D-MATH Functional Analysis I ETH Ziirich
Prof. A. Carlotto Solutions - Problem set 1 HS 2020

1.1. Equivalent Norms Lo 8

Definition. Let X be a set. A metric on X is a non-negative function d: X x X — R that
satisfies for all z,y,z € X

d(z,y) =0z =y, d(x,y) = d(y, r), d(z, z) < d(z,y) + d(y, ).
We say that two metrics d and d on X are equivalent if
4C' >0 le,:c2 e X Cild/<l’1,l’2> S d(l’l,l'g) S Cd/<l'1,l'2>.

Let X be a vector space over R. A norm on X is a non-negative function [|-||: X — R
which satisfies for all z,y € X and A € R

[zl =0 < 2 =0, [Az]| = [Alll]l, e +yll < =l + llyll
We say that two norms ||-|| and [|-||" on X are equivalent if
3C >0 VoeeX: CYaz| <z <O
Recall that a norm |[|-|| induces a metric dj.| by the formula dj.(z1,22) = |21 — 22]|.

(i) Let X be a finite-dimensional vector space over R. Show that all norms on X are
equivalent.

(i) Construct two metrics on R? that are not equivalent.

(iii) Construct a vector space X with two norms ||-|| and [|-|| that are not equivalent.
Hint. Prove that ||-|| and ||-||" are not equivalent by exhibiting a sequence (z,) C X
that converges for ||-|| but not for ||-||’.

1.2. Intrinsic Characterisations #;. Let V be a vector space over R. Prove the
following equivalences.

(i) The norm ||-]| is induced by a scalar product (-,-) (in the sense that there exists a
scalar product (-,-) such that Vo € V : ||z||* = (z,))

< the norm satisfies the parallelogram identity, i.e., Vx,y € V :
2+ yll* + llz — ylI* = 2]z ]* + 2[|y||*.

Hint. 1f ||-|| satisfies the parallelogram identity, consider (z,y) := |z +y||* — 1|z —
y||>. Prove (A\x,y) = Mx,y) first for A € N, then for A € Q and finally for X € R.

(ii) The metric d(-,-) is induced by a norm ||-|| (in the sense that there exists a norm
||| such that Vz,y € V' d(z,y) = [z —yl])

< the metric is translation invariant and homogeneous, i.e., Vv, x,y € V VA € R:

dx +v,y+v)=d(z,y),
d(Az, Ay) = [A|d(z,y).
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1.3. When LP(R) and (?(N) are Hilbert spaces [C).

(i) Determine all values of p € [1,00] such that the Banach space LP(R) is actually
Hilbertean (meaning that the norm ||-||z» is induced by a scalar product).

(ii) Determine all values of p € [1, 00| such that the Banach space ¢?(N) is actually
Hilbertean (meaning that the norm ||-||¢ is induced by a scalar product).

It is advised not to forget the case p = oo in your discussion.

1.4. When a distance is induced by a norm [CJ.

(i) Let V be a vector space over R and let d: V' x V' — R be a distance. State necessary
and sufficient conditions for d(-,-) to be induced by a norm ||-||, in the sense that

d(vi,v9) = ||lvg —va]| Vwi,ve €V,

(Note that only a statement is requested, no proof.)

(ii) Consider the vector space C([0,00);R) consisting of continuous functions defined
on [0,00) C R and attaining real values, and the distance

Ilf1 = fallcoqom)
L+ f1 = falleoqon

d(fi, f2) = 27"
n=1

where || fllcoqon)y) = sup [f(z)]. Is d induced by a norm?
z€[0,n]

1.5. Infinite-dimensional vector spaces and separability .

(i) Let § # Q C R™ be an open set. Show that LP({2) is an infinite-dimensional vector
space for all 1 < p < .

