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Today :

• Sheaves & tech cohomology
• Classification of Cholomorphia line bundles

• Elliptic curves & Weierstrass 8 - function .



§ Sheaves & edn cohomology .
Let X : topological space

Def A sheaf F ( of abelian groups ,
Q - v.sp ,

- - - I

on X is an assignment

U E X i- FCU)
open it abelian group , etc

together with restriction maps
UEV

,
rvu : FCV) → FCU)

g - ow

satisfying the following properties

(9) U E V E W , rwr rvu
FCW) - FCV)→ FCU)
-

rwu



199) U
,
V E X TEFCUJ

.
ZEFCV) st

Munv = C l nU

then there exists PEFCU.vn .
flu = 0$ flue

.

1999) if of FCU u V) with Olu = oh =O
, then

J = O
.

Ege X : complex manifold .
The constant sheaf I is

the Sheafifi cator of the following preshlaf
U - Z when U FO EX

.

q i- o

EI LEX holomorphic line on a complex analytic
manifold . Then we can associate a sheaf L by

V - l holomorphic sections on Hut .

By the abuse of notation , we interchangeably write
L -L

.



EI X : algebraic variety w/ Zariski topology .

Then by definition , we have the structuresheaf
Ox

.

Cor OB)

-11Teoh cohomology .

Let I = {ua la en be a locally finite open
cover of X

, F : sheaf on X

we define the Dech complex of F associated to
1 as follows i

CIF) = LIN F (U2)

Ctu.

f) = LIP FCUaaUp)
i

C.
"
cu

.
F) = IT F(Union - -

- n Ua :p)
-

dio f - - - #dip



and

f : CPCIF) → CP"CK
,
F)

Godai
.
. . . dip.

=

'

II t 't Odio - - dis --dip" Ivar
.
n . - no.:p.

It is an easy exercise to check that

- - -

Es CPHCIF) Is CPCA
.

F) Is CPT' Cy .FI → -
-

is a 0ham complex , ie .

82=0
.

DEI HP#p, = kerCCPCUFI-CPYZ.FI/T-mCCP-tCU.fl-iCPCa.f) )

If I is a refinement of I , then there exists

HPCE.F)→ HP GK .
F)

via restriction maps



Defected cohomology )
q

HEX
.
F) = III H Ck ,#

EI H ( X.F) =FCX)
.

( def of sheaves )

Wathen we compute Eeoh cohomology , Itis enough
to take an acyclic cover of F .

Def I is called an acyclic coveroff if

H' ( Union - - - n Uaip .

F) - o

for all 920 .

. Lio .

- - - dip

Thackeray) If I is an acyclic cover of F ,
Heck

,
Fl = HECK , f)

.



open

EE . LetD E Q be a connected
. . simply connected

domain
. Then

HG ( D , 0pm ' *1=0 kg>O .

Exe If X is a paracompact space .
then

HE x. E ) E H
*

( x .
E)

ch cohomology
*
singular cohomology .

Pf ) [Griffith- Harris , p 42] ← when X is compact

There Is another definition of a sheaf cohomology
coming from an injective resolutionof F .

↳ see (Hartshorne
. 0h31



§ Classification of (holomorphic) line bundles

Let CX
. 0×9 be a complex manifold with

the sheaf of holomorphic functions .

God There exists a bijective map

{ line bundles on X K H
' ( X.OF )

d

sheaf of invertible
How to construct a map ? functions . .

L- X holomorphic line bundle

→ To
open cover { bat of X s- t Hua :trivial

Ya : LIvy Ua x Q

Llutsnup

%m¥"
(Ua n '

Up)xG Uanupl xd



where Gap - (42045
' ) loanup C- 0*102 Np).

9ps Satisfies the coasde conditions :

gapogpa
-

-Id

(⇒{
gapogpo -god

-
-Id

,

Ched The condition txt implies that Igad ECCE .

satisfies
gqgapy =o in ECU0¥ )

⇒ Cgap] C- Hickox)
On the other hand

,
if {gaps satisfies A)

one can construct a line bundle by

L = a¥ Ua × 0£ gap

1111 HIM
Up

-



LIL'
=

Two different translation functions
{ gap laser & 1963 a.pea

on a covering {Uxlaea define isomorphic line bundles
Tff

⇒ fae Ua) at gigs -tf gap
In the language of Tech cohomology ,
[ gap ]

- Cg 'ap] = 8 Lfa) dad
,
I

Thus we find a snap

yl line bundles on XK - H' CX . Of )

↳④ LI ④ '- [ gap]
e- ??
with the inverse LA-

[ gap]- L- I Ud×Q/~



⑨ There is a subtle point to settle the
comparison Algebraic Curve

••

-vTal
an! • Riemann surface

which can be overlooked
.
This comparison

Is only true for projective loompldel compact
curves

.

For Instance for non compact situation
algebraic curves & Riemann surfaces behave
differently .

Q ) can you justify this statement ?



§ Elliptic curves & Weierstrass functions .

Recall : We defined elliptic curves as complex
1- dimU manifold .

A = 21-0 Ze c f : rank 2 lattice
.

,
TETH
g

Cl → ICH e : E upper half plane

Oa Oain:*:# ÷: -
•- n

. E

God : Understand Eras a projective variety .

In fact
,
there exists a degree 3 homogenates

polynomial
f e ¢Exo .X.Hit

and a map
y : E- IPE

where the image is a smooth Albie VCH .



Def (Weierstrap )

⇐⇐ ¥ + Is#¥5 -E) . zeta
"
n- 203

EI 8Gt is a meromorphic function with
double poles at A
( so one has to Shao convergence of 8 . Moreover

,

one can show P converges uniformly on each compact
subset of GIN ) .

Now -2
'

Cz) = - Iwen ¥53
which is

§ ' ft) = §
'

G-two) Wo C-A{ p' ez, = - P'ch .

It is not hard to show

{
8471 = § (2-two) Wo E A

PC- z) = P Cz )



Claim ⑨'I = 483 -Gz p - 93 where

92=601,4 two . 93=140I £6
Ce fat

Sketch) Consider the Laurent expansion of around

2- =D :

Gta ¥ to t Io got' t# gz -23 toall
Io P is even ) and similarly for §

'

El
.

Simple computation shows that

④
'j - 483 t gape 93

Is holomorphic on Q & A - periodic
.

Since

holomorphic function on a compact domain is constant,
it is constant Cin facto )

I



Let 2
E = ① HI
4- BE 2- 1- as :P

'

Gi in]
.

Eto

o as [ o : r : O]
.

Then 4 factors through Vlf) where

F- ( Xo .Xi .Al -- Xi
-

Xz - 4 XP t g KoXi Tgs X?
Now it is not hard to prove that VCH is a
nonsingular & connected Aarne .

*
compute partial differentials to show that

F is non 5mgulcer 98 -27932 fo . Now 923-2795
Is the discriminant of F

. Why it does not vanish ?

Cheat on 4 is surjective onto VCF)
↳ basically open mapping thin

tea 4 is injective .
( the following observation can be useful :
let Zi

- Zz e Q .
Then

Cz,) = § Gd a
ZitZz E X or

G - ZzE N - )



ASIDE : For higher genus Riemann surfaces :

(g22)

IH → X
.

X = HIP P EPSLG .# discrete subgroup
with some properties (Fuchsia group t .

To understand the
"

algebrasatin
"

we need
CHILI ( see [Griffith -Harris]
Harder part

-

y


