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Exercise 13.1 Let (Ω,F , P ) be a probability space endowed with a filtration F = (Ft)t≥0. Let
N = (Nt)t≥0 be a (P,F)-Poisson process with parameter λ > 0. Let λ̃ > 0 and define a process
S = (St)t≥0 by

St := e(λ−λ̃)t

(
λ̃

λ

)Nt
.

(a) Let X = (Xt)t≥0 be given by Xt = αt+ βNt for some α, β ∈ R. Show that we have for any
C2-function f : R→ R that

f(Xt) = f(0) + α

∫ t

0
f ′(Xs−)ds+

∑
0<s≤t

(
f(Xs)− f(Xs−)

)
.

Hint: Use the results we have shown for Poisson processes in Exercise 9.2.

(b) Show that P -a.s. for all t > 0, we have that

∆St = λ̃− λ
λ

St−∆Nt.

(c) Show that P -a.s. for all t ≥ 0, we have that

St = 1 +
∫ t

0

λ̃− λ
λ

Su−dÑu,

where Ñ = (Ñ)t≥0 is a compensated Poisson process with parameter λ.
Hint: Use your result from (a).

(d) Deduce that S is a local (P,F)-martingale. Show that it is even a true (P,F)-martingale.
Hint: Show that sup0≤t≤T |St| is integrable for each T > 0.

Exercise 13.2 Let T > 0 denote a fixed time horizon and W = (Wt)t∈[0,T ] a Brownian motion
on some probability space (Ω,F , P ). Let F = (Ft)t∈[0,T ] be the filtration generated by W and
augmented by the P -nullsets in σ(Ws, s ≤ T ). Consider the Black–Scholes model, where the
undiscounted bank account price process S̃0 = (S̃0

t )t∈[0,T ] and the undiscounted stock price process
S̃1 = (S̃1

t )t∈[0,T ] are given by

dS̃0
t = S̃0

t rdt and dS̃1
t = S̃1

t (µdt+ σdWt) , (1)

where r, µ ∈ R and σ > 0 as well as S̃0
0 = 1 and S̃1

0 > 0 are deterministic.

(a) Prove using Itô’s formula that the discounted stock price process S1 = S̃1/S̃0 solves

dS1
t = S1

t

(
(µ− r)dt+ σdWt

)
. (2)
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(b) Prove using Itô’s formula that

S1
t = S1

0 exp
(
σWt +

(
µ− r − 1

2σ
2
)
t

)
, for t ∈ [0, T ],

i.e., show that the process
(
S1

0 exp
(
σWt +

(
µ− r − 1

2σ
2) t))

t∈[0,T ] solves (2).

(c) Let Lλ := −λW and Zλ := E(Lλ). Prove that the process Wλ := (Wt + λt)t∈[0,T ] is a
Brownian motion on [0, T ] under the measure Qλ given by dQλ

dP := ZλT .

(d) Prove that for the right choice of λ, the discounted stock price process S1 is a Qλ-martingale.
Hint: Rewrite σWt +

(
µ− r − 1

2σ
2) t as a function of Wλ

t , t, σ, µ, and r.

Exercise 13.3 Let T > 0 denote a fixed time horizon and let W = (Wt)t∈[0,T ] be a Brownian
motion on some probability space (Ω,F , P ). Let F = (Ft)t∈[0,T ] be the filtration generated by W
and augmented by the P -nullsets in σ(Ws, 0 ≤ s ≤ T ). Consider the Black–Scholes model, where
the undiscounted bank account price process S̃0 = (S̃0

t )t∈[0,T ] and the undiscounted stock price
process S̃1 = (S̃1

t )t∈[0,T ] are given by

dS̃0
t

S̃0
t

= rdt and dS̃1
t

S̃1
t

= µdt+ σdWt,

with r, µ ∈ R and σ > 0 as well as S̃0
0 = 1 and S̃1

0 > 0 deterministic. Using the notation of the
previous exercise, denote Q∗ := Qλ∗ , where λ∗ is the unique value of λ making Qλ an equivalent
martingale measure for S1 := S̃1/S̃0.
Hint: If you did not find λ∗ in Exercise 13.2 (d), you can use that λ∗ = µ−r

σ .

(a) Hedge the discounted square option, i.e., find a self-financing strategy ϕ =̂ (V0, ϑ) such that

V0 +
∫ T

0
ϑudS

1
u = (S̃1

T )
2

S̃0
T

.

Hint: Look for a representation result under Q∗, not under P .

(b) Hedge the discounted inverted option, i.e., find a self-financing strategy ϕ =̂ (V 0, ϑ) such that

V 0 +
∫ T

0
ϑudS

1
u = 1

S̃0
T S̃

1
T

.
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