(ii) Let (X,.A, 1) be a measure space. Recall that if X is separable and the measure u
is finite (or, more generally, o-finite) and if 1 < p < oo, then the space LP(X, A, i)
is separable. Roughly speaking, in the simple case when X = (0,1), A = Borel-o-
algebra and p = %, this relies on the fact that any element in those spaces can be
arbitrarily well approximated by a function of the form

k
f=>Y axp forkeN, Bi:=B,(z), ¢€Q, 2,€¢QnN(0,1), 0<r; €Q.
=1

Show that instead (LOO((O, 1)), ||'||Loo((071))) is not separable, i.e., it does not contain
a countable dense subset.

(Recall that ||u||ge(,1)) = inf{K > 0| |u(x)| < K for almost every z € (0,1)}.)

assignment: September 17, 2020 due: September 28, 2020 2/8



D-MATH Functional Analysis I ETH Ziirich
Prof. A. Carlotto Solutions - Problem set 1 HS 2020

1. Solutions

Solution of 1.1:
(i) Let n =dim X and let {ey,...,e,} be a basis for X. Then every x € X is of the form

T =Y p_q Trer with uniquely determined components 1, ..., z, € R. Recall that
T||oo == max |z
ol = e
defines a norm on X. We show that any given norm ||-|| is equivalent to |||, and therefore

any two norms are equivalent to each other. We have

n
Z Tre

n

n
< ZkaekH = Z!kalekH

] =
k=1
=nM
( max [ ), maxlee][) = ndM | ()
where
M= ( max HekH>
is a finite constant. The triangle inequality implies ‘Hx” - ||y||‘ < ||z — y||. Combined

with (%) we have
llzll = Iyl < e = yll < Ml — yllo

for every z,y € X. This implies that ||-||: (X, ||-]|c) — R is a continuous map. We
restrict this map to K := {x € X : ||z||.c = 1}. Note that K is a closed and bounded
subset of (X [|-]|s). Moreover recall that ||-||« is equivalent to the Euclidean norm ||-||z,
which is defined as ||z := (X7_,|zx|?)Y/? for every 2 = 37| 26, € X (in particular
|%]|co < ||z||2 < nl|z||oo). Hence, by Heine-Borel theorem, K is compact. Therefore, the

function ||-|| attains minimum and maximum on K, i.e., there exists 1, z2 € X such that
ma = minz]| = |z, my = max|[z| = [[z2].

Since ||z1]|oc = 1 we have z; # 0 and my > 0. Then, for an arbitrary 2 € X \ {0} we have

X

[E41Pe

ek —=— 0<m <

x
HEY R
1] oo
Multiplication with ||z||, implies
0 <miflzle < [z < maf[z]le < oo
Any other given norm ||-|| satisfies analogously

0 <miflz]leo < [lzfl” < malzflo < oo

Thus, the combination of the two last inequalities proves the equivalence of [|-|| and ||-||".
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(ii) Let d be the metric on R? induced by the Euclidean norm. We define d’ on R? by

0, ifz=y
1, ifz#y
Let z be a point on the Euclidean unit circle S* C R? let 2, = %z Then, d(0, z,) =

1
and d'(0, z,) = 1. Since an inequality of the form 1 < C % cannot hold for every n € N if
C' is finite, d and d' are not equivalent.

iii) Let X = C'([0,1]). Let [|-]| and ||-]|" be the two norms on X given b
g Y

d'(z,y) = {

|ul] == [[ullco = sup |u(z)], HUH’¢==DﬂaXi{ sup |u(z)|, sup h/(f)l}
z€[0,1] z€[0,1] z€]0,1]
For n € N we consider 1
fa:[0,1] = R
—nx 1
T € ) 2 fi
n
fa
T x
0 1

Then, f, € C*([0,1]) for every n € N. Moreover, ||f,|| = % and [|f,||' = 1. Since an
inequality of the form 1 < C'X cannot hold for every n € N if C' is finite, |-|| and ||-||" are
not equivalent.

