D-MATH Functional Analysis I ETH Ziirich
Prof. A. Carlotto Problem set 10 HS 2020

10.1. Project: The weak topology is not metrizable £ PP .

Definition. Let (X, T) be a topological space. Denoting the set of all neighbourhoods of a
point z € X by

U,={UCX|d0eT1: z€0 CU},
we say that B, C U, is a neighbourhood basis of z in (X, 7)if VU eU, IV € B,: V CU.

Definition. A topological space (X, 7) is called metrizable if there exists a metric (namely
a distance function) d: X x X — R on X (as defined in Problem 1.1) such that, denoting
B.(z) ={y € X | d(z,y) < €}, there holds

T={0CX|VrecO3e>0: B.(x) CO)}.

(i) Show that any metrizable topology T satisfies the first aziom of countability which
means that each point has a countable neighbourhood basis.

From now on, let us assume that (X, ||-||x) is a normed space and 7, denotes the weak
topology on X.

(ii) Prove that
B::{ﬁfk_l((—s,s)) ‘nEN, fiyooo fn€ XT, 5>0}
k=1

is a neighbourhood basis of 0 € X in (X, 7).
(iii) Prove the following lemma: Let fi,..., f, € X* and f € X* be given. Let

N ={zreX| filz)=...= fulz) =0}

Then f(z) = 0 for every z € N if and only if f = A\ fi + ... + A\ f, for some
A, .. A € R,

(iv) Using (ii) and (iii), show that if (X, 7) is first countable, then (X*, |||
countable algebraic basis.

x+) admits a

(v) Assume that the normed space (X, ||-||x) is infinite dimensional and conclude from
(i) and (iv) (recalling also that any algebraic basis of a Banach space is either finite
or uncountable) that the topological space (X, 7) is not metrizable.

10.2. Non-compactness (¢. In each of the Banach spaces below, find a sequence which
is bounded but does not have a convergent subsequence.

(@) (22([0, 1), [l ooy for 1< p < oo,

(ii) (co, ||*|le=) Where co C € is the space of sequences converging to zero.
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10.3. Separability (£. Let (X, |-||x) be a normed space. Prove that the following
statements are equivalent.

(i) The normed space (X, ||-||x) is separable.
(i) B={zr € X | ||z||lx < 1} is separable.
(ii) S ={x € X |||z|]|x = 1} is separable.

10.4. Quadratic functional on a reflexive space [[). Let (X, ||-|[x) be a reflexive
Banach space over R. Given a positive integer n, consider n pairwise distinct points
r1,...,x, in X and the functional

F: X - R, F(z) =) |z — z%.
=1

(i) Prove that the functional F' has a global minimum on X, namely the value 12)f( F(z)

is a real number attained by F' at some T € X.

(ii) Let us now assume that (X, ||-||x) is a Hilbert space (thus ||| x is induced by a scalar
product (-, -)x). Prove that the minimum 7 € X is unique, and that T belongs to
the convex hull K of {zy,...,z,}.

10.5. A class of functionals on a reflexive space [[]. Let (X, ||-||x) be a reflexive
Banach space over R. Let ¢ € X* and for any given real number o« > 0 consider the
functional F,,: X — R given by

Fo(x) = |lz]l% — [6(x)]

Prove that there exists ag > 0 (to be explicitly determined) such that:

(i) For any 0 < a < ag the functional F, has a global minimum on X, namely the
value inf ¢ x F,(x) is a real number attained by F,, at some (not necessarily unique)
T e X.

(ii) For any av > « there exist examples of reflexive Banach spaces (X, ||-||x) and linear
functionals ¢ € X* such that one has instead inf,cx F, () = —o0.
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