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Exercise 1.1 Discrete Distribution
Suppose that N follows a geometric distribution with parameter p € (0,1), i.e.

1—p)k1lp, if ke Nsg,
P[N:k]:{é e else. -

(a) Show that the geometric distribution indeed defines a probability distribution on R.

(b) Let n € N5g. Calculate P[N > n].

(c) Calculate E[N].

(d) Let r < —log(l — p). Calculate the moment generating function My (r) = E[exp{rN}] of N.

(e) Calculate %MN(T)| —o- What do you observe?

T

Exercise 1.2 Absolutely Continuous Distribution
Suppose that Y follows an exponential distribution with parameter A > 0, i.e. the density fy of Y
is given by

Aexp{—Az}, ifz>0,
fr(z) = { 0 bt } else.

(a) Show that the exponential distribution indeed defines a probability distribution on R.
(b) Let 0 < y1 < yo. Calculate Ply; <Y < ysl.
(c) Calculate E[Y] and Var(Y).

(d) Let r < A. Calculate the cumulant generating function log My (r) = log E[exp{rY}] of Y.
(e) Calculate % log My(r)’T:U. What do you observe?
Exercise 1.3 Gaussian Distribution

For a random variable X we write X ~ N (u,0?) if X follows a Gaussian distribution with mean
u € R and variance 02 > 0. The density fx of X ~ N (i, o?) is given by

1 1 (z—p)?
fx(z) = exp{—2(02'u)}, for all z € R.

(a) Show that the moment generating function Mx of X ~ N (u,c?) is given by

7"20'2

2

Mx(r) = exp {ru—|— }, for all r € R.
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(b) Let X ~ N (u1,0?) and a,b € R. Show that

a+bX ~ N(a+ bu,b*c?).

(c) Let Xi,...,X, be independent with X; ~ N (u;,0?) for all i € {1,...,n}. Show that

iXi ~ N(iui,i(f?) .
i=1 i=1 i=1

Exercise 1.4 y2-Distribution
For all k € N5 we assume that X}, has a x2-distribution with k degrees of freedom, i.e. X}, has
density

fe(e) = | TR T ep{—e/2}, i z0,
Xk 0, else.

(a) Let Mx, be the moment generating function of X. Show that

1

Mx, (r) = A= 2r)

for r < 1/2.

(4)

(b) Let Z ~ N(0,1). Show that Z2 = X;.

(c) Let Zy,...,Zx K" N'(0,1). Show that 3¢ | 72 9 x,.
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