Solution of 1.2:

(i) If the norm ||-|| is induced by the scalar product (-, -), then the parallelogram identity
holds:

&+ ylI” + [l — |

={@+yz+y +{T—y,r—-y)

= (v,2) +(z,9) + (v, 2) + (y,y) + (z,2) — (2,y) — (¥, ) + (v, 9)
= 2|jz|* + 2[|y||*.

Conversely, we assume that ||-|| satisfies the parallelogram identity and claim that
(2,y) = gllz +yl* = fllz =yl
defines a scalar product inducing |-|.

e Symmetry. Since ||z —y|| = ||(=1)(y — 2)|| = ||y — z|| and since  + y = y + x, we have
(r,y) = (y,x) for all z,y € V.

e Linearity. Let x,y,z € V. We use the parallelogram identity in the following way.

(2 +2) + ylI* + (= + 2) = yll* = 2llz + 2|* + 2||y||*
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We rewrite the equation above to obtain

lz+y + 2l = 2llz + 2|” + 2lly[* = [l — y + 2]|* =
and switch the roles of x and y to get

lz+y + 2l = 2lly + 2[* + 2/|=[* — [ly — z + 2]|* =

Therefore,

A B
2—7 R
lz+y+2" =5+ 3

|z —y+ 2>+ ||y — =+ 2|]?

= llz+ 21" + lyl* + lly + 21* + [|l=[|* - 5

(1)

Analogously,
|l +y — 2|

lz —y —2* + lly — = — 2*
5 :
Note that the last term of (1) agrees with the last term of (2). Hence, we have

= llz = 2II* + llyll* + lly — 201 + [l=]* —

(2)

(x+y,2)=Hr+y+z]> = Yz+y—z|?
=1Wx+ZW+My+4F—Hx ZW—My—ZW)=<%d+%%zX

Given n € N, by the additivity that we just proved, we have

k= 1

Moreover, since (0,y) = i(HyHQ — ||?JH2) =

0= <O’y> = <I - CL’,y> = <ZL‘,y> + <—(L’7y> = <—ZL’,y> = —<CL’,y>.

Consequently, (mz, z) = m(x, z) for every m € Z. Now, given m € Z and n € N*, it holds

m n 1 m/n m
<:c,z> = m<x,z> = <x,z> = —(z,2),
n n o \n n\n n
which implies (gz, z) = q(x, z) for every q € Q.

Let A € R and let (g,)nen be a sequence of rational numbers converging to A for n — oc.
Since the triangle inequality |||z]| — ||y|l| < ||z — y|| implies that the norm is a continuous
map, we have

Az, 2) = LAz + 2] = $ae — 2)* = lim (§llgnz + 2]1° = Lllgae — 2?)
= lim (g,7,z) = lim g, (z, 2) = ANz, 2).
Linearity in the second argument follows by symmetry.
e Positive-definiteness. For all z € V| we have
(z,2) = {llz +2|” = Zllo — 2l* = gl|2z]* = [|=]* > 0.

This also shows that ||-|| is induced by (-, -). Moreover, (z,z) =0 < ||z =0 < z = 0.

assignment: September 17, 2020 due: September 28, 2020 5/8



D-MATH Functional Analysis I ETH Ziirich
Prof. A. Carlotto Solutions - Problem set 1 HS 2020

(i) If the metric d is induced by the norm ||-||, then
d(z+v,y+v) = |z +v) = (y+0)ll = lz =yl = d(z,y),
d(Az, Ay) = ||z = Ayl| = Az — )| = [Alllz = y].

Conversely, we assume that the metric d is translation invariant and homogeneous and
claim that

ol := d(z,0)

defines a norm inducing d. The function ||| is indeed a norm, because for all z,y,z € V
and A € R, we have

|z]| =0 < d(z,0)=0 & =0,
[Az|| = d(Ax,0) = d(Az, A0) = |A|d(x,0) = |A[[|=]],
[ +yll = dz +y,0) < d(z+y,y) +d(y,0) = d(z,0) +d(y,0) = [lz]| + [ly].

Moreover, ||-|| induces the metric d since for all z,y € V

lz =yl = d(z —y,0) = d(z,y).

