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12.1. Uniform subconvergence (. Let (f,)nen be a sequence in C'([0, 1]) satisfying
the following two properties.

VneN:  fu(0) = f(0),
3C >0 Veel0,1] VneN: |fl(z)<C.

Show that (f,)nen has a uniformly convergent subsequence.

12.2. Sequence with bounded Holder norm 0). Let 0 < <1 and let Q C R" be
an open, bounded subset. For continuous functions ¢: €2 — R, consider the so-called
Hoélder norm

)

() — o(y)]
HQOHCO"I(Q) = ||90||Loo(Q) + sup B
:I:,y;gQ7 |3§' — y|
TFY

and the corresponding normed space
CO,Q(Q,R) = {QO c 00(67 R) | ||90||Co,a(Q) < OO}

(i) Prove that a sequence (¢, )neny € C%%(Q, R) which is bounded with respect to the
Holder norm has a uniformly convergent subsequence.

Now let X = L?((0,1),R) and let T: X — X be given by T'(f)(z) = [ f(y) dy.
(ii) Prove that T'(X) C C%'/2((0,1),R).
(iii) Use (i) to prove that T' is a compact operator from X to Y = C°((0,1),R).

12.3. Multiplication operators on complex-valued sequences #. Let (7. denote
the space of C-valued sequences of summable p-th power, namely

Z|xn|p < oo}

neN

Y4 ;:{x:N—MC

n— T,

endowed with its standard Banach norm ||-[|z. Given a € (g’ we define the operator
T: (% — (2 by (Tx), = apx,.

(i) Prove that T € L({%, (%) and compute its operator norm.
(ii) Prove that T is self-adjoint if and only if a,, € R for all n € N.

(iii) Prove that T is compact if and only if Jim a, = 0.

12.4. A compact operator on continuous functions . Given a < b, let T': C°([a, b])
C([a, b]) be the linear operator defined by

e - [ HL

dt.
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(i) Check that T is continuous and compute its operator norm ||T||.
(ii) Prove that T"is a compact operator.

(iii) Check that the spectral radius 1 of T' can be estimated by rr < 2v/b — a.

12.5. A multiplication operator on square-integrable functions . Given —oo <
a<0<b<oo,let T: L*([a,b];C) — L*([a, b]; C) be the linear operator defined by

(Tf)(x) =2 f(z).
(i) Check that T is continuous and compute its operator norm ||T||.

(ii) Prove that T" has no eigenvalues.

(iii) Show that T" has spectrum o(7") = [0, ||T']|].
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12. Solutions

Solution of 12.1: For every n € N and z € [0, 1], the assumptions f/(0) = f,(0) and
|f1(t)] < C for all t € [0, 1] imply

L@ 150+ [Ifmla = 1500+ [0l < C+ac <20,

Consequently, (f,)nen is uniformly bounded in C°([0, 1]). Moreover, it is equicontinuous,
since

(@) = fuly)| =

/; £1(t) dt\ < Cla —yl,

hence |f.(z) — fu(y)| < € whenever |z —y| < § := 55. By the Arzela-Ascoli theorem,
(fn)nen has a uniformly convergent subsequence.

Solution of 12.2:

(i) If (¢n)nen is uniformly bounded in the Holder norm, then it is uniformly bounded in
the sup-norm, since €2 is bounded. Moreover there exists some C' > 0 so that for every
x,y € Q2 and every n € N there holds

lon(z) — @n(z)| < Cle —y|*,

which implies that the sequence is uniformly continuous. The conclusion then follows by
Arzela-Ascoli’s theorem.

(ii) For every f € X, and every x,y € (0,1) (w.l.o.g. z <y), by Holder’s inequality we
have that

F(f)@) = FOWI < [ 1fw)]du < | fllzoyle =y

and this yields at once that F(f) € C%/2((0,1),R).

(iii) To prove that F is compact, it suffices to show that, if (f,),en is a bounded sequence
in X, then up to subsequence (F(f,))nen converges strongly in C°((0,1),R) (see Problem
11.4 (i). Similarly as above, for every n € N we have

[F(fa)(@) = F(fa) )] < Cllfallzqonyle =yl

and, since the norm || f, || 22((0,1)) is uniformly bounded, it follows that the Holder 1/2-norm
of (F(fy))nen is uniformly bounded. As a result, thanks to (i), (F'(fn))nen converges
strongly in C°((0,1),R), up to subsequence.

assignment: December 4, 2020 due: December 14, 2020 3/6



D-MATH Functional Analysis I ETH Ziirich
Prof. A. Carlotto Solutions - Problem set 12 HS 2020

Solution of 12.3:
(i) From

1Tl = D lanzal® < llallfe llzllZ,
neN

we obtain || T']| < [|allge. Given any k € N, let e = (0,...,0,1,0,...) € £z, where the 1 is
at k-th position. Then, ||Tex|l2 = |ax| = |ak|[lex[lz implies [|T']| > [ax|. Since k € N is
arbitrary, || T > [la[[¢ follows. To conclude, [|T'[| = ||a||s

(i) The adjoint operator T* of T is given by (T*y),, = Gy, for y € (% because

\V/ZB, (NS E% ($7 T*y)ﬂ(% = (T$a y)ﬁ% = Z AnTnlYn = Z TnOnYn-
neN neN

and we conclude T'=T* < a, =@, VYn € N.

