D-MATH Functional Analysis I ETH Ziirich
Prof. A. Carlotto Solutions - Problem set 8 HS 2020

8.1. Duality of sequence spaces ;. Consider the spaces
co = {($k>keN € (> kh_)rgo Ty = 0}, c = {(xk)keN € (> ,}Lrgoxk exists}.

(i) Quick warm-up: Is (co, ||||¢~) a Banach space? Is (¢, ||-|l¢=) a Banach space?
(ii) Show that the dual space of (g, ||-||¢=) is isometrically isomorphic to (€1, ]]|x).

(iii) To which space is the dual space of (¢, ||-||¢=) isomorphic?

8.2. A result by Lions-Stampacchia £ €. Let (H, (-,-)x) be a Hilbert space and let
) # K C H be a closed, convex subset. Let f: H — R be a continuous linear functional
and let a: H x H — R be a bilinear map satisfying

(i) Ve,ye H:  alz,y) = aly,z)
(i) IA >0 Va,ye H: |a(z,y)| < Allz|lullyllm
(iii) IN>0 VoeeH: a(z,z)>\Nz|%.

Consider the functional J: H — R given by J(z) = a(x,x) — 2f(x) and prove that there
exists a unique yg € K such that the two following inequalities both hold:

Vye K : J(yo) < J(y),
Yye K: a(yo,y— ) > fy— o)

Moreover show that yo is equal to Pxy, where zq € H is such that f(x) = a(xg,x)
and P: H — K is the operator mapping z € H to the unique point Pr € K with
|z — Pz||g = dist(z, K') (see Problem 7.6 (ii)).

8.3. Projection to convex sets . Let (H, (-,-)y) be a Hilbert space and let () #
K C H be a closed, convex subset. Let P: H — K be the operator which maps x € H
to the unique point Pz € K with || — Px| g = dist(z, K) (see Problem 7.6 (ii)).

(i) For every xq,x5 € H prove the inequality
[Py — Pro|ln < ||lz1 — z2|u-
Hint. Use Problem 8.2.
(ii) Prove that
K= ({yeH|(Px—z,y—Px)g >0}
reH
8.4. Strict convexity (£.

Definition. A normed space (X, ||-||x) is called strictly convex if || Ax 4+ (1 — Ny||x < 1
holds for all 0 < A < 1 and all z,y € X with  # y and ||z||x =1 = |ly[/x.
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Let (X, ||| x) be a normed space. The “abundance”-Lemma (Satz 4.2.1) states that

Vee X drte X |2*|% =2 (z) = ||2]%.

(i) Prove that if X* (but not necessarily X) is strictly convex, then for all z € X there
exists a unique r* € X* with ||z*|%. = 2*(z) = ||z]|%.

(ii) Find a counterexample for uniqueness of such x*, if X* is not strictly convex.

8.5. Uniform convexity (£.

Definition. Let (X, ||-||x) be a Banach space and let S = {x € X | ||z||x = 1} be the unit
sphere in X. The space (X, ||-||x) is called uniformly convex if

Ve>0 36>0 Ve,yeS: |z—y|lx>e = Hx;yH <1-4.
b'e

Remark. Uniform convexity is not to be confused with strict convexity defined in Problem
8.4.

(i) Prove that Hilbert spaces are uniformly convex.

(ii) Provide an example of a Banach space which is not uniformly convex.

8.6. Functional on the span of a sequence (£. Let (X, ||-|[x) be a normed space,
let (zx)gen be a sequence in X and (ag)reny @ sequence in R. Prove that the following
statements are equivalent.

(i) There exists £ € X* satisfying ¢(xy) = a4, for every k € N.

(ii) There exists v > 0 such that for every sequence (fi)reny in R and every n € N it
holds

> Braw| <D Brxs
k=1 k=1 X
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8. Solutions

Solution of 8.1:

(i) In Problem 2.4 (i) we have shown that the space (co, ||-||s<) is complete. To show
completeness of (c, ||-||e=) it suffices to prove that c¢ is closed in £*°. Let = (z,,)nen € .
Then there exists a sequence (2®),cn of sequences %) = (2M), .y € ¢ such that

sup|z® — z,,| = [|a® — z||pe =% 0.
neN

Given ¢ > 0, let k. € N such that ||z*<) — z||,~ < e. By definition, (<) € ¢ is a Cauchy
sequence. Let N. € N such that |z{k) — z(*k)| < ¢ for every m,n > N.. Then

|20 — Z| < |2 — 20| 4 |zlke) — 2| 2t ) < 3e

for every m,n > N, which proves that x is a Cauchy sequence. Therefore, x € c.
(ii) The linear map
U=
Y = (Yn)nen = (Vy: co = R)

(Tn)nen — Z TnYn
neN

is well-defined, since for every y € ¢! and every @ = (x,,)nen in (cg, |||le=) there holds

(Ty)(@)] < D |2aynl < zlle< [yl

neN

This directly implies ||¥y
given y € ¢! we can apply Wy to the sequence z(* = (z()), .y € ¢ given by

e < |lyllea. We claim [[@ylle: = [|yllor for every y € £'. Indeed,

7 =

[yn|

I it n <k and y, #0,
0 else.