Solution of 1.3: The parallelogram identity reads
lz+yl* + llz — ylI* = 2[l=]1* + 2[ly|”*

and it is a necessary and sufficient condition for a Banach space to be Hilbertian, as seen
in point (i) of Problem 1.2.

(i) For any 1 < p < oo, we can consider the characteristic functions x1 € LP(R) and
X[1,2] € LP(R) Then,
2 Tm) =2 Trm) =2
||X[0,1]||LP(R) = HX[I,Q]HLP(R) =
1 if p = o0,

+ 2 _ _ 2 _
||X[0,1} X[1,2]||LP(]R) ||X[0,1} X[1,2]||LP(R) {22 clse.

Hence, the parallelogram identity is violated for p = oo, while for 1 < p < oo it is fulfilled
2 2
if and only if 27 + 27 = 2 + 2, which is true if and only if p = 2.

Hence LP(R) is Hilbertean if and only if p = 2. In fact L*(R) is a Hilbert space with
respect to the scalar product

(f,9)2m) Z/Rf(x)g(m) dz.
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(ii) For any 1 < p < oo, we can consider the elements x = (1,0,0,...) € ¢’(N) and
y=1(0,1,0,...) € ¢?(N). Then,

2)|zll7 = 2[lyll7 =2
1 if p = o0,

lz + ylle = llz = yllz = { 2

27  else.

Hence, as in the previous point, the parallelogram identity is violated for all p # 2. For
p = 2, the space ¢*(R) is indeed Hilbertean by virtue of the scalar product

<x7y>€2 = Z TnYn-

neN

Solution of 1.4:

(i) The distance d(-,-) on the vector space V is induced by a norm if and only if

Ve, y,v €V : dlx+v,y+v) =d(x,y),
Vo,y eV VAeR: d(Az, Ay) = |Ad(z,y)

(see (ii) in Problem 1.2).
(ii) Let f € C°([0,00)) \ {0} be supported in [0,1] and let A > 0. Then

M flleogon))  rsoo
d(\f,0) ( 2 ) ’ 1
71221 L+ M flleoo

which proves that d is not homogeneous and thus not induced by a norm.

Solution of 1.5:

(i) Suppose by contradiction that LP(Q) has finite dimension d € N. Since () # Q C R" is
open, there exist d+1 disjoint balls B; := B, (z;) C Qfori=1,...,d+1. Let ;(x) := x5,
be the characteristic function of B;. Then, ¢4, ..., p41 € LP(2) have disjoint supports.
Moreover, since the subset {¢1,..., 9411} contains more than d elements, it must be
linearly dependent. Let Aq,..., A\gi1 € R be not all equal to 0 such that

d+1

Z Aip; = 0.
i=1

However, if we multiply by ¢; for any j € {1,...,d + 1} and integrate over 2, we get

d+1

O—/Z)\ngzgpjd,u /)\jgojdu Aj /g@ = \; =0,

which contradicts the fact that LP(€2) is finite dimensional.
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(ii) We define I,, :== (-1, 1) C (0,1) for n € N and consider the characteristic function

n+1
X1, of I,, i.e.,

1, ifxel,,
X1, () = .
0, ifze(0,1)\L,.

Given any subset ) # M C N we define the function fy, € L>=((0,1)) by

fu(x) =3 xn.(x)

neM

Since the intervals I, are pairwise disjoint, open and non-empty, we have || fas|[z~ = 1 for
every () # M C N. For the same reason,

I far = farr|lze =1,

if M # M'. Therefore, the balls By, = {g € L>((0,1)) | |lg — full~ < 3} are pairwise
disjoint. If S € L*((0,1)) is any dense subset, then S N By, # () for every () # M C N.
Thus, there is a surjective map S — {By | 0 # M C N}. Since there are uncountably
many different subsets of N, the set .S must be uncountable as well. Therefore, L>°((0,1))
does not admit a countable dense subset.
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