(iii) Let e, € ¢% be as in (i). Being an orthonormal system of the Hilbert space (2,
the sequence (e,),en converges weakly to zero. If T' is a compact operator, then |a,| =
[Tenllez — 0 as n — oo.

Conversely, let (a,)nen be a sequence in C such that a,, — 0 asn — oo and let T' € L((Z, (%)
be the corresponding multiplication operator. Let (z®)),cn be any bounded sequence in
(% and C' > 0 a constant such that ||x(k)||€% < C for every k € N. Since (2 is reflexive,

there exists x € (2 and an unbounded subset A C N such that z®*) %, 2 as A 3 k — oo.
In particular,
. k : k
Jm 5 = Jm (e 2 = en2)g = an (%

Moreover, since Bg(0; (2) is weakly closed, ||z| @2 < C. Let € > 0. By assumption, there

exists N € N such that |a,|* < ;5 for all n > N. Assuming a # 0, let ' € A such that
for all A 3 k > K and each of the finitely many n € {1,..., N} there holds

g

() s
2Nl

|'In - l’n|2 <
This is possible due to (x). Then, for all A 5 k > K

HT:r(k) —Tx

2 N o0
o = 2 lan(a — 2P+ Y Jan(el) — )
c n=1 n=N-+1

|la,|*e £ )12 N _E €
<y s L S s+ S =
n; SNJalls * i nEN(m P+ leal)< 5+ 5 =¢

Thus, (T2®),cp converges in ¢, which proves that 7' is a compact operator.
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Solution of 12.4:
(i) For every z € [a,b] and any f € C%([a,b]) there holds

z 1 T
[ —dt= —2ve—1] =2Vi—uq,
— (TH@) < yﬂdt < 2V = al fllowas).

Therefore, || T f|lco(s) < 2vb—allfllcoqas and [|[T]] < 2v/b—a. In fact, choosing a
constant function f, we obtain ||T|| = 2vb — a.

(ii) Let (fn)nen be a bounded sequence in C°([a,b]) and let C' > 0 be a constant such that
| fallco(apy < C for all n € N. Then the sequence (T f,)nen is also (uniformly) bounded

in C%([a, b]) since
1T falleoqaeny < T fllcogamy < 2CV0—a

by part (i). To show equicontinuity, we consider a < z < y < b and estimate

) - i@l =| [ - [T I
UIyEURR IR
|fn 1 1
< _dt+/!fn ( T—t_\/m>dt

1 1

<c a+ [ - )dt

- (;p«/y—t +/a Ve—t y—t )
§2C(¢y—x+wx—a—x/y—a+¢y— )
<4CVy — .

Hence, |(Tf.)(y) — (T'fn)(x)| < € whenever |y — x| < § = 1602 By the Arzela—Ascoli

theorem, (7' f,)nen has a uniformly convergent subsequence, which proves that T is a
compact operator.

(iii) In part (i) we computed the operator norm ||T|| = 2v/b — a. By definition,

rp = in§||Tn||% <|7| =2vb—a.
ne
Solution of 12.5:
(i) For every f € L*([a,b];C), there holds

T sy = [ @17 e < (e )1 o

— ||T|| < max{a®, b*}.
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Suppose b > 0. Let 0 < ¢ < b and let f. = 5_%)([1,_57;,], where x5 denotes the
characteristic function of the interval [b — ¢,b] C [a,b]. Then,

b
IT fell72 a0y = /IF8 2 ()P dz > (0 — )| S 72 (apc)-

Since £ > 0 is arbitrary, we obtain ||T|| > b*>. Analogously, we can prove ||T|| > a? under
the assumption a < 0. As a result, we obtain ||T'|| = max{a?, b*}.

(ii) Suppose A € C and f € L*([a, b]; C) satisfy T'f = A\f. For almost every z € [a, b],

0=(Af=Tf)(z) = (A —2*)f(x).

From X\ — 2% # 0 for almost all = € [a, b] we conclude f(x) = 0 for almost all z € [a, b].
Hence, f = 0 in L?*([a,b]; C) which proves that the operator T has no eigenvalues.

(iii) In part (ii) we proved that the operator (A — T') is injective for any A € C. If the
operator (A — T') is surjective for some A € C, then there exists f € L*([a,b]; C) with
Af —Tf =1. Then, for almost every x € [a, b],

R
A — 22

1= \f(z) = Tf(x) = (A —2?)f(x) = fla)=

If0<XAeRandifa < —vXor VA <D, then f ¢ L*([a,b]) in contradiction to our
assumption because of the singularity at = € [a, b] satisfying > = . Therefore, (A —T) is
not surjective for A € [0, max{a?, b*}] which shows [0, | T'||] C o(T).

If A € C\[0, [|T']]], then the function f: [a,b] — C with f(z) = ;5 is bounded. Therefore,
the map Ry: L?*([a,b]; C) — L*([a,b]; C) given by g — gf is continuous. Moreover, by
construction (A — T)(gf) = g for any g € L*([a, b]; C), which proves (A — T)~' = Ry. To
conclude, o(T") = [0, ||T||].
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