and satisfying |2 || = 1 to obtain

k
L [B(y) (D)) = lim Y lyal = llyle = [Vyllg = sup [T(y)(2)] = [lyla.
— 00 k?—)OOnzl TEC

llz]leoc =1

Therefore, ¥ is an isometry (it does not change the norm of any y) which also implies
injectivity. To prove that W is surjective, we show first, that every functional f &
¢ is determined by its values on the elements eh) = (eﬁf))neN € ¢y, where e®) =
(0,...,0,1,0,...) has 1 at k-th position. Given = (x,),en € o, We have

= sup|z,| 2225 0.
n>N

N
T — Z zre)
k=1 oo
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Continuity and linearity of f implies

f(z)= lim f (Zxke )— lim Zxkf

N—>oo N—>oo

Given f € ¢ we claim that y := (f(e®®))reny € ! and Uy = f. Indeed, for any N € N

i\f(e“*))! = i 2V fe®) = fa™) <
k=1 k=1

where xng) = (JJ;(QN))I@EN € ¢ with ||| < 1 is defined by
() % if k < N and f(e®) #£ 0,
T =
0 else.

Since N is arbitrary, we conclude y € . Moreover, given any x = (z3)ren € ¢o and y as
above, we have

) = awyn = Y auf(eM) = f(x)

keN keN

which shows that W is surjective and completes the prove that W is a linear, bijective map,
which is an isometry.

(iii) The dual space of (c, ||-|l¢=) is also isomorphic to ¢ = ¢* but not isometrically. To
construct an isomorphism ®: ¢* — ¢, we first consider the linear map

T:c— ¢
T = (ZTp)nen — (nll_{IOlo Ty, (21 — 7}1_)1& Tp), (xe — nll_)IIolo Tp), - )
By definition of ¢ and ¢g, the map T is well-defined. T' is continuous since
lim 2] < allee = [T < 2o
Moreover, T' is invertible with inverse
S:cy—c
Y = (Yn)nen = ((yg + 1), (Ys +v1), (a+ 1), - )

Indeed, STz = z is immediate and T'Sy = y follows from lim,, oo (¥, +¥y1) = y1. Satisfying
1SYl|ee < 2||yl[ g, the map S is also continuous. We are ready to define

O: " — ¢
frfolbS.

As composition of linear maps, ® is linear. It is also continuous since

(@)Y = [F(Sy)| <

= [ flle <
= [[®llreap <2

Finally, by the construction above, ® bijective with inverse ®~1: g+ go T

assignment: November 6, 2020 due: November 16, 2020 4 / 8



D-MATH Functional Analysis I ETH Ziirich
Prof. A. Carlotto Solutions - Problem set 8 HS 2020

Solution of 8.2:
Claim 1. Given f € H*, there exists a unique xo € H such that for all x € H
J(z) =a(x,z) — 2f(z) = alzr — xo,x — x9) — a(z0o, o).

Proof. Since a is bilinear and satisfies (ii) and (iii) the Lax-Milgram Theorem applies.
((ii) implies continuity of a). In particular, since f € H*, there exists a unique zq € H
satisfying a(xg,z) = f(x) for all x € H by Korollar 4.3.1. (The same follows from claim 2
below and the Riesz representation theorem applied in (H, a(-,-))). Moreover,

Claim 2. (H,a(-,-)) is a Hilbert space.

Proof. By assumption (i) the bilinear map a is symmetric. By (ii) and (iii), we have
Mzlf < alz,z) < Ay ()

which shows a(z,z) > 0 and a(z,z) = 0 < = = 0. Therefore, a(-,-) is a scalar product

on H. In fact, (x) implies that the induced norm ||-||, = \/a(+,) is equivalent to ||-||x,
where we recall the definition of equivalent norms from Problem 1.1. It is easy to check
that equivalent norms have the same Cauchy sequences and induce the same notion of
convergence. Therefore, (H, ||||,) is complete since (H, ||-||x) is complete and the claim
follows. O

By assumption, the set K C H is convex and closed in (H, ||-||). Since the two norms
are equivalent, K is also closed in (H, ||-|l.) and we can apply the result of Problem 7.6
(ii) in the Hilbert space (H,a(-,-)) with the point xy from Claim 1. Namely, there exists a
unique yo € K satisfying

_ — inf _
lzo = yolla = infflzo = ylla ()
By Claim 1 we have for arbitrary y € K

J(yo) = llyo = zolla = zolle < lly — wolla = llolla = J (»)

which proves the first inequality.
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The second inequality claims non-negativity of
a(yo,y — Yo) — f(y — vo) = a(yo, ¥ — ¥o) — a(zo,y — ¥o)
= a(yo — %o,y — Yo) (1)

for every y € K. Since yy € K we have ty + (1 — t)yo € K for every fixed y € K and
every t € [0, 1] by convexity of K. We consider the map ¢: [0,1] — R given by

2 2

9(t) = [lzo = (ty+ (1 = o), = 0 = 9o +t(0 =),

By definition (1) of yo, and since ty + (1 — t)yg € K by convexity, g has a minimum at
the boundary point ¢ = 0 which implies ¢’(0) > 0. We compute

q(t) = 2a($0 — Yo +t(yo—vy), Yo — y),
0 < ¢'(0) = 2a(zo — Yo, Yo — y) = 2a(yo — o,y — Yo).

