continuous linear operator with ||T'|| < ||g||zo®;c)-

We claim that ||T| > ||g]| L (r;c), which will show that || T'|| = |||z ®sc)- If ||g]| oo ®:0)
vanishes then this is trivial, otherwise for any 0 < ¢ < ||g|z(®,c) the set

A i={z e R : |g(x)| > ||g]|L=mc) — €}

has positive measure. Assume that |A.| < oo: since g # 0 on A., we can take
f = Jzxa., which belongs to L*(R; C) since

-2
L1572z < (lgllusge — <) 1Al < o0
R

and moreover, being T'f = x 4.,

1T/ 2mey 1A

1oy F 11z

2
|7 > > (lgllz=c) — <)
)
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(notice that f does not vanish a.e.). If instead |A.| = oo, we choose any radius
R > 0 such that A. N Bg(0) has (finite) positive measure: this is possible because
|Ac| = limg 00 |Ac N Br(0)]. Then we repeat the same argument with A, replaced
by A. N Bgr(0), reaching again the conclusion ||T'|| > [|g||Le(®c) — €. Since ¢ was
arbitrary, the claim follows.

(b) If A € C does not belong to the essential image, then there exists € > 0 such
that ¢~1(B.()\)) has measure zero, which means that |g(xz) — \| > € for a.e. z.
Hence, the function h(z) := (A — g(x))~! (defined a.e.) belongs to L>(R;C), with
|h]l L) < €7, and the corresponding multiplication operator S: L*(R;C) —
L*(R;C), Sf := fh satisfies

SN =T)=1, (A -T)S=1I.

So M — T is invertible, i.e. A & o(T).

Assume instead that A belongs to the essential image and, for any fixed € > 0, let
C. :={x: |g(x) — M| < e}, which has positive measure. As in (a), we truncate it with
a ball Bg(0) in the domain, in such a way that 0 < |C. N Bg(0)| < co. Taking f to
be the characteristic function of C. N Br(0), we get f € L*(R;C) and

[(AL — T)fH%Q(R;(C) _ fC’sﬂBR(O) lg(x) — A]? d < 2
1172 m,c) |C: N Br(0)] B

Now, if A\I — T were invertible, we would have

1fllz2ey < N =T)HIIAL = T) fll 2wy < el(M = T) 7 I fllz2 o)

Thus, being || f||r2;c) > 0, we would get 1 < el|(A —T)~!||, which gives a contradic-
tion if € is chosen small enough. So in this case A € (7).

Problem 5.
Choose H = R?. Let A, B € L(R?;R?) be given by

10 0 0
=00 o=(0 %)
Then,

A= 1Bl = [[A+ Bl = [[A - Bl = L

Since 2 # 4, the parallelogram identity |A + BJ]* + ||A — B||* = 2||A|*> + 2||BJ? is
false in L(R?;R?). Therefore, L(R?;R?) is not Hilbertean.
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Problem 6.

(a) (X,||‘|lx) is separable if X contains a countable, dense subset. The Banach space
(Loo((U, 1)), H'HLOO((OJ))) is not separable.

(b) (Y, ||-ly) is reflexive, if Z: Y — Y** given by (Zz)(f) = f(x) is surjective. The
Banach space (Ll((O, 1)), H~HL1((071))) is not reflexive.

(c) Given x € X let y,, = F,,x € Y. Then, the sequence (y,)nen is bounded because
[Fazlly < [Fallllzllx < Cllzllx

Since Y is reflexive, there exists an unbounded set A C N and some y € Y such that
Yn — y as A > n — 0o according to the Eberlein-Smulyan Theorem.

Since X is separable, there exists a dense subset D = {x1,zs,...} C X. Towards a
diagonal argument, let N D A; D Ay D ... be the sets as above corresponding to the
elements xq,xs,... € D. Let Ay be a diagonal sequence. Let x € X and ¢ € Y* be
arbitrary. Then, for m,n € A, and k € N, using || F,,|| < C we obtain

[(Fuw) — (Fna)| < [((Fy = E) (2 = ax))| + [0(Fa (k) = £(F ()]
< 200 8ly+ [l = wllx + [60F (2x)) = E(Fm ()]
By density of D, the index k can be chosen such that 4C||¢||y+||x — z||x < . By the

diagonal argument, (¢(F,(xk)))nea., is a Cauchy sequence. Hence, also (¢(F,,x))nea.,
is a Cauchy sequence. Since ¢ is arbitrary, (F,,z),ea,, converges weakly.

Y*

Problem 7.

We note preliminarily that, set II; € L(H, H;) the orthogonal projection onto H;, we
have

N—oo

v; = IL;(v) = lim I, (Zv4> = hm ZH v) YveH

by continuity of II;. Moreover, being Hj, L H, for k # ¢,

N 00
1 2 _ 2
—J\P_)HQOZEHWH —;HWH .

(<) Assume that A, is compact. Since H; # {0} by hypothesis, for each j > 1 we
can select an element w; € H; with ||w;|| = ¢;. Let us form the sequence

k
(O, <, o =3 .
=1
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Note that v®) € A, and that vj(-k) =w; Vk > j. By compactness of A., there exists
an infinite subset A C N and a vector v(®) € A, such that limy sy v* = v, But,
by continuity of II;,

and so
2 - (c0) )12 - 2 - 2
(oo}
[0 =D 1o 12 =D lwyl* =3 ¢
j=1 j=1 j=1

Since ||v(*||? < oo, we deduce that ¢ € (2.

(=) Assume that ¢ € 2. Given a sequence (v®)2, in A., we want to find a
converging subsequence. We will reach this goal by a diagonal argument: since H; is
finite-dimensional and [|[v{”)|| < ¢, for all k, we can find a subset A; C N and a vector
V1,00 € Hy such that

. k
Allalgoovg V=i, il <

Similarly, we can find Ay C Ay and v € Hy such that

lim vék) = U200, ||1}27oo|| < ¢y,

A2dk—o00

and so on. Denoting A the diagonal subsequence (formed by the first element of A,
the second element of Ay and so on), we get

. k) .
im0 = e vl < ¢ Vi1
We now claim that v(®) := Z?‘;l Vj o is well-defined, i.e. that limy_ Zé\’:l Vj oo

exists. Since H is complete, it suffices to show that we have a Cauchy sequence. Being
;€5 < 00, by orthogonality we get

n 2 n
2 2
> Vil = 2 el <304
j=m+1 j=m+1 i>m
for m < n, which is infinitesimal as m — oo. Note that, by uniqueness, v](-oo) = Vj o0,

so v(®) € A,. We now want to show that v*) — v(*) along the subsequence A. Fix
any € > 0 and choose N, > 1 such that >, v, CJZ < ¢ (here we use ¢ € £?). Then

oo Ne
00 k 0o k 00
o — o = 3~ o)~ o < 3 [~ P+ 3 (20,
j=1 j=1 F>Ne

where we used Hv](-k) — Vj 00| < 2¢;. Since each term in the finite sum is infinitesimal
(as A > k — o0), for k € A large enough we get |[v®) — v(>)||2 < 5¢. Since ¢ was
arbitrary, this proves the desired convergence.
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