Since y € K is arbitrary, the second inequality follows.

Solution of 8.3:

(i) Given any x¢ € H and defining a(-,-) = (+,-)g and f(-) = (x¢, ). The second inequality
(1) proved in Problem 8.2, with yo = Pz, gives

Vye K: (Pxo—xo,y — Pxo)g > 0. (1)

Now, given z1,x2 € H, we apply inequality (if) twice, first with 2o = z; € H and
y = Pxy € K and then with zg = 29 € H and y = Pz, € K to obtain

= PIQ—P$1+I‘1—ZE2,PI1—P$Q)H

= (11 —l’g,Pl’l —PQI2>H — ”Pl’l _P.CCZH?'_I7

I —xg,le —P$2>H

<
< |1 — zo|| x| Pr1 — Pasl|m,

(ii) Let us prove the two inclusions separately.
“C” Let y € K. Then (Px — z,y — Px)y > 0 for any = € H by ().
“D” Let y € H\ K. Then, choosing x = y, we have Py # y which implies

(Py —y,y — Py)w = —||Py —y|% <0

and shows that y is not element of the intersection on the right hand side.

Solution of 8.4:
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(i) Given 0 # z € X, let 2* € X* and y* € X* satisfy

2% = 2" () = |lzl% = v (2) = |y %
Then
1 * * * * * *
2l = 5 () + 97 () = (3" + 3o (@) < 3 + 3wl
We divide by ||z||% to obtain
R P PO v re Pl vt il 17 MR
2lzllx  2lzllxlix- l2llxllx- lzllx |2l x lx-

If * # y* then A\ = % in the definition of strict convexity of X* yields the contradiction

+ < 1.
HQII?ﬁIIX 2|z x

X*

(ii) Consider the space (R? ||-||s), where we define ||p|loo := max{|pi|, |pa|} for every
p = (p1,p2) € R% Let x = (1,1). Then, ||z]|« =1 and the functionals

z*: R? —» R?, y*: R? — R?
(p1,p2) = 1 (p1,p2) = D2

both satisfy z*(z) = y*(z) = 1 = ||z||%, and

x+= sup |z°(p)|= sup |pi|=1= sup |[po| =[]y’

lIplloo<1 Ip1l,lp2|<1 |p1],|p2| <1

] o

Solution of 8.5:

(i) Let (H,(-,-)) be a Hilbert space. Let € > 0. For all 2,y € H with ||z|| =1 = ||y|| and
|z — y|| > €, the parallelogram identity (see Problem 1.2) implies

x+y|? x||? Hy2 r—yl> 1 1 ¢£°
— oI +2/Y| - Sy E
2 2 * 2 2 2+2 4
1
x+yH ( 62>2
— <{l1——) .
|5 < (-5

(ii) We claim that the Banach space (L>°(R), ||:||z=) is not uniformly convex. Consider
the characteristic functions u = xjo1; and v = x[1,144 and € = % For any 0 <t < 1, one
has ||lul|L~ =1 = ||v]|p= and ||u — vz~ =1 > ¢, but ||3(u+ v)|[1~ = 1.

In analogy to the counterexample in Problem 8.4 (ii), the finite dimensional Banach space
(R%, |||l ), where we define ||p|loo := max{|pi], |p2|} for every p = (p1,p2) € R?, is not
uniformly convex. Indeed, given z = (1,1) and y = (1,0), we have ||z]|oc = 1 = ||y||c and
l7 = ylloo = 1 but [I5(z + y)lloo = [I(1, 3)lloc = 1.
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Solution of 8.6: Let (xy)ren be a sequence in (X, ||-]|x) and (ax)ren @ sequence in R.

“(i) = (ii)" Let (Bk)ren be any sequence in R. Given ¢ € X* with ¢(xy) = oy, for every
k € N, we can make the following estimate for any n € N.

- \e(kg e )| <

and statement (ii) follows with v =

“(ii) = (i)” Every element of the subspace U = span{zy, | k € N} C X is of the form

Yy = Z By,
k=1
(for not necessarily unique n € N and 3, € R). However, assumption (ii) implies that
(:U—>R
y= Z@kxk — Zﬁkak
k=1
is well-defined. In fact, if
> Bere =Y B,
k=1 k=1

then, setting N := max{n,m} and [, = 0 for k > n respectively 5, = 0 for k > m,

Z Brag — Z @ﬂk

Z Br — Bk)ak
k=1

Z(ﬁk - Bk xk

k=1

Z Brrr — f: 5;’6%
k=1

Moreover, assumption (ii) implies that the linear functional { is continuous on (U, ||-||x)
with [[f|ly- < . The Hahn-Banach Theorem implies (Satz 4.1.3) that there exists an
extension ¢ € X* with ||¢||x~ = ||¢]|u~ <y and l(xy) = (x)) = o, for every k